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University  of  Dayton,  and  by  Mr.  M.  A.  Gamon  from  Lockheed-California  Company. 

This  report  consists  of  three  volumes.  Volume  I  provides  a  summary  of 
the  current  technology  in  the  application  of  viscoelastic  damping.  Volume  II 
is  the  design  guide  for  viscoelastic  damping  applications,  and  Volume  III 
contains  the  damping  material  data  for  use  with  Volume  II. 

The  damping  material  data  in  Volume  III  are  presented  in  a  simplified 
format,  suitable  for  use  by  designers.  All  of  the  damping  material  data  are 
believed  to  be  accurate,  but  no  guarantee  of  accuracy  or  completeness  is  made. 
No  responsibility  is  assumed  for  changes  in  these  data  due  to  batch-to-batch 
variation  in  the  commercially  manufactured  damping  materials.  The  damping 
material  data  should  be  verified  independently  under  the  proposed  operating 
conditions,  for  each  damping  material,  prior  to  its  use. 
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SECTION  I 


INTRODUCTION 


Aerospace  structures  and  equipment  mounted  in  these  structures  are 
required  to  operate  under  a  wide  range  of  dynamic  loads.  When  structural 
resonances  are  excited,  the  dynamic  loads  can  produce  excessive  vibration 
levels  in  the  structures  and  equipment.  High  interior  noise  levels  can  be 
produced  by  excessive  vibration  of  the  surrounding  structure.  The  resonant 
vibration  levels  can  be  significantly  reduced  by  increasing  the  damping  in  the 
dominant  modes  through  the  application  of  viscoelastic  damping  technology. 

The  above  vibration  problems  are  often  encountered  following  some  initial 
in-service  exposure.  The  high  cost  of  subsequent  structural  changes  has  made 
the  application  of  viscoelastic  damping  technology  both  attractive  and  cost- 
effective  in  solving  these  problems.  In  many  instances  the  reduction  in  res¬ 
onant  vibration  response  has  been  quite  dramatic  (Figure  1*1),  exceeding  that 
possible  with  stiffening  for  the  same  weight  increment.  Viscoelastic  damping 


Figure  1.1.  -  Life  extension  obtained  with  additive  draping  on 
existing  hardware. 
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has  been  applied  successfully  in  many  fields  of  engineering  as  indicated  by  the 
results  (Figure  1.2)  of  a  survey  Conducted  in  the  United  States  of  America  as 
part  of  this  program.  It  has  also  been  used  in  Civil  Engineering  to  reduce  the 
noise  transmission  in  buildings.  The  main  use  of  viscoelastic  damping  has  been 
for  the  purposes  of  vibration  control,  noise  control,  and  preventing  high  cycle 
fatigue  failures  and  sonic  fatigue  in  that  order  (Figure  1.3).  Controlling 
vibration  can  improve  the  accuracy  of  optical  systems  and  guidance  systems  as 
well  as  the  reliability  of  electronic  equipment.  The  use  of  viscoelastic 
(passive)  damping  is  also  expected  to  increase  in  space  applications,  in  con¬ 
junction  with  active  damping,  since  the  inherent  damping  is  very  low  in  aero¬ 
space  metals  and  high-modulus,  graphite /epoxy  composites.  These  latter  materi¬ 
als  are  being  used  in  increasing  quantities  in  space  structures. 
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Figure  1.3.  -  Purpose  for  use  of  damping  technology. 

Vibration  testing  and  data  analysis  capability  has  increased  dramatically 
in  recent  years.  The  resonant  frequencies  and  damping  in  structures  can  now 
be  determined  much  quicker  and  with  a  greater  accuracy.  The  dynamic  loads  and 
vibration  environments  encountered  by  aerospace  structures  and  equipment  arc 
reasonably  well  known.  Damping  materials  for  use  in  a  temperature  range  from 
-65°F  (-54°C)  to  1500°F  (816°C)  have  been  developed.  The  theory  for  simulta¬ 
neously  curve  fitting  the  measured  modulus  and  loss  factor,  for  improved  accu¬ 
racy  and  consistency,  has  been  developed  for  these  materials.  The  basic  Ross- 
Kerwin-Ungar  analysis  methods  for  application  of  viscoelastic  damping  to  beams 
and  plates  and  the  subsequent  work  by  many  authors,  have  been  complemented  by 
the  development  of  finite  element  methods  which  enable  the  damping  technology 
to  be  applied  to  more  complex  structural  designs.  Many  successful  applications 
of  the  viscoelastic  damping  technology  have  been  reported  in  the  literature. 
Consequently,  it  should  be  possible  to  anticipate  resonant  vibration  problems 
and  apply  the  damping  technology  at  the  design  stage.  This  approach  would  not 
only  reduce  the  cost  relative  to  a  subsequent  design  change,  but  could  also 
result  in  a  lighter  design  (integral  damping  in  Figure  1.1). 

The  viscoelastic  damping  technology  has  reached  a  sufficient  state  of 
maturity  to  take  its  place  as  a  practical  design  tool  for  overcoming  resonant 
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vibration  problems.  The  Damping  Design  Guide  has  been  developed  to  speed  this 
process  by  bringing  together  much  of  the  information  available  in  literature 
on  the  application  of  viscoelastic  damping  technology.  For  a  wide  appeal,  the 
Damping  Design  Guide  should  be  suitable, for  use  by  designers.  This  objective 
represents  a  very  difficult  task,  as  was  revealed  by  the  results  of  the  survey 
(Figure  1.4).  Most  of  the  personnel,  currently  involved  in  the  application  of 
damping  technology,  are  research  and  development  (R&D)  engineers.  These  R&D 
engineers  and  their  immediate  management  represent  93  percent  of  the  personnel 
active  in  the  field  (Figure  1.4).  Consequently,  the  R&D  engineers  are  also  cur¬ 
rently  involved  in  the  design  and  production  effort.  The  bar  chart  in  Fig¬ 
ure  1.4  was  not  normalized,  on  purpose,  to  illustrate  this  point. 

To  make  this  technology  available  to  a  wider  range  of  engineers  and 
designers,  the  analysis  methods  used  in  this  design  guide  have  been  simplified, 
wherever  possible,  through  the  use  of  approximate  methods  that  exhibit  accept¬ 
able  engineering  accuracies.  Knowledge  of  structural  dynamics  would,  however, 
be  an  advantage.  The  damping  design  guide  is  organized  into  three  volumes. 


76%  PERCENT  QF  INDIVIDUALS 


Figure  1.4.  -  Classification  of  individuals  active  in  the  application  of 
damping  technology. 
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•  Volume  1  is  intended  to  be  more  of  a  reference  volume  providing  a 
broad  background  of  information  on  viscoelastic  damping  technology 
and  the  related  fields.  This  volume  contains  reference  sources  and 
provides  the  basis  for  the  data  and  equations  used  in  Volume  II  of 
the  Design  Guide. 

•  Volumes  II  and  III  represent  the  user-oriented  Design  Guide,  intended 
for  use  by  designers  and  engineers. 

-  Volume  II  contains  a  brief  introduction  to  vibration,  damping,  and 
damping  materials.  It  also  contains  design  equations,  design 
procedures,  worked  examples  and  other  data  useful  to  the  design  of 
damping  treatments.  The  worked  examples  are  intended  to  illustrate 
the  use  of  the  design  procedures  and  equations. 

-  Volume  III  contains  the  damping  material  data  that  are  to  be  used 
with  the  design  equations  in  Volume  II.  It  also  contains  a  list 
of  vendors  where  these  damping  materials  can  be  obtained. 


SECTION  2 


FUNDAMENTALS  OF  DAMPING  AND  DAMPING  MATERIALS 

2.1  NATURE  OF  DAMPING 

When  an  elastic  body  is  deformed  cyclically,  a  very  large  part  of  the 
stored  mechanical  energy  is  recoverable.  The  remaining  part  of  this  mechanical 
energy  is  dissipated  irreversibly.  This  irreversible  dissipation  of  mechanical 
energy  is  known  as  damping. 

Damping  is  produced  by  a  variety  of  energy  loss  mechanisms.  In  the  basic 
materials,  including  the  viscoelastic  damping  materials,  the  damping  is  pri¬ 
marily  derived  from  the  conversion  of  mechanical  energy  into  heat  through 
internal  friction.  This  type  of  damping  is  known  as  hysteresis  or  material 
damping.  Damping  is  also  derived  from  friction  due  to  relative  motion  between 
fluids  or  solid  surfaces  and  from  energy  transport  to  adjacent  structural  com¬ 
ponents  or  fluids  (including  acoustic  radiation).  Because  of  the  variety  of 
damping  mechanisms,  it  is  difficult  to  both  predict  and  eliminate  the  damping. 
These  mechanisms,  however,  provide  insight  into  various  means  of  increasing 
the  damping  [2.1], 

2.1.1  Physical  Mechanisms  of  Material  Damping  [2.2] 

The  energy  dissipating  mechanisms  contributing  tc  the  material  damping 
are  themselves  very  complex  and  depend  on  a  great  number  of  factors  [2.3]. 

In  particular,  energy  dissipation  depends  on: 

•  Internal  factors  such  as  type  of  material,  chemical  composition, 
internal  crystalline  or  noncrystalline  structure. 

•  External  factors  such  as  temperature,  preload,  initial  strain. 

•  Factors  connected  with  motion,  amplitude  and  frequency  of 
deformation,  state  of  stress. 

•  Specimen  factors  such  as  geometry,  scale,  state  of  surfaces, 
bonding. 
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Originally,  the  damping  in  materials  was  thought  to  be  a  homogeneous 
process.  It  is  now  understood  that  the  dissipation  of  mechanical  energy  within 
a  material  involves  the  transference  of  the  internal  structure  from  one  state 
of  thermal  equilibrium  to  another  state  of  equilibrium,  corresponding  to  the 
newly  imposed  conditions.  This  transfer  process  is  accomplished  through  a 
reorganization  of  the  internal  structure  at  the  macro  and  micro  structural 
levels.  The  mechanisms  of  internal  reconstruction  include  magnetic  effects 
(raagnetoelastic,  magnetomechanical  hysteresis,  eddy  currents,  and  magneto- 
strictive  effects)  and  thermal  effects  (thermoelastic,  thermal  conductivity, 
thermal  diffusion,  and  thermal  flow  effects).  The.  latter  group  includes 
effects  connected  with  diffusion,  dislocations,  concentrated  defects  of  crys¬ 
tal  lattices,  photoelectronic  effects,  stress  relaxation  at  grain  boundaries, 
blocks  in  polycrystalline  materials,  phase  processes  in  solid  solutions,  etc. 

During  deformation,  the  above  mechanisms  contribute  to  the  overall 
material  damping.  Each  process  is,  however,  associated  with  a  certain  fre¬ 
quency  and  temperature  range  at  which  it  provides  the  most  effective  contribu¬ 
tion.  This  frequency  and  temperature  range  can  vary  with  external  conditions, 
the  stress  state  and  the  stress  amplitude.  The  processes,  responsible  for  the’ 
internal  structure  reorganization,  can  be  both  irreversible  and  reversible. 
These  processes  include: 

•  Relaxation  damping  which  is  dependent  on  frequency  and  temperature 
but  independent  of  the  deformation  amplitude.  Actually  the  process 
is  reversible  at  small  amplitudes,  depending  on  the  time,  and  is 
called  "anelasticity  of  materials".  At  larger  amplitudes  the  process 
becomes  irreversible  and  is  known  as  "viscoelasticity". 

•  Resonant  damping  which  is  dependent  on  the  resonant  frequency  of  the 
particular  mechanism. 

•  Hysteretic  damping  ("structural")  which  is  independent  of  the  velocity 
of  deformation,  but  dependent  on  the  amplitude. 

•  Nonlinear  viscous  damping  which  is  dependent  on  the  amplitude  and  the 
velocity  of  deformation  and  other  factors  (mainly  temperature). 
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2.1.2  Measure  of  Damping 

In  spite  of  the  extreme  complexity  of  the  energy  dissipating  mechanisms, 
a  number  of  parameters  have  been  proposed  that  provide  an  adequate  measure  of 
the  total  energy  dissipated  within  the  materials  as  well  as  in  the  structure 
using  the  materials.  It  is  common  practice  to  separate  the  material  damping 
from  the  total  damping  of  the  built-up  structure.  There  has  been  a  concerted 
effort  over  many  years  to  separate  and  quantify  all  of  the  damping  mechanisms, 
such  as  acoustic  radiation,  and  dissipation  in  mechanical  joints,  that  con¬ 
tribute  to  the  overall  damping  in  the  structure.  The  material  damping  and  the 
dissipation  of  energy  in  joints  freed  from  the  effects  of  gravity  are  important 
in  space  applications. 


The  energy  dissipated  per  unit  time,  in  a  unit  volume  of  a  macroscopically 
homogeneous  material  [2.3],  provides  a  useful  measure  of  the  material  damping, 
and  is  defined  by 

D  =  Jo  ode  (2.1) 

where  o  is  the  instantaneous  stress  and  £  is  the  corresponding  strain.  The 
quantity  D,  known  as  the  specific  damping  energy,  is  a  measure  of  the  capability 
of  a  given  homogeneous  material  to  dissipate  energy  when  cyclically  strained. 


Generally,  nondimen sional  parameters,  describing  the  energy  dissipating 
capacity  of  material,  are  more  useful.  One  such  parameter  is  the  specific 
damping  capacity  £■,  which  represents  the  fraction  of  the  system's  vibrational 
energy  that  is  dissipated  in  one  cycle  of  vibration.  It  is  given  by 

$  =  D  /U 
s  s 


where 


(2.2) 
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is  the  energy  dissipated  in  the  total  volume,  v,  of  the  specimen  during  one 
cycle,  and 


U 

s 


1 

2 


dv 


(2.3) 


is  the  maximum  strain  energy  stored  in  the  specimen  during  the  same  cycle.  In 

the  above  equation  a  ami  £  are  the  maximum  (zero  to  peak)  stress  and  strain 

o  o 

amplitudes,  respectively. 

Another  measure  of  damping,  which  is  related  to  the  ratio  of  energy  dis¬ 
sipated  to  energy  stored  per  cycle,  is  represented  by  the  system  damping  coef¬ 
ficient  or  loss  factor,  which  is  defined  by 

H  «  D  /2*U  (2.4) 

S  S  8 


where  D  and  U  are  given  by  Equations  2.2  and  2.3. 
s  s 


There  are  several  measures  of  damping  related  to  the  rate  of  decay  of 
free  vibration.  The  logarithmic  decrement  is  defined  as: 


X 

6  -  In  )  (2.5) 

n+1 


where  X  and  X  are  two  successive  amplitudes  (strain,  acceleration,  or 
n  n-ri 

displacement)  of  the  decaying  free  vibration. 


Two  other  decay  rate  related  damping  parameters  are  A  and  T,„.  The 
parameter  A^,  which  represents  the  rate  of  reduction  of  the  vibration  in  dB/sec 
is  given  by 


t2-tl 


20  log 


eO^) 

10  c<t2) 


(2.6) 
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it  ^ 


where  t.  and  t0  are  points  in  time  an  integer  mmber  of  periods  apart.  T,rt 
denotes  the  reverberation  time  (in  seconds)  (in  analogy  to  the  related  room- 
acoustic  measure)  that  it  takes  for  the  vibration  amplitude  of  a  system*  vibra¬ 
ting  freely  at  frequency  f  (Hz),  to  decrease  by  60  dB  or  to  1/1000  of  its  ini¬ 
tial  value. 

Another  measure  of  damping  is  related  to  the  spatial  decay  of  the  vibra¬ 
tion  along  the  specimen.  For  such  specimens*  use  has  been  made  of  a  logarith¬ 
mic  attenuation  coefficient  [2. 3,2.4]: 


6 

y 


In 


a  spatial  attenuation  coefficient  [2.3,  2.4]: 

i  c<v 
6y  *1**2  ln  e(*2J 


(2.7) 


(2.8) 


and  a  decibel  attenuation  coefficient  rate  in  space  [2.3,  2.4]: 


V*2 


e(x  ) 


(2.9) 


where  x^,  X2  are  the  space  coordinates  of  two  points  in  the  specimen,  integral 
wave  lengths  apart*  and  £(xj)  and  £(*2)  are  the  corresponding  strains. 

Most  materials  are  not  ideally  elastic.  Under  cyclic  tension-compression 
loading,  a  characteristic  hysteresis  loop  is  obtained  in  the  resulting  stress- 
strain  (or  force- displacement)  relationship.  The  area  enclosed  by  the  hysteresis 
loop  can  be  used  as  a  measure  of  dissipated  energy  since  the  area  is  propor¬ 
tional  to  the  specific  damping  energy,  D,  even  for  nonlinear  materials  [2.4]. 
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Some  of  the  most  commonly  used  measures  of  damping  are  based  on  the 

viscoelastic  damping  model.  The  damping  force  in  this  model  is  proportional 

to  the  velocity.  The  ratio  of  the  doping  force  to  the  velocity  is  called  the 

viscous  damping  coefficient,  c.  The  simplest  model  of  a  viscoelastically 

damped  system  is  provided  by  the  single  mass-spring-dashpot  system,  in  which 

the  dashpot  provides  the  damping  proportional  to  velocity.  If  this  system, 

with  a  modest  viscoelastic  damping  force,  is  disturbed  from  the  equilibrium 

position  and  then  released,  the  mass  will  oscillate  about  the  equilibrium 

position  with  decreasing  amplitude.  However  if  c  is  made  large  enough,  no 

oscillations  will  occur.  Instead,  the  mass  will  creep  toward  its  equilibrium 

position  without  crossing  it.  The ’viscous  damping  coefficient  at  which  the 

motion  of  the  mass  first  becomes  nonoscillatory  is  called  the  critical  (viscous) 

1/2 

damping  coefficient,  c  =  2 (KM)  ,  where  M  denotes  mass  and  K  the  spring 

c 

sciffness.  The  viscous  damping  ratio,  c/cc,  also  called  the  fraction  of  criti¬ 
cal  damping  or  percent  of  critical  damping,  is  widely  used  to  indicate  damping 
magnitudes. 

Two  other  measures  of  damping  are  derived  from  the  steady  state  behavior 
of  an  ideal  linear  mass-spring-dashpot  system  that  is  driven  by  a  sinusoidal 
force  of  constant  amplitude.  The  amplification  at  resonance,  often  called  the 
"Q"  of  the  system,  is  defined  as  the  ratio  of  the  amplitude  of  the  displace¬ 
ment  at  resonance  to  the  static  displacement  (the  amplitude  of  the  displacement 
at  zero  frequency).  The  proportional  bandwidth,  Af/£^,  takes  account  of  the 
damping-related  broadening  of  the  peak  in  a  plot  of  response  amplitude  versus 
frequency.  In  this  expression,  Af  denotes  the  difference  between  the  two  half 
power  point  frequencies,  one  above,  and  one  below  the  resonance  frequency,  f  , 
at  which  the  square  of  the  response  amplitude  is  one-half  of  the  maximum  value 
at  the  resonance  frequency. 

All  of  the  damping  measures  are  related.  To  illustrate  this  point,  let 

us  consider  the  relative  energy  dissipation  coefficient  for  a  process  of  free 

2 

vibration.  The  energy,  Ug,  is  here  proportional  to  and  so  we  have: 
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where  S  is  the  logarithmic  decrement.  The  interrelationship  between  all  of 
the  doping  measures  are  [2.1 ,2. 2,2*3] 


jL. 

2tt 


2.20 

En  *60 


Af 


27.3  f 


(2.11) 


The  symbols  used  in  this  section  are  also  defined  in  Table  2.1. 


2.2  CHARACTERIZATION  OFLIBEAR  DAMPING  BEHAVIOR i  COMPLEX  MODULI 

For  many  rubberlike  or  linear  viscoelastic  materials,  the  hysteresis 
loop  of  the  stress-strain  relationship  under  cyclic  deformation  is  not  thin, 
and  may  be  thick,  and  is  in  the  shape  of -an  ellipse  [2.5].  The  shape  of  the 
ellipse  does  not  change  greatly  with  changing  amplitude,  at  least  within  a 
certain  range  of  conditions ,  and  the  area  enclosed  by  the  loop  is  nearly  pro¬ 
portional  to  the  square  of  the  strain  amplitude,  other  things  being  equal. 

In  this  case,  although  the  shape  of  the  stress-strain  curve  is  not  a  straight 
line,  the  damping  is  nevertheless  linear  and  a  very  convenient  and  simple 
representation  of  the  stress-strain  relationship  in  algebraic  form  is  possible, 
namely  the  complex  modulus  [2. 3, 2. 4].  Figure  2.1  shows  a  typical  measured 
hysteresis  loop  [2.6]  for  which  these  features  are  evident.  Consider  the 
hypothetical  elliptical  hysteresis  loop  shown  in  Figure  2.2.  The  approximate 
equation  of  this  ellipse  is: 


=  oq  [c/eo  ±  n  (1  -  (e/eo)2)1/2J 


(2.12) 
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TABLE  2.1.  LIST  OF  SYMBOLS  FOR  SECTION  2.1 


SYMBOL 


c/cc 

0 

0, 

Af 

K 

M 

Q 

r60 

V2 

u, 

V 

xri'*  n+1 
x1,x2 

At 

5 

fly 

e 

9 

e 

e o 

V 

'k 

0y 

a 

°o 

Af 


DEFINITION 


Viscous  damping  coefficient 
Critical  (viscous)  damping  coefficient 
Viscous  damping  ratio  or  fraction  of  critical  damping 
Specific  damping  energy 

Energy  dlsiipated  In  the  total  volumi  of  the  tpeclman 
Raaonanca  frequency 

Difference  between  the  two  frequenclei  above  and  below  the 
reaonance  frequency 

Spring  itfffneu 

Mata 

Amplification  at  retonanee 

Time  within  which  the  vibration  level  of  a  system  vibrating  freely 
at  frequency  fn  decreases  by  60  dB  (reverberation  time) 

Time  points  an  Integer  number  of  periods  apart 

Energy  of  vibration  (strain  energy) 

Total  volume  of  the  specimen 

Two  sueceniva  amplitudes  of  the  free  decay 

Space  coordinates  of  two  points  In  specimen  Integral  wave  lengths 
apart 

Rate  of  reduction  of  vibration 

Decibel  attenuation  coefficient  rate  In  space 

Logarithmic  decrement 

Logarithmic  attenuation  coefficient 

Strain 

Strain  rate 

Amplitude  of  strain 

Strains  corresponding  to  xj  and  %2 

Loss  factor 

System  damping  coefficient  or  loss  factor 
Spatial  attenuation  coefficient 
instantaneous  stress 
Amplitude  of  stress 
Specific  damping  capacity 


Figure  2.2.  -  Hypothetical  hysteresis  Loop. 
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where  0,  c  ,  £  ,  and  n  are  defined  in  Figure  2*2  and  in  Table  2.2,  the  list  of 
o  o 

symbols  for  this  section.  The  nondiraens ional  ratio,  n,  is  simply  the  ratio  of 
the  minor  axis  of  the  ellipse  to  the  major  axis,  but  later  will  be  seen  to  be 
the  loss  factor  of  the  material.  In  this  equation,  the  +  sign  relates  to  the 
loading  part  of  the  cycle  and  the  -  sign  to  the  unloading  part.  The  positive 
square  root  is  implied  in  Equation  (2.12).  Now,  if  we  let  £  =  £q  Sin  w  t, 
where  a  is  the  frequency,  then  Equation  (2.12)  becomes: 


a  *  oq  {Sin  u  t  +  n  jCos  wt |  ] 
*  oq  [Sin  «  t  +  n  Cos  u  t  ] 


(2.13) 


since  Cos  u)t  is  positive  from  wi  =  -90°  to  +90°  (i.e.,  the  loading  part  of  the 
cycle  corresponding  to  the  'r  sign),  and  Cos  a*  is  negative  from  at  =  +  90°  to 
+  270  (i.e.,  the  unloading  part  of  the  cycle  corresponding  to  the  -sign). 

Since  Cos  «t  is  the  first  derivative  of  Sin  cat  with  respect  to  the  time,  t, 
equation  2.13  can  be  written  in  the  form: 

*  -  (oo/co)  +  <«/M>  (de/dt)]  (2.14) 

Clearly,  c-  fz  has  the  dimensions  of  a  modulus  and  depends  on  the  slope  of  the 
'  o  o 

major  axis  of  the  ellipse.  It  reduces  to  the  real  Young* s  modulus  for  purely 
extensional  deformation  of  the  specimen  with  n  =  0,  so  we  can  write: 

o  -  E  [c  +  (n/  |«|)  e]  (2.15) 

injt 

Finally,  we  introduce  the  notation  that  c  =  Cq  e  ,  in  which  only  the  real 
part  (or  only  the  imaginary  part)  can  represent  the  actual  deformation  as  a 
function  of  time.  With  this  complex  notation,  equation  2.14  becomes: 

o  *  E(1  -r  iti)e  (2.16) 

since  £  =  iue  "  .  This  equation  is  the  well-known  complex  modulus  representa¬ 
tion  of  linear  damping  material  behavior  under  harmonic  excitation.  Note  the 
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TABLE  2.2.  LIST  OF  SYMBOLS  FOR  SECTION  2.2 


SYMBOL 

DEFINITION 

E 

Young's  modulus 

f 

Frequency 

*0 

Frequency  at  temperature  T0 

faT 

Reduced  frequency 

G 

Real  pat  t  of  the  shear  modulus 

G0 

Real  part  of  the  shear  modulus  at  temperature  T0 

t*ti*t2 

Temperature 

T0 

Reference  temperature 

AT 

Temperature  increment  between  T0  and  Tp  T2,etc. 

aT 

Temperature  shift  factor 

e 

Strain 

• 

e 

Strain  rate 

eo 

Amplitude  of  strain 

T) 

Lou  factor 

r( 

Shear  lou  factor 

P 

Beam  density 

Po 

Beam  density  at  temperature  T0 

a 

Instantaneous  stress 

% 

Amplitude  of  stres 

CO 

Circular  frequency 

restrictions;  namely,  that  it  must  be  harmonic  motion  and  the  complex  notation 
must  be  interpreted  in  terms  of  real  numbers  eventually.  It  can  be  shown  that 
this  n,  known  as  the  loss  factor,  is  the  same  as  the  n  defined  earlier.  In 
practice,  E  and  r,  are  functions  of  frequency  and  temperature,  and  for  any  given 
material  there  exists  a  threshold  strain  level  beyond  which  the  apparent  values 
of  E  and  r>  also  become  dependent  on  the  strain.  The  material  behaviour  is  then 
nonlinear. 

Similar  considerations  apply  to  deformation  in  shear,  so  that  the  rela¬ 
tionship  between  the  shear  stress  and  the  shear  strain,  y>  is; 


T  «  G(1  +  in') Y 


(2.17) 


where  G  is  the  real  part  of  the  shear  modulus  and  ri'~  h. 

2.2.1  Effects  of  Temperature  and  Frequency  and  Strain 

One  of  the  ways  in  which  the  large  number  of  available  linear  damping 
materials  differ  from  each  other  is  in  the  variation  of  E  (or  G)  and  ri  with 
frequency,  temperature  and  strain  amplitude,  and  prestress  or  prestrain. 
Temperature  is  by  far  the  most  important  factor,  since  E  can  vary  by  as  much 
as  four  orders  of  magnitude  over  a  narrow  temperature  range.  The  variation  of 
Young’s  modulus  E  and  loss  factor  r\  with  temperature  at  fixed  frequency  and 
strain  amplitude  are  typically  of  the  form  shown  in  Figure  2.3.  Three  distinct 
regimes  are  observed;  namely,  the  glassy  region,  the  transition  region,  and  the 
rubbery  region.  In  the  glassy  region,  E  is  high  and  n  is  low.  In  the  transi¬ 
tion  region,  E  varies  rapidly  with  temperature  and  ti  is  high.  In  the  rubbery 
region,  E  is  low  and  varies  quite  slowly  with  temperature  and  ri  is  low  but  not 
as  low  as  in  the  glassy  region.  At  the  very  highest  temperatures,  irreversible 
thermal  decomposition  of  the  material  takes  place. 

Figure  2.4  shows  the  variation  of  Young's  modulus  E  and  n  with  frequency 
at  a  fixed  temperature  and  strain  amplitude  for  a  typical  damping  material. 

Note  that  the  modulus  curve  is  the  mirror  image  of  that  in  Figure  2.3.  The 
same  three  distinct  regions  in  the  modulus  curve  exist  with  the  same  descrip¬ 
tion  applying.  It  should  be  noted  that  the  property  variation  shown  in  Fig¬ 
ure  2.4  occurs  across  many  decades  of  frequency  while  the  variation  shown  in 
Figure  2.3  can  occur  across  as  small  a  temperature  range  as  20  degrees. 

At  high  strain  levels,  the  measured  values  of  E  and  n  begin  to  depend  on 
the  value  of  peak  strain  amplitude,  and  nonlinear  behavior  begins  to  occur. 

In  this  case,  the  complex  modulus  representation  is  useful  only  in  a  more  quali¬ 
tative  sense  since  it  represents  an  average  value  over  a  complete  cycle  and 
over  the  volume  of  the  specimen.  Nonlinear  behavior  of  materials  will  be 
discussed  later. 
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Figure  2.3.  -  Young’s  modulus  and  loss  factor  versus  temperature  at  a 
constant  frequency. 
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Figure  2.4.  -  Young's  modulus  and  loss  factor  versus  frequency  at  a 
constant  temperature. 


2.2.2  The  Titae-Temperature  Superposition  Principle 

The  similarity  between  time-  and  temperature-dependent  viscoelastic 
properties  can  be  seen  in  Figures  2.3  and  2.4.  This  similarity  was  first  noted 
by  Leaderman  [2.6]  who  observed  that  creep  recovery  data  obtained  at  different 
temperatures  could  be  superposed  by  horizontal  translation  along  the  logarithmic 
time  axis.  This  empirical  time-temperature  superposition  principle  was  formal¬ 
ized  by  Tobolsky  and  Andrews  [2.7]  and  Ferry  [2.8].  Its  practical  significance 
is  that  experimental  data  taken  over  a  limited  range  of  time  or  frequency  at  a 
number  of  different  temperatures  can  be  superposed  to  give  a  single  composite 
curve  for  a  particular  viscoelastic  function,  over  an  extended  interval  of 
time. 


The  basis  of  the  time-temperature  superposition  principle  is  that  the 
effect  of  a  change  in  temperature  on  viscoelastic  properties  is  to  multiply  or 
divide  the  time  scale  by  a  shift  factor  which  is  constant  for  a  given  tempera¬ 
ture.  Although  when  the  principle  was  first  applied  there  was  no  fundamental 
theory  to  support  its  validity,  it  was  subsequently  found  to  ue  a  logical  con¬ 
sequence  of  the  flexible  chain  molecular  theory  of  polymer  viscoelasticity 
[2.9]. 


Ferry  [2.8,2.10]  combined  all  temperature  effects  into  a  single  shift 
factor,  a^,  which  relates  relaxation  times  at  a  temperature  T  to  those  at  an 
arbitrary  reference  temperature  T  .  The  effect  of  temperature  on  the  modulus 
function  such  as  G  or  E  is  expressed  as  the  ratio 


£  ,  £l 

G  *  P  T  * 
o  o  o 


(2.18) 


Since  is  the  same  for  all  relaxation  times,  an  increase  in  temperature  from 

T^  to  T  shifts  a  logarithmic  G  curve  upward  and  to  the  right  as  shown  in  Fig- 
o 

ure  2.5  while  the  shape  of  the  curve  is  unchanged.  In  considering  the  hori¬ 
zontal  shift  direction  for  G,  it  should  be  noted  that  c*^,  is  negative  because  as 
T  increases  intermolecular  friction  decreases.  Therefore,  G^,  =  f  / f  or  f  = 
f^/cXp,  giving  the  shift  to  higher  frequencies  at  higher  temperatures.  Similarly, 
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Figure  2.5.  -  Illustration  of  reduced  variables  time- temperature 
superposition. 

an  experimental  G  curve  determined  at  temperature  T  can  be  shifted  to 

po*pQ 

temperature  Tq  by  plotting  log  G  ■  versus  log  a^,.  The  choice  of  Tq  is  com¬ 
pletely  arbitrary.  Shift  factors,  a^,  are  determined  empirically  for  each 
temperature . 

Thus,  by  using  the  superposition  principle,  it  is  possible  to  separate 
the  complex  time  and  temperature  dependence  of  a  viscoelastic  function  in  terms 
of  a  function  of  time  (or  frequency)  and  one  of  temperature,  a^,(T).  It  is 
clear  that  c\j,  is  a  dimensionless  quantity,  since  it  is  used  to  reduce  visco¬ 
elastic  data  taken  at  various  temperatures  to  the  reference  temperature  Tq; 
the  reduction  procedure  is  often  referred  to  as  the  reduced  variable  method  or 
simply  the  temperature- frequency  equivalence  method. 

In  using  this  approach  for  the  Young's  Modulus,  E,  (ToPo/Tp)E  and  n  are 
plotted  against  the  reduced  frequency,  fo^.  Often  the  density  ratio  p  /p  and 
the  temperature  ratio  Tq/T  may  be  regarded  as  unity  over  the  range  of  usefulness 
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of  the  material.  The  preparation  of  "master  curves"  of  E  and  n  versus  f(Xp  is  a 
very  useful  technique  for  extrapolation  of  data  to  frequency,  or  temperature 
ranges  where  test  data  are  not  available.  To  prepare  these  curves,  one  must 
first  use  the  available  data  to  estimate  c^.  This  is  often  best  accomplished 
empirically  by  arbitrarily  selecting  an  initial  Tq  and  then  judging  the  value 
of  needed  to  shift  the  curve  of  log  E  versus  log  f  at  temperature  T^  to  best 
match  the  curve  at  Tq,  while  at  the  same  time  matching  curves  of  log  r,  versus 
log  f.  The  process  is  illustrated  in  Figure  2.6  where  the  hypothetical  curves 
of  log  E  and  log  n  versus  log  f  at  various  temperatures  have  been  shifted  as 
indicated,  and  the  appropriate  a^,  versus  T  curve  drawn.  If  Tq  is  improperly 
chosen,  the  matching  will  not  be  satisfactory  and  a  new  value  should  be  tried. 


2.2.3  A  Reduced-Temperature  Nomogram  [2.11] 

The  graphs  of  E  and  ri  versus  reduced  frequency,  f  a^,  represents  a  funda¬ 
mental  relationship  between  the  various  parameters  for  many  damping  materials. 
Its  use,  to  directly  read  off  the  modulus  and  loss  factor  at  any  given 
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temperature  and  frequency,  is  tedious  and  inconvenient  since  it  is  necessary  to 
read  off  cx^, ,  calculate  f  a^,  and  only  then  read  off  E  and  n.  If  the  scales  of 
this  graph  are  relabelled,  a  very  simple  monogram  can  readily  be  created. 

Simply  use  the  right-hand  scale  for  frequency,  as  indicated  in  Figure  2.6,  and 
continue  to  use  the  lower  horizontal  scale  for  a^.  For  the  line  f  *  1,  which 
ie  tbe  lower  axis  of  the  graph,  then  f  =  a^,  and  hence  the  points  correspond¬ 
ing  to  each  temperature  T  ,  T^,  ...  can  be  marked  out  since  is  assumed 

known  for  each  (i— 1 »  2...).  Similarly,  for  the  horizontal  line  one  decade 
higher,  for  which  f  =  10,  then  f  a^,  =  lOa^,  and  again,  since  is  known  for 
each  T,  the  points  can  be  marked.  If  the  process  is  repeated  for  f  =  1000  or 
whatever,  the  set  of  points  corresponding  to  each  can  be  filled  in  to  form 
the  set  of  diagonal  lines  shown  in  Figure  2.6.  Once  the  nomogram  is  made  in 
this  way,  for  the  required  f  and  T,  move  along  the  horizontal  f  line  and  along  , 
the  diagonal  T  line  to  the  point  of  intersection  (X) .  The  point  X  corresponds 
to  the  appropriate  value  of  f  c^,  at  X,  construct  a  vertical  line  intersecting 
the  E  and  r)  curves  and  read  off  the  appropriate  value. 

Another  use  for  the  nomogram  is  to  reduce  data  in  the  first  instance  with¬ 
out  directly  having  to  estimate  (*_,  for  each  temperature.  For,  if  one  selects 
the  proper  position  to  correspond  to  To  and  selects  the  proper  temperature 
interval,  AT,  between  T  and  T, ,  T„,  etc.,  the  grid  of  lines  can  be  used  to 

O  i  L 

position  the  test  points,  in  effect  by  calculating  f  <i_,  according  to  the 

i 

assumed  T  and  AT.  Only  one  combination  of  T  location  and  AT  will  give  a 
o  o 

satisfactory  reduction  of  the  data,  just  as  in  the  reduced  frequency  approach. 

If  the  chosen  combination  is  not  satisfactory,  one  must  change  the  position 

of  T  and/or  AT. 
o 

In  summary,  the  reduced  temperature  nomogram  displays,  on  one  plot,  the 
materials  modulus  and  loss  factor  data.  From  the  limited  number  ot  data  points 
taken  at  specific  temperature  and  frequencies,  interpolations  can  be  made  on  the 
reduced  temperature  nomogram  to  obtain  the  material  properties  for  any  combina¬ 
tion  of  temperature  and  frequency.  The  use  of  the  nomogram  in  the  design  pro¬ 
cedure  is  discussed  in  volumes  II  and  III. 
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2.3  DAMPING  MATERIAL  CHARACTERIZATION  TECHNIQUES 

The  essential  first  step  in  using  damping  technology  to  control  vibration 
problems  is  the  accurate  determination  of  damping  material  properties.  It  is 
important  for  the  designer  to  have  a  general  knowledge  of  the  various  character¬ 
ization  techniques  so  that  an  evaluation  of  the  data  obtained  from  the  material 
suppliers  can  be  made  and  suggestions  on  how  to  conduct  quality  assurance 
testing  can  be  offered. 

The  following  paragraphs  will  discuss  several  techniques  for  determining 
the  dynamic  properties  of  materials.  The  techniques  discussed  are: 

•  Resonant  Beam 

•  Dynamic  Mechanical  Analyzer 

•  Resonance  Tests 

•  Rheovibron 

•  Progressive  Wave 

•  Impedance 

•  Shear  Rheometer 

2.3.1  Resonant  Beam  Test 

The  resonant  beam  test  technique  is  the  test  procedure  which  forms  the 
basis  of  ASTM  standard  E756-80.  Either  "digital"  or  "analog"  systems  can  be 
used  to  generate  and  handle  data  from  resonant  beam  tests.  Typical  analog 
vibrating  beam  test  equipment  is  shown  in  Figure  2.7.  The  four  types  of 
specimen  beams  {uniform,  "Oberst,"  "modified  Oberst"  and  sandwich),  are  shown 
in  Figure  2.8. 

The  appropriate  beam  specimen  for  testing  a  particular  material  is  deter¬ 
mined  from  the  following  criteria: 

a.  The  uniform  beam  is  used  for  stiff  materials,  such  as  epoxies  and 
plastics,  which  are  self-supporting  at  test  temperatures,  that  is, 
have  Young's  moduli  greater  than  10^  psi  (6.98  x  lO^N/ra^). 
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Figure  2.7.  -  Block  diagram  of  the  beam  test  fixture. 
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Figure  2.8.  -  Resonant  beam  test  specimens. 
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b.  The  "Oberst"  (nonsymmetric)  or  "modified  Oberst"  (symmetric)  beams 

are  used  for  materials  in  which  IL  is  between  1CT  psi  (6.89  x  10?  N/in  ) 
and  lQ^  psi  (6.89  x  10^  N/m^).  As  falls  toward  the  lower  limit, 
hp/h  for  these  beams  can  increase. 


c.  The  symmetric  sandwich  be$n  is  used  for  materials  in  which  En  is 

between  10  psi  (6.89  x  10*  N/m2)  and  105  psi  (6.89  x  108  N/m*).  Since 
the  sandwich  beam  relies  on  shear  of  the  damping  material  between  two 
support  beams,  it  yields  better  results  for  this  range  of  values  of  En 


The  following  equations  are  used  in  the  ASTM  standard  to  calculate  the 
value  of  Ep  or  GD  for  various  damping  materials,  according  to  the  specimen  beam 
used  in  the  test.  The  symbols  used  in  the  following  equations  are  listed  in 
Table  2.3. 


a.  For  an  "Oberst"  beam  (with  damping  material  coated  on  only  one  side 
of  the  beam),  the  complex  Young's  modulus  is  derived  from  formulae 
developed  originally  by  Oberst  [2.12].  These  are: 


'  ,  Pi>ho 

[*f  f 

n 

1+_7h- 
■»  — 

f 

L  oqJ 

1  -I-  2ne(24-  3n  +  2n2)  +  e2n4 
1  +  ne 


(2.19) 


n 

"D 


en 


I  +  en 


3  +  6n 


.1  +  2en(2 


+  4n  2  +  2en3  -I-  eV  ~| 
!  +  3n  +  2n2)  +  e2n4  J 


(2.20 


2 

where  e  =  E^/E  and  n  =  h^/h.  In  these  formulae,  Z  is  calculated  from  the 

measured  resonance  frequency,  fn>  of  the  nth  mode  of  the  damped  beam  and  the 

measured  frequency,  f  ,  of  the  undamped  beam.  The  ratio  e  is  then  deduced 

from  equation  2,19  and  is  calculated  from  equation  2.20,  using  the  value 

of  e,  and  the  measured  value  of  modal  damping,  n  .  In  fact,  after  some  alge- 

^  2 

braic  manipulation,  the  following  equation  for  e  in  terms  of  Z  and  n  can  be 
derived: 


-(4+6n+4n2-Z2)n+ 


,, 2  ,2.2  2.,  4,_2  ,  .1/21 
(4-Hm+4n  -  Z  )  n  +4n  (Z  -1  ) 


/2n 


(2.21) 
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TABLE  2.3.  LIST  OF  SYMBOLS  FOR  SUBSECTION  2.3.1. 


SYMBOL 

DEFINITION 

A,B 

Nondimensiona!  parametars  liquations  229  and  2.30/ 

b 

Breadth  of  beam 

e 

Modulus  ratio  Eg/E 

E 

Young's  modulus  of  beam  materia! 

eD 

Real  part  of  complex  Young’s  modulus  of  damping  material 

f 

Frequency  (Hertz) 

(El)*e 

Equivalent  complex  flexural  rigidity  (aquation  2.25) 

*on 

natural  frequency  of  bare  berm 

*n 

n*  resonant  frequency  of  damped  beam 

<L 

Lower  half -power  bandwidth  frequency 

fR 

Higher  half -power  bandwidth  frequency 

AT 

Total  half -power  bandwidth  (f  p  -  f  L) 

gd 

Real  part  of  complex  shear  modulus  of  damping  material 

9* 

Shear  parameter  (equation  2.26) 

h 

Thickness  of  beam 

hD 

Thickness  of  polymeric  material 

hR 

Thickness  of  root 

L 

Length  of  beam 

l 

Length  of  beam  root 

n 

Thickness  ratio  (hg/h);  mode  number 

T 

Temperature 

T0 

Reference  temperature 

2 

Nondimensianal  parameter  (equation  2.19) 

UT 

Temperature  shift  factor 

% 

Extension*!  loss  factor  of  damping  ma Uriel 

r‘b 

Shear  loss  factor 

% 

Loss  factor  of  beam  specrman  in  n^1  mode 

n*  eigen  value  for  beam 

Pn 

Density  of  beam;  also  density  in  general 

PO 

Density  of  damping  materia! 

<*>n 

0th  circular  frequency  of  bare  beam 
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These  equations  give  accurate  results  provided  that  Z  -  1  >  0.1.  If 

2  2 
Z  >  1.0,  the  error  in  e  resulting  from  an  error  in  Z  becomes  prohibitively 

high. 


b.  For  a  "modified  Oberst"  beam  (with  damping  material  coated  symme- 

metrically  on  both  sides  of  the  beam)  the  complex  Young's  modulus  is 
derived  from  the  formulae 


Ep  -  E(Z2  -  1)  /  [en3  +  12n2  +  6n] 

\  -  v2  7  (z2  - 15 


(2.22) 


(2.23) 


where 


z2  -  a  +  2p  n/p)  (f  /f  )2 
D  s  on 


(2.24) 


2 

Again,  the  equations  give  reasonably  accurate  results  whenever  Z  -  1  >  0.1. 

c.  For  the  symmetrical  sandwich  beam,  calculation  of  values  of  the  shear 
modulus,  Cjj,  and  the  loss  factor,  hp,  for  the  damping  material  is 
based  on  a  set  of  equations  developed  by  Ross,  Kerwin,  and  Ungar 
[2.13].  In  current  notation  the  now  classical  equation  is; 


(EI)J 


+  Eh  (h  +  hD) 


2 


- 

1  +  2g* 


(2.25) 


where  (EI)§  is  the  equivalent  complex  flexural  rigidity  of  the  three 

layer  sandwich  [=(EI),  (l  +  in  )]  and  g*  is  the  shear  parameter  given 

,  3  n 

by: 


g* 


G$L 


EhhE2 
D  n 


(2.26) 
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Equations  (2.1:5)  and  (2.26)  may  be  solved  to  given  simple  algebraic  equations 
for  G  and  namely: 


[(A  -  B)  -  2(A  -  B>2  -  2{An  )2][Ehh  £2/L2] 
_ n _ n _ 

G_  =  ~2  2 

D  (1  -  2A  +  2R)  +  A(Ann) 

nl  -  An  /£A  -  &  -  2(A  -  B)2  -  2(An  )2] 

T)  n  n 

where 


(2.27) 

(2.28) 


A  =  (f  /f  )2  (2  +  P„h  /ph)  (B/2) 
n  on  v  " 


(2.29) 


and 


B  -  1/6(1  +  hp/h)2 


(2.30) 


for  most  polymeric  materials  in  the  rubbery  and  transition  regions*  ED  3Gn 
and  Hjj  ^  r£. 

Most  tests  cover  only  the  first  seven  modes  of  the  cantilever  beam.  The 


eigenvalues  of  the  system  are  given  by: 


3.515 

22.0345 

61.6970  (2.31) 

120.902 

199.866 

298.560 
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416.950 


.2 

~7 

The  eigenvalues  define  the  relationship  between  the  resonant  frequencies  of 
the  uncoated  individual  beams  and  the  modulus  E  by  the  classical  relationship 

Oh*2  L4/(Eh3/12)  -  C4  .  (2*32) 

on  n 

2.3. 1.1  A  Review  of  Specimen  Beam  Criteria 

To  obtain  satisfactory  test  results,  specimen  beams  must  be  prepared 
carefully.  Paying  careful  attention  to  specimen  dimensions  helps  avoid 
machining  difficulties  and  helps  to  insure  accurate  test  results.  Figure  2.9 
shows  a  typical  bare  beam,  with  appropriate  dimensions  indicated. 

Recommended  materials  for  specimen  beams  depend  on  the  test  temperatures. 
For  low  temperature  tests  (below  300°F  (149°C)),  aluminum  or  steel  l>eaas  can 
be  used.  It  is  important  to  note  that  if  a  stiffer  beam  is  used,  clamping 
conditions  become  more  critical. 

For  high  temperature  tests  (up  tc  2,000°F  (1,093°C)),  steel  or  superalloy 
beams  must  be  used. 

The  thickness  of  the  damping  material,  hp,  should  not  be  less  than 
0.004-inch  (0.127  ram).  Preferably,  the  draping  material  should  be  thicker; 
otherwise,  it  is  difficult  to  control  the  dimensions  of  the  composite  specimen 
beam. 

2.3. 1.2  Error  Sources 

For  resonant  be$a  testing,  as  for  any  measurement  technique,  errors  can 
arise  from  several  sources.  Errors  in  the  measured  complex  moduli  of  the 
polymeric  material  may  be  the  result  of: 

•  Errors  in  specimen  preparation,  such  as  poor  adhesion,  voids  (air 

bubbles),  joint  doping  in  clamping  fixture,  or  nonuniform  thicknesses. 


g 


H 


Figure  2.9.  -  One  half  of  a  sandwich  beam  specimen  with  recommended 
specimen  dimensions. 


•  Errors  in  temperature  control.  The  thermocouple  may  not  indicate  the 
specimen  temperature  accurately  because  ot  thermal  lag  (insufficient 
time  for  reaching  thermal  equilibrium  or  because  of  nonuniform  tempera-*; 
ture  distribution  within  the  specimen. 

•  Errors  in  measuring  resonant  frequencies,  as  a  result  of  too  high 
frequency  sweep  rate,  mechanical  relaxation  of  the  specimen,  or  low 
level  signals  (hence  the  need  to  always  monitor  "input"  and  "output") . 

•  Errors  in  measuring  modal  damping.  Problems  could  include  closely 
spaced  modes,  extraneous  damping  sources  (such  as  damping  in  the  clamp), 
or  incorrect  interpretation  of  nonlinear  response  as  apparent  increased 
damping. 

•  Error  magnification,  because  of  unstable  regions  in  the  equations.  For 
example,  in  "Oberst"  equations  2.19  and  2.20,  and  "modified  Oberst" 
equations  2,22  and  2.23,  the  term  (Z‘  -  1)~1  acts  to  magnify  errors  in 
^n  °r  As  ^2  •*  1 ,  the  loss  factor  becomes  infinite. 


While  conducting  resonant  beam  tests,  it  is  important  to  constantly  be 
aware  of  these  and  other  possible  sources  of  erroneous  data,  and  to  apply  every 
possible  precaution  while  obtaining,  interpreting,  and  utilizing  the  data. 
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2.3. 1.3  Test  Data  Set 


For  any  beam  specimen,  each  test  "point"  consists  of  a  set  of  simulta¬ 
neously  measured  values  of  temperature,  mode  number,  resonant  frequency,  and 
modal  damping.  The  complete  set  of  dr_a  points  for  each  test  includes  these 
measured  values  for  the  undamped  beams  and  for  the  damped  specimen  beams.  The 
raw  test  data  for  each  damping  material  evaluated  include  the  values  of  tem¬ 
perature,  damped  resonant  frequency,  f  ,  the  half-power  frequencies,  f  and 

tl  Li 

f  ,  bandwidth,  Af,  and  the  modal  loss  factor,  ri. 

K 

It  is  important  to  evaluate  the  validity  of  raw  test  data  being  generated 
by  a  particular  resonant  beam  test.  One  way  to  evaluate  the  raw  test  data  is 
to  examine  the  plot  of  f^,  and  f^  versus  temperature.  This  plot  may  be 
generated  manually  as  shown  in  Figure  2.10  or  automatically  as  part  of  the  test 
system  [2.14,2.15].  In  either  case,  subjective  evaluation  of  the  test  data 
at  this  point  is  an  important  step  in  the  testing  process. 

The  valid  raw  data  can  now  be  used  in  conjunction  with  the  appropriate 
set  of  equations  to  produce  a  set  of  material  properties  for  the  specific 
temperatures  and  frequencies  measured  during  the  beam  tests. 

2.3. 1.4  Advantages  and  Disadvantages 

Advantages  of  this  test  set-up  method  include:  (a)  the  system  is 
reasonably  simple  to  use;  (b)  errors  can  be  assessed  and  kept  within  limits; 

(c)  a  single  specimen  can  be  used  to  cover  a  wide  band  of  frequencies  and 
temperatures;  (d)  the  damping  materials  is  bonded  to  the  beam  which 
simulates  the  actual  use  of  the  damping  material. 

Disadvantages  of  this  test  set-up  are:  (a)  the  test  can  be  conducted 
only  at  low  strain  levels;  (b)  the  test  is  time  consuming  and  costly. 

2.3. 1.5  Six  Order  Theory  Data  Analysis 

An  improvement  in  the  material  property  data  obtained  from  resonant  beam 
tests  can  be  realized  if  the  test  data  are  reduced  using  6th  order  beam  theory 
instead  of  the  ASTM  standard  4th  order  beam  theory. 
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Figure  2.10.  -  Typical  graphs  of  T)^  fn>  and  fQn 
versus  temperature. 

The  advantage  of  the  6th  order  theory  is  the  ability  to  match  the  canti 
lever  beam  boundary  conditions  exactly,  therefore  reducing  the  error  when 
analyzing  the  test  data.  The  development  of  this  analysis  is  detailed  in 
References  [2.16]  and  [2.17]. 

The  basic  assumptions  for  the  analysis  are: 

•  The  beam  deflection  is  small  and  uniform  across  a  section 

•  The  axial  displacements  are  continuous 

•  The  base  and  constraining  layers  bend  according  to  the  Euler 
hypothesis 
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•  The  damping  layer  deforms  only  in  shear:  (Ep«E) 

•  Longitudinal  and  rotary  inertia  effects  are  insignificant 

The  variation  in  the  material  properties,  obtained  by  the  4th  and  6th  order 
analysis,  is  shown  in  Figures  2.11  through  2.14.  Figure  2.11  shows  the  varia¬ 
tion  in  material  loss  factor  and  Figure  2.13  shows  the  variation  in  material 
modulus  for  the  data  taken  from  the  second  mode  of  a  cantilever  beam.  The 
trends  seen  here  are  typical  results.  Figures  2.13  and  2.14  illustrate  the 
same  type  of  data  variation  except  that  the  data  are  for  mode  six  of  a  canti¬ 
lever  beam.  As  would  be  expected,  the  error  reduces  as  the  mode  number 
increases  because  che  importance  of  the  boundary  conditons  is  reduced. 

In  general,  the  loss  factor  values  predicted  by  the  4th  r~der  theory  are 
lower  than  those  predicted  by  the  6th  order  theory,  primarily  near  the  maximum 
loss  factor.  The  4th  order  theory  also  predicts  higher  modulus  values  in  the 
rubbery  region  and  lower  modulus  values  in  the  glassy  region.  A  comparison  of 
the  4th  and  6th  order  data  in  a  reduced  temperature  nomogram  format  is  illus¬ 
trated  in  Figure  2.15.  As  can  be  seen,  the  major  differences  occur  in  the 
glassy  and  rubbery  regions.  The  major  disadvantage  of  the  6th  order  data 
reduction  is  the  increased  computer  cost  that  is  directly  related  to  the 
increased  complexity  of  the  analysis. 

The  sixth  order  theory  was  used  to  reduce  the  damping  material  data  for 
the  design  guide  in  instances  where  the  materials  were  tested  in  a  sandwich 
configuration.  A  description  of  the  6th  order  lata  reduction  used  in  the  design 
guide  is  given  in  Volume  III. 

2.3.2  Dynamic  Mechanical  Analyzer 

The  dynamic  mechanical  analyzer  is  a  valuable  tool  in  a  polymer  labora¬ 
tory.  Among  the  various  tests  that  can  be  run  on  the  machine  is  the  test  to 
determine  damping  properties.  The  following  paragraphs  explain  how  to  obtain 
damping  properties  using  the  Dupont  981  Dynamic  Mechanical  Analyzer,  DMA. 


Figure  2.11.  -  4th  and  6th  order  variation  in  notarial 
loss  factor. 


2.3.2. 1  The  Test  Set-up 

A  schematic  diagram  of  the  DMA  system  is  shown  in  Figure  2.! 6.  The 
mechanical  portion  of  the  systems  consists  of  two  parallel  balanced  sample 
support  arms  which  are  free  to  oscillate  around  flexure  pivots.  The  arms  are 
connected  by  the  sample.  The  instrumentation  used  in  the  DMA  test  is  shown  in 
Figure  2.17.  This  test  set-up  can  be  used  for  i  astant  temperature  or  range 
temperature  tests. 

A  servo  control  system  controls  the  power  input  into  the  electro-magnetic 
drive  to  maintain  a  constant  amplitude  level  vibration  on  the  driven  am.  The 
displacement  is  measured  by  a  Linear  Variable  Differential  Transducer,  T.VDT. 
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Figure  2.12.  -  4th  and  6th  order  variation  in  material  modulus. 

The  test  set-up  incorporates  an  X-Y  plotter,  used  to  plot  both  the  power 
into  the  driver  and  the  frequency  of  the  system  versus  temperature.  These 
measurements  are  used  to  calculate  the  complex  Young's  modulus,  E(1  +  ir^) ,  f< 
the  material. 

2.3. 2. 2  Specimen  Selection  Criteria 

The  specimen  for  a  DMA  test  is  generally  rectangular.  The  nominal  spec! 
men  dimensions  are  shown  in  Figure  2.18.  Experience  has  shown  that  two  speci 
mens  are  required  to  obtain  the  most  accurate  data  across  the  entire  test 
temperature  range.  The  lower  temperature  range  data  are  best  collected  with 
a  specimen  which  has  an  aspect  ratio  of  approximately  10  to  12.  The  high  tem 
perature  data,  just  below  maximum  damping  temperature  and  above  (see  Fig¬ 
ure  2.18),  are  most  accurately  obtained  from  a  specimen  with  an  aspect  ratio 
of  4  to  6.  Aspect  ratio  is  defined  as  length/thickness, 


Figure  2.13.  -  Comparison  of  4th  and  6th  order  modulus  in  mode  five. 

2. 3.2. 3  Data  Reduction  Equations 

The  sample  and  the  pivot  arms,  as  shown  in  Figure  2.16,  form  a  compound 
resonance  system.  Because  of  the  low  natural  resonant  frequency  of  the  arm- 
pivot  system,  the  resonant  frequency  is  dependent  almost  entirely  ou  the  con¬ 
figuration  and  modulus  of  the  sample.  In  oscillation,  the  sample  is  deformed 
via  the  geometry  shown  in  Figure  2.19.  In  the  equilibrium  position  before 
the  oscillation,  the  sample,  the  centerlines  of  the  two  arms,  and  an  imag¬ 
inary  line  connecting  the  centers  of  the  two  flexure  pivots  form  a  rectangle 
represented  by  the  broken  lines.  The  deformation  of  the  specimen  is  obtained 
from  standard  frame  analysis  except  that  the  clamps  for  holding  the  specimen 
extend  a  distance  D  beyond  the  center  line  of  each  pivot  arm  toward  the 
opposite  arm. 
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Figure  2-14.  -  Comparison  of  4th  and  6th  order  loss  factor  in  mode  five. 

If  the  compound  resonance  system  is  deflected  away  from  the  equilibrium 
position  to  a  new  position  (represented  by  the  solid  lines  in  Figure  2.19), 
the  two  ends  of  the  sample  remain  parallel  to  each  other  and  perpendicular  to 
the  arms.  The  center  of  gravity  of  the  sample  and  the  arms,  however,  trans¬ 
late  to  new  positions.  During  each  cycle  the  sample  is  subjected  to  an  alter¬ 
nating  flexural  deformation.  The  solution  for  the  dynamic  equation  of  motion 
for  the  system  [2.18]  gives  the  relationship  between  Young’s  modulus  and 
frequency: 


TEflKMTlMC  T  KG.  C 


Figure  2.15.  -  Data  comparison  of  4th  and  6th  order  in  reduced 
temperature  nomogram. 

where  E  =  Young's  modulus  (Pa),  f  =  DMA  frequency  (Hz),  J  =  Moment  of  inertia 
2 

arm  (kg*m  ),  K  —  Spring  constant  of  pivot  (N*m/rad),  D  =  Clamping  distance 
(■)*  W  =  Sample  width  (ra) ,  t  =  Sample  thickness  (m) ,  and  L  =  Sample  length  (m) 


Sample  loss  factor  is  calculated  from: 


(2.34) 


where  V  -  DMA  Damping  Signal  (mV),  f  =  DMA  Resonant  Frequency  (Hz),  and  C  = 

2 

System  Constant  ('0.25  Hz  /mV).  See  also  the  list  of  symbols  in  Table  2.4. 
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Figure  2.16.  -  Test  geometry  for  DuPont  981  dynamic 
mechanical  analyzer  (DMA) . 


2. 3. 2. 4  Error  Sources 

The  principle  error  in  DMA  damping  data  is  a  thermal  lag  problem.  Great 
care  must  be  exercised  not  to  sweep  temperature  at  a  rate  of  more  than  3-6°F 
(2°C)  per  minute.  Other  errors  to  watch  for  are: 

•  Improper  aspect  ratio 

•  Improper  clamping  pressure  or  alignment 

•  Improper  temperature  read  out  due  to  poor  thermocouple  location 

2. 3. 2. 5  Advantages  and  Disadvantages 

The  advantages  of  this  test  procedure  are: 

•  Small  samples  are  required;  this  is  particularly  helpful  for  newly 
synthesized  materials  where  only  a  few  grams  are  available. 
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Figure  2. 17 .  *•  980  DMA  electronics  block  diagram* 


Modal** 


Figure  2.18. 


-  Specimen  dimensions  and  suggested  -  values 
for  the  test  regions. 


The  samples  do  not  need  to  be  bonded  to  a  metal  beam. 

The  temperature  range  scanned  runs  from  -184°F  (-120°C)  to  +932°F 
(+500 °C) . 

Data  are  obtained  quickly;  the  entire  temperature  range  can  be 
scanned  in  a  few  hours. 

The  amplitude  of  oscillation  can  be  varied  so  that  linearity  of 
viscoelastic  response  can  be  verified. 

Data  are  recorded  continuously  so  that  the  modulus  and  loss  factor 
are  plotted  as  continuous  analog  functions  of  temperature. 


Figure  2.19.  -  Saaple  deformation  in  DuPont  981  DMA  apparatus. 

The  disadvantages  of  the  DMA  are: 

•  Only  a  single  resonant  mode  is  measured. 

•  The  frequency  range  of  measurement  is  quite  limited. 

•  The  temperature  accuracy  of  the  data  has  bean  known  to  causa  a  problem 

•  The  DMA  test  does  not  accurately  reflect  the  structural  behavior  of  a 
polymer,  since  the  polymer  is  not  bonded  directly  to  a  metal  substrate 
as  it  would  be  in  application. 

2.3.3  Resonant  Test 

The  following  paragraphs  describe  the  resonant  tes,.  for  measuring  the 
damping  properties  of  materials.  This  set-up  is  perhaps  the  most  simple  pro¬ 
cedure  to  implement. 


TABLE  2.4.  ABBREVIATIONS  AND  LIST  OF  SYMBOLS  FOR  SUBSECTION  2.3.2 


SYMBOL 

DEFINITION 

DMA 

Dyaaak  Madancal  Amiyztr 

LVDT 

Lamr  Virabli  DHfamtai  Tnwfaram 

C 

Sysma  ceattMt  (~0_2S  Hz*/aV) 

0 

ChaHstatc* 

E 

Youoi’i  aodate 

f 

DMA  nw— t  fnanacy 

J 

Moamt  af  iaartit  af  arm 

K 

SprafcoactMtaf  piwt 

L 

Siapli  l»|Bi 

R 

Aralanth 

t 

Saapft  Biktawm 

V 

OMAiWBpii|s'pal 

W 

iTrapimmi 

Ax 

Oaintt  M  rnapM  mi  Mipl»»awN 

i?D 

Daapiag  aataria!  as  facta 

Anarsmtm 

2.3.3. 1  The  Test  Set-Up 

The  instrumentation  and  test  set-up  for  the  resonant  test  are  shown  in 
Figure  2.20.  The  types  of  specimens  used  are  illustrated  in  Figure  2.21. 

A  continuous  sine  sweep  oscillator  is  used  to  power  an  electromagnetic 
shaker  which  excites  the  test  specimens.  An  acceleroaeter  monitors  the  response 
of  the  shaker  head  and  another  acceleroaeter  monitors  the  response  of  the  test 
specimen.  The  system  incorporates  a  frequency  counter,  an  oscilloscope,  and 
a  dB  meter  to  make  the  required  aeasureaents.  The  measurements  made  are: 

1)  shaker  acceleration,  2)  test  specimen  acceleration,  3)  resonant  frequency, 
and  4)  temperature.  From  these  values  eoaplex  Young's  modulus  E(1  +  iDp)  or 
shear  modulus  G(1  +  in*)  can  be  calculated. 
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Figure  2.21 
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2.3. 3. 2  Specimen  Selection  Criteria 

The  criteria  on  specimen  selection  are  quite  simple.  The  specimens  should 
be  designed  to  have  a  height  to  diameter  ratio  greater  than  two  to  avoid  error 
resulting  from  nonuniform  strain  distribution  in  the  specimen.  Specimen  design 
must  also  consider  the  possibility  of  a  standing  wave  developing  in  the  specimens. 
The  data  reduction  equations  are  invalid  for  a  test  where  standing  waves  occur. 

2.3.3. 3  Data  Reduction  Equations 

The  data  reduction  equations  are: 

_  l 

and  =  (A2-l)  2  (2.35) 

for  the  loss  factor  in  both  tests, 

E  =  4n2f2t(M  +  m  /3)/S(l  +  BS2/S,2)  (2.36) 

u  n  o  l 

for  the  tension  -  compression  resonance  test 

G-  -  4iT2f2T(M  +  m  /3)  (1  +  t2/36R2)/S  (2.37) 

D  no 

and  for  the  shear  resonance  test,  respectively.  The  symbols  are  defined  in 
Table  2.5.  These  equations  are  developed  in  Reference  [2.19].  A  modified 
version  of  the  shear  resonance  test  method  is  described  in  Reference  [2.20]. 

2.3. 3. 4  Test  Procedure 

The  test  procedure  is  to  place  the  test  specimen  on  the  shaker  with  a 
mass,  M,  attached  to  the  polymer.  A  frequency  sweep  is  conducted  to  locate 
the  resonant  frequency.  Once  the  resonant  frequency  is  established,  the 
required  measurements  of  shaker  acceleration,  specimen  acceleration,  tempera¬ 
ture  and  frequency  are  made.  Varying  the  input  level  allows  measurement  to 
be  made  at  various  strain  levels.  Varying  M  allows  measurements  to  be 
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TABLE  2.5.  LIST  OF  SYMBOLS  FOR  SUBSECTION  2.3.3 


SYMBOL 


DEFINITION 


A 

E 

I 

fn 

G 

l 

M 


Ratio  of  resonant  man  acceleration  to  shaker  acceleration 
Young's  modulus  of  damping  material  (real) 

Excitation  frequency 

Resonant  frequency  of  mass 

Shear  modulus  of  damping  material  (real) 

Length  of  damping  material  (shear  test) 

Mass 


mo 

R 

S 


Mass  of  viscoelastic  material  in  resonance  test 

Radius  of  gyration  of  shear  specimen  about  horizontal  axis 
(=R It  12  for  a  rectangular  section) 

Load  of  carrying  area  of  damping  material  (extension  test)  or 
total  area  of  damping  material  in  contact  with  resonant  mass 
(shear  test) 


Si 

0 

T 

’I'd 

* 


Wetted  surface  area  (non-load  bearing)  of  damping  material 
(extensional  test) 

Shape  factor 

Height  of  specimen  (spring  length)  in  extensional  test  or  thickness 
of  specimen  in  sheer  test 

Damping  material  loss  factor  (extension) 

Damping  material  loss  factor  (shear) 

Phase  angle  between  resonant  mass  and  shaker  table  accelerations 


made  at  various  frequencies,  and  placing  the  system  in  an  environmental  chamber 
allows  temperature  variation. 


Results  of  error  analysis  in  Reference  [2.21],  supported  by  test  results, 
indicate  that  damping  measurements  can  be  made  with  the  resonant  shear  test 
method  at  frequencies  on  either  side  of  the  resonant  frequency,  but  not  below 
0.7  times  the  resonant  frequency  for  a  material  loss  factor  of  0.5.  The  below 
resonance  error  is  greater  for  a  lower  material  loss  factor.  It  is,  however, 
necessary  to  measure  phase  angle  <J>  between  the  mass  and  the  shaker  table.  The 
loss  factor  is  obtained  from 


% 


Sin  <t> 

A  -  Cos  <t> 


(2.38) 
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and  the  resonant  frequency  f^,  for  use  in  equation  2.37  from 


f 

n 


1/2 


A  -  A  Cos  4> 

A2  -  2A  Cos  <(>  +  1 


(2.39) 


where  f  is  the  excitation  frequency.  Test  time  is  saved  with  this  procedure, 
since  exact  tuning  onto  resonance  is  not  required.  It  is  especially  useful 
when  investigating  the  effect  of  strain  level  on  the  shear  modulus  and  loss 
factor  since  the  resonant  frequency  tends  to  change  with  increasing  excitation 
level. 


2. 3. 3. 5  Error  Sources 

Errors  in  the  resonant  test  system  can  result  from: 

•  Poor  specimen  geometry 

•  Improper  temperature  measurement 

•  Poor  signal-to-noise  ratio  of  the  accelerometers. 

Care  should  be  taken  in  measuring  temperature  of  the  specimen.  If  the 
system  is  allowed  to  dwell  at  resonance  for  a  short  period  of  time,  there  will 
be  a  temperature  rise  in  the  polymer  material  due  to  the  energy  it  is  dissi¬ 
pating.  If  not  detected,  this  will  result  in  a  thermal  shift  of  the  data. 

This  effect  can  be  minimized  by  off  resonance  testing,  making  use  of  phase 
data. 


2.3.3. 6  Advantages  and  Disadvantages 

The  principle  advantages  of  this  test  procedure  are: 

•  A  simple  test  to  set-up  and  run 

•  Simple  data  reduction  equations 

•  Capability  to  assess  the  effect  of  strain  amplitudes 
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•  Does  not  need  to  be  tuned  exactly  to  resonance  if  phase  difference 
is  measured 

The  disadvantages  are: 

•  Mass  must  be  changed  to  change  frequency 

•  Frequency  limited  by  the  frequency  limits  of  the  shaker 

2.3.4  The  Rheovibron 

The  purpose  of  the  Rheovibron  is  to  measure  the  temperature  dependence 
of  the  complex  modulus  of  high  polymers  in  both  amorphous  and  crystalline 
states  at  a  constant  frequency.  A  simplified  diagram  of  the  equipment  and 
concept  are  shown  in  Figure  2.22. 

The  basic  principle  behind  the  operation  of  the  Rheovibron  is  the  fact 
that  a  sinusoidal  tensile  strain  applied  on  one  end  of  a  test  sample  in  a 
viscoelastic  state  will  generate  a  sinusoidal  stress  at  the  other  end.  There 
will  be  a  phase  difference  between  the  two  signals  of  5.  The  Rheovibron  is 
built  to  read  Tan  6(=np)  directly.  The  storage  modulus  can  then  be  calcu¬ 
lated  from  the  values  of  the  stress,  strain,  and  6. 

The  system  equations  are  very  straightforward. 

Tip  «  Tan  6  *  °l  ~  °2  (2.40) 

e'  -  E*  Cos  «  (2.41) 

E*  -  2*0(7aHdT  X  1()9)  (L/S)  (2,A2) 

The  symbols  are  defined  in  Table  2.6. 
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Fioute  2.22.  -  A  rtmplified  diagram  of  the  equipment  and 
concept  for  Rheovibron. 
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TABLE  2.6.  LIST  OF  SYMBOLS  FOR  SUBSECTION  2.3.4 


SYMBOL 

DEFINITION 

A 

Value  defined  from  amplitude  factor  in  measuring  tan  6 

0 

Value  of  dynamic  force  dal  in  measuring  tan  S 

E' 

Storage  modulus 

E* 

Dynamic  elastic  modulus 

L 

Sample  length 

S 

Sample  section  area 

a1 

Stress  transducer  vector 

a2 

Strain  transducer  vector 

The  test  procedure  consists  of  attaching  both  ends  of  the  sample  such  as 
fiber  or  plastics  film  to  two  strain  gages  of  unbonded  type  (Figure  2.22,  one 
of  which  is  a  transducer  of  displacement  (MODEL  T.7)  and  the  other  of  which  is 
a  transducer  of  generated  force  (MODEL  T.l).  After  the  absolute  values  of 
the  electrical  vectors  transduced  from  force  and  displacement  are  adjusted  to 
unity  (full  scale  of  meter) ,  vector  subtraction  is  made  by  changing  the  con¬ 
nection  of  the  output  circuit  of  two  strain  gages  (Figure  2.22).  By  this 
operation  the  value  of  tan  6  can  be  read  directly  from  the  meter. 

The  dynamic  modulus  can  be  easily  calculated  from  the  readings  of  the 
dividers  and  in  Figure  2.22. 

The  advantages  of  the  system  are: 

a  The  data  are  obtained  at  a  constant  frequency 

•  The  material  loss  factor  can  be  read  directly 

The  disadvantages  are: 

•  The  data  are  operator  dependent 

•  The  test  is  time  consuming 

•  The  test  apparatus  is  temperature  limited 
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Additional  information  for  the  Rheovibron  is  in  Reference  [2.22]. 


2.3.5  The  Progressive  Wave  Technique 


The  progressive  wave  technique  has  been  used  widely  to  determine  the 
dynamic  properties  of  rubber  components.  The  block  diagram  of  the  test  equip¬ 
ment  is  shown  in  Figure  2.23.  An  electromagnetic  shaker  is  used  to  drive  a 
rubber  test  specimen  at  the  bottom  end  while  the  top  end  is  suspended  under 
constant  tension.  A  phonograph  cartridge  is  used  to  measure  the  mechanical 
response  of  the  vibrating  strip.  The  shaker,  test  specimen,  and  cartridge 
are  placed  in  an  environmental  chamber.  A  frequency  synthesizer  powers  the 
shaker  and  controls  the  frequency  of  the  test.  The  network  analyzer  measures 
the  phase  angle  and  amplitude  differences  between  the  reference  output  signal 
and  the  measured  response. 

The  basic  system  equations  are: 


%  =  2  y/(I  -  Y2) 

(2.43) 

E’  =  Pc2(l  -  y2)/(i  +  y2}2 

(2.44) 

Y  =  6.59  A/P 

(2.45) 

where 

G  =  360  FL/P 

A  =  amplitude 
P  = 

C  = 

F  = 

L  = 

P  = 


phase  angle 
sound  speed 
frequency 


2.3.6  Impedance  Testing 

There  have  been  many  variations  of  the  mechanical  impedance  technique 
suggested  and  used  to  measure  viscoelastic  damping  material  properties  [2.24, 
2.25,  2.26],  The  general  purpose  of  the  impedance  techniques  is  to  measure 
the  complex  modulus  properties  of  viscoelastic  materials  as  a  function  of 
temperature  and  frequency  while  operating  the  system  in  a  nonresonant  condition. 

One  experimental  set-up  for  impedance  measurements  is  shown  in  Figure  2.24. 
The  system  consists  of  an  electromagnetic  shaker  used  as  the  driver,  an  impedance 
head  to  measure  the  force  and  acceleration  at  the  driven  end  of  the  material 
sample,  the  material  sample  and  a  large  mass.  The  dynamic  signals  from  the 
impedance  head  should  be  measured  with  a  digital  Fast  Fourier  Analyzer. 


The  wave  equation  governing  the  motion  of  the  material  sample  shown  in 
Figure  2.24  can  readily  be  solved,  subject  to  the  boundary  conditions  of  a 
known,  or  measured,  input  displacement,  U,  at  the  point  X  «  0  and  acceleration, 
U,  equal  to  F/M  at  X  =  L  (the  sample  length),  where  F  is  the  force.  The  ratio 
of  displacement  to  force  at  the  transducer  end,  i.e.,  the  compliance,  can  be 
shown  to  be 


U 

F 


x=0 


< 


B  Cos  a  -  a  Sin 
a  Cos  a  +  B  Sin  a 


b 


(2.46) 


where  U  is  the  displacement,  F  the  force,  Ejj  =  (1  +  ir^)  is  the  complex 

modulus,  A  and  h  are  the  cross-sectional  area  and  length,  respectively,  of  the 
material  sample,  is  the  real  part  of  the  complex  modulus,  and 

a  =  (PW2  e£)1/2  h;  B  =  Ph  A/M  (2.47) 


where; 

W  is  the  frequency,  P  material  density,  M  mass  of  attached  weight. 

Data  obtained  using  this  method  compare  well  with  data  obtained  from 
other  procedures.  The  technique  is  useful  for  materials  with  loss  factors 
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Figure  2.24.  -  Wave  equation  governing  the  aotion  of  aaterial  sample. 

varying  from  about  0.1  to  1.5  and  Young's  Moduli  varying  from  about  200  to 
200,000  psi  (1.38  x  106  to  1.38  x  109  N/a2) . 

Accurate  data  are  obtainable  if  care  is  taken  in  selecting  specimen 
geometry,  temperature  measurements  are  exact  and  the  strain  level  is  in  the 
linear  region.  Since  the  material  is  in  a  bulk  form,  energy  dissipation  can 
cause  a  temperature  rise  in  the  aaterial. 

The  principle  advantages  of  this  procedure  are  the  simple  test  set-up 
and  the  capability  to  assess  various  strain  amplitudes. 

2.3.7  3H  Piezoelectric  Oscillatory  Rheometer 

The  3M  Piezoelectric  Oscillatory  Rheometer  provides  measurements  of  the 
shear  properties  of  a  wide  variety  of  solid  materials,  such  as  filled  and 
unfilled  rubbers,  psa's  and  molten  plastics,  under  controlled  conditions  of 
temperature  and  frequency. 

The  Piezoelectric  Oscillatory  rheometer  permits  analvs-'s  of  these  mate- 

8  2 

:als  under  conditions  of  shear  over  a  rigidity  range  of  10J  to  10  N/m  . 
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2.3.7. 1  Test  Set-up 

The  heart  of  the  rheometer  system  is  a  shear  generator  shown  in  Figure  2.25. 
The  sample  under  test  is  mounted  between  a  driver  plate  which  applies  a  shear 
force  to  the  sample  and  parallel  monitor  plate.  A  monitor  transducer  converts 
the  force  that  is  transmitted  through  the  test  sample  into  a  proportional 
voltage  which  is  used  in  calculating  the  shear  modulus  of  the  sample. 

Auxiliary  equipment  that  is  required  to  supply  the  driving  power  and  tem¬ 
perature  controls  for  the  shear  generator  and  to  amplify  and  to  measure  the 
output  from  the  monitor  transducer  is  listed  in  Table  2.7.  The  entire  test 
set-up  is  illustrated  in  Figure  2.26. 

Specifications  for  the  Piezoelectric  Shear  are: 

•  Test  temperature  range:  -112°F  (-80°C)  to  266°F  (+130°C) 

•  Test  frequency  range  of  plus  or  minus  one  degree  phase  angle  drift 
is  as  follows: 

G'  <  106  N/ra2  30  to  2000  Hertz 

G’  >  108  N/ra2  5  to  2000  Hertz 

•  Amplitude  of  Oscillation  -  approximately  600  angstroas  at  approxi¬ 
mately  8.7  volts  RMS  stack  driving  voltage 

•  Test  specimen  size: 

0.197  in  (5  ram)  <  length  <  0.394  in  (10  ram) 

0.075  in  (2  ram)  <  width  <  0.157  in  (4  ram) 

0.010  in  (0.26  ram)  <  thickness  <  0.059  in  (1.5  ram) 

•  Viscoelastic  Range: 

7.25  psi  (5  x  104  N/ra2)  <  G"  <  2.9  x  104  psi  (2  x  108  N/ra^) , 

0.04  <  tan  6  <  12.0 

•  Precision: 

Estimated  to  be  plus  or  minus  5  percent  for  both  g"  and  tan  6 
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Figure  2.25.  -  Shear  generator  diagram. 


•  Minixaira  voltage  output  fro®  high-impedance  amplifier  for  adequate 
signal  to  noise  ratio  is  approximately  20  millivolts 

•  Degree  of  parallelism  of  sample  gap  is  as  follows: 

For  sample  thickness  >  0.010  in  (0.25  nsn)  gap  parallelism  is  not 
critical  (i.e.  ±0.0012  in  (0,05  ss)) 

For  sample  thickness  >  0.005  in  (0.13  mm)  gap  parallelism  i: 
critical 

In  the  above  specifications,  G'  is  the  shear  of  storage  modulus,  G 
the  shear  loss  modulus  and  Tan  <5  is  the  loss  factor. 


TABLE  2.7.  AUXILIARY  EQUIPMENT  REQUIREMENTS 


Dmcription 

Type 

Selection  Ckertctenstict 

Otc  Stator  • 

Power  Amplifier 

HP  33209  Frequency  Syntheeizw 

Krohn-hite  7S00  Power  Amplifier 

Kifh  Impedance 
Amplifier 

Special  model  monufeetured  and 
deriyed  by  3M  tpocifkilly  for  ute 
with  the  MELABS  Rheometer 

a.  Frequency  range  1  to  1000  Hz. 

b.  Input  iwpedenci  of  1C10  ohoa 
!or  jreottr). 

c  Ptwee  tfcift  of  teat  Aon  1  depot 

Phett  Meter  + 

Network  Analyzer 

Grant  tz-  Model  305  South 

Plainfield,  New  Jerwy  078M 

Omwtz  -  Model  305  PA-30BSA 

a.  Actaraia  to  ±0.05%  -  5C  - 
50  kHz,  U  ±25%- M  kHz 
to  500  kHz 

k  Input  teeel- 10  MV-30QVRMS 

Fluke  Diprtel  Veitnwur  JtSOQA 

160  kHz  (manoHem  786  kHz) 

c.  lepetliMl-  lOMVMCS- 
dOVRMS 

d.  Frequency  range -2  H  z  - 
700  kHz. 

Temperature 

Con  trotter 

TtmyJr. 

Flake  2100A  Dipt*!  Themorceler 

Ostaioscopt 

Tektronix  Type  561 A 

Microprocessor 

Intel  Mcroprecesor  Teletype 

Model  43  Terminal 

NOTE:  The  oscilloecope «  not  an  integral  part  of  the  Rheometer  syttem 
but  it  used  for  trouWe-rfiootini  pur  posts. 


2 . 3. 7 . 1  Sample  Preparation  and  Test  Procedure 

Rubbers  and  plastics  saaples  are  tested  in  this  instrument.  The  sample 
prepart ion  is: 

1.  Loosen  clamping  screw  for  monitor  plate 

2.  Place  sample  between  probe  and  driver  plates 

3.  Carefully  tighten  screw 
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Figure  2.26.  -  H  adware  system  configuration  including  shear  generator 


The  final  sample  thickness  should  be  between  0.010  inch  (0.254  mm)  to 
0.040  inch  (1.016  mm) 

The  measurement  procedure  is: 

1.  Measure  Sample  thickness  to  nearest  0.001  inches  (0.02J  mm)  with  a 
micrometer. 

2.  Place  ?  suitable  set  of  shims  in  instrument  so  that  sample  will  be 
squeezed  about  10  percent  when  clamped  in  place. 

For  example,  if  the  sample  thickness  is  0.030  in.  (0.762  nm)  use  a 
set  of  shims  that  will  result  in  a  final  thickness  of  0.027  in. 
(0.686  mm) . 

3.  Cut  a  0.394  in.  (10  am)  by  0.276  in.  (7  urn)  (maximum)  piece  of 
rubber. 

4.  Place  rubber  piece  between  probe  and  driver  plates. 

5.  Tighten  clamping  screw. 

6.  Close  chamber  door. 

7.  Allow  temperature  to  come  to  equilibrium. 

8.  Take  readings  with  digital  voltmeter  at  desired  frequencies. 

9.  Take  readings  with  phasemet***-  at  desired  temperatures. 

10.  Repeat  Steps  7  through  9  for  all  desired  temperatures. 

For  oscilloscope  measurements  use  amplitude,  V,  and  phase  angle,  6. 

The  shear  moduli  are  obtained  by  the  following  equations: 

G’  *  Vk  10b  S  Cos  6  (2.48) 

G"  =  Vk  10b  S  Sin  6  (2.49) 


Tan8 


G’VG' 


(2.50) 


where: 


G*  =  shear  storage  modulus 
G"  =  shear  loss  modulus 
Tan5  =  loss  factor 

V  =  output  voltage  measured  on  DVM  (volts) 
k  =  slope  of  least  squares  log-log  calibration 
0  =  phase  angle  measured  on  phasemeter 

S  =  sample  shape  factor 
The  sample  shape  factor  is  given  by 

S  -  1 1  b/bt 
s  o 


where: 

t  *  shim  thickness  (cm) 
s 

tQ  *  sample  thickness  (cm) 
1  “  sample  length  (cm) 

b  *  sample  width  (cm) 
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SECTION  3 


FUNDAMENTALS  OF  DAMPING  TREATMENT 


The  effects  of  temperature,  frequency,  and  strain  on  the  basic  material 
properties  of  viscoelastic  material  have  already  been  discussed.  The  usual 
design  problem  centers  around  the  question  of  how  to  use  a  material  with 
these  properties  to  introduce  significant  amounts  of  damping  into  a  structure 
having  an  undesirable  resonant  response  characteristic.  “Significant  amount" 
of  damping  is  the  key  phrase  here,  since  it  is  the  intention  to  increase  the 
material  damping  in  the  structure  to  a  level  where  it  is  much  higher  than  the 
damping  from  all  other  sources,  such  as  the  damping  from  joints  and  acoustic 
radiation.  To  accomplish  this,  the  damping  material  must  be  used  in  a  config¬ 
uration  that  w:' 11  assure  that  sufficient  energy  is  dissipated,  D  ,  compared 

s 

with  the  elastic  energy  stored  in  the  structure  or,  as  already  shown,  the  loss 
factor,  of  the  structure  or  the  system  (equation  3.1)  needs  to  be  increased. 
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The  elastic  strain  energy  in  a  simple  specimen  (or  structure)  can  be 
expressed  as  the  area  under  the  stress-strain  curve  integrated  over  the 
volume  of  the  specimen. 
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E,  o  and  e  are  the  Young's  modulus,  the  dynamic  stress  and  the  dynamic  strain 
of  the  specimen  (or  structure),  respectively.  The  integration  is  taken  over 
volume,  v,  of  the  specimen.  The  symbols  used  in  all  equations  up  to  the  end 
of  Section  3.1  are  listed  in  Table  3.1. 
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TABLE  3.1.  LIST  OF  SYMBOLS  UP  TO  AND  INCLUDING  SECTION  3.1 


A 

A',  B' 

3 

b 

Cl*  C2'  C3-  C4 
D 

Dc 

dD'°2 


E 

E" 

E' 


Ec<c 


Ev  E2,  E3 


Fcr 


cmn 


cn 


mn 

fn-f2n 


hD1-h02 


thickness  ratio  parameter  (equation  3.67) 

terms  definea  by  equations  3.98  and  3.99  respectively 

length  of  plate 

width  of  beam  or  plate 

mode  shape  constants  ir.  equation  3.29 

flexural  stiffness  Eh^/12(1  •  v) 

flexural  stiffness  of  coated  plate 

flexural  stiffness  of  damping  material  and  plate  about  the  coated 
plate  neutral  axis 

energy  dissipated  in  damping  material 
energy  dissipated  in  structure  or  system 
Young's  modulus  of  beam  or  plate  material 
imaginary  part  of  complex  modulus 
real  part  of  complex  modulus 
Equation  3.78  (=  E2  Ij  +  £q  Iq! 
damping  material  Young's  modulus 
modulus  ratio  Eq/E2  for  bam 
Young's  modulus  of  beam  material 
modulus  ratio  Eq/E  for  plate 
reduced  fraquency 
natural  frequency  of  ccaied  plate 
natural  frequency  of  coated  beam 
natural  frequency  of  bare  plate 
natural  frequency  of  bare  beam 
acceleration  due  to  gravity 
thicknes  of  beam  or  plate 
damping  material  .thickness 
two-layer  damping  material  thickness 


thickness  ratio  hg/h2 


TABLE  3.1.  LIST  OF  SYMBOLS  UP  TO  AND  INCLUDING  SECTION  3.1  (Continued) 


I 


J,n 

k 


L 

Mx 

m,  n 

PM 


PM.  PM 
P(x.y) 

Q 


Q 

R 

T.s 

T 

To 

Us 

V 


v,  vol 

w,  w(x) 
w,  w(x.  y) 
w„M 


thickness  of  beam  segment 

second  moment  of  area  of  beam  about  the  bare  beam  neutral  axis 

second  moment  of  area  of  damping  material  about  the  coated  beam  neutral 
axis 

second  moment  of  area  of  beam  about  the  coated  beam  neutral  axis 

square  root  of  minus  one;  as  a  subscript,  beam  segment  i 

constants  (characteristics  of  material) 

move  number  (equation  3.26) 

wave  number  at  ie:onance 

length  of  beam 

moment  in  beam 

mode  numbers 

transverse  loading  on  beam 

pressure  acting  on  beam 

pressure  acting  on  plate 

ratio  of  resonant  displacement  to  static  displacement  (amplification 
factor) 

roots  of  the  characteristic  equation 
radius  of  curvature 

thickness  related  constants  (figure  3.10) 

temperature 

reference  temperature 

elastic  strain  energy  in  structure  or  system 

shear  force  in  beam 

volume 

displacement  of  beam  parallel  to  i  axis 
displacement  of  plate  parallel  to  z  axis 
mode  shape 
modal  intensity 


TABLE  3.1.  LIST  OF  SYMBOLS  UF  TO  AND  INCLUDING  SECTION  3.1  (Continued) 


w1,w2'  w3 
x,y,z 

a.p 

y 

Ax 

Ax’ 


A  0 


n 

^)ED 

*s 

\ 

«s 


P 

PD 

a 


°x*°y 


"n-^n 

'~xn 


beam  segment  displacements  parallel  to  i  axis 
coordinate  axes 

lengths  associated  with  partial  coverage  {Figure  3.12) 

thickness  ratio  parameter  (equation  3.74) 

length  of  fiber  along  neutral  axis  in  beam  element 

length  of  fiber  at  a  distance  from  neutral  axis  in  deformed  beam  element 

angle  sub  tended  by  deformed  beam  element 

localized  dynamic  strain 

dynamic  strain  in  beam  or  plate  parallel  to  x  axis 

lass  factor  {ratio  of  imaginary  part  to  real  part  of  modulus  E"/E*) 

damping  material  loss  factor 

loss  modulus  of  damping  material 

loss  factor  of  the  structure  or  system 

eigenvalue  for  the  n  -  mode 

mass  per  unit  length  of  damping  material 

mass  par  unit  length  of  coated  beam 

mass  per  unit  length  of  tee  beam 

Poisson's  ratio 

density  of  beam  or  plate  material 

density  of  damping  material 

dynamic  street 

stress  parallel  to  x  and  y  axes 

mode  shape  function  (equation  (equation  3.85) 

circular  frequency 

natural  circular  frequency  of  the  bare  beam 
natural  circular  frequency  cf  the  coats!  beam 
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The  energy  dissipated  in  a  specimen  has  been  shown  by  Lazan  [3.1]  to  be 
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s 


(3.3) 


where  J  and  n  are  constants  characterizing  the  material.  On  considering  the 
case  of  a  "linear"  viscoelastic  material,  where  n  =  2,  the  energy  dissipated 
in  the  viscoelastic  material  is 
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nDEDe2dv 


(3.4) 


where  the  integral  is  performed  over  the  volume  of  the  viscoelastic  material. 


The  important  point  about  Equation  (3.4)  is  that  the  energy  dissipated 
depends  on  two  kinds  of  terms.  The  term  (loss  modulus)  in  the 

integral  is  a  damping  material  property  term,  and  the  term  is  a  mea¬ 

sure  of  the  localized  dynamic  strain,  which  is  a  function  of  the  geometry  of 
the  damping  treatment  and  the  deformations  associated  with  particular  modes 
of  vibration  of  the  structure. 


Thus  the  optimization  of  a  damping  treatment  involves  not  only  the  proper 
choice  of  a  damping  material,  but  an  understanding  of  the  effects  of  the  geom¬ 
etry  of  the  damping  treatment  and  the  modal  characteristics  of  the  structure 
being  damped. 

In  this  section  three  basic  categories  of  damping  treatments,  namely, 
free  or  unconstrained  layers,  coi strained  layers,  and  tuned  damping  devices 
are  considered.  Each  of  these  damping  concepts  is  discussed  in  detail  start¬ 
ing  with  an  emphasis  on  the  qualitative  concepts  of  damping  of  simple  struc¬ 
tures  and  the  relationships  between  the  material  properties  and  the  geometric 
arrangement  of  each  type  of  damping  treatment  and  ending  with  detailed  >eara 
and  plate  analysis.  Finite  element  analysis  procedures  are  contained  in 
Section  5. 
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3.1  FREE  LAYER  DAMPING  TREATMENTS 


The  free  or  unconstrained  layer  treatment  is  the  simplest  way  of  intro¬ 
ducing  damping  into  a  sheet-metal  type  of  structure.  The  treatment  consists 
of  a  simple  layer  of  an  appropriate  damping  material  bonded  to  those  surfaces 
of  the  structure  which  are  vibrating  primarily  in  a  bending  type  of  mode,  as 
shown  in  Figure  3.1.  As  these  surfaces  bend,  the  treatments  on  the  surfaces 
arc  deformed  cyclically  in  tension-compression  and  so  dissipate  energy.  The 
simplest  way  to  visualize  this  configuration  is  to  thi.'k  of  polymeric  coating 
on  a  sheet  metal  panel  to  reduce  impact  noise. 

In  analyzing  these  types  of  treatments  it  is  usually  appropriate  to  assume 
that  normals  to  the  undeformed  neutral  plane  of  the  structure  remain  straight 
and  normal  to  the  deformed  neutral  plane.  Or,  in  other  words,  we  can  ignore 

TREATMENT 


UNDEFORMED 


DEFORMED 


Figure  3.1.  -  Free  layer  dating  treatments. 


of  about  50F°  (28CC)  or  less.  An  obvious  question  is  how  can  high  damping 
be  obtained  from  a  single  free  layer  over  a  fairly  wide  temperature  range? 
This  question  has  been  partially  resolved  through  the  development  of  polymer 
blends  that  exhibit  more  tSian  one  glass  transition  temperature  {3.3}.  Fig¬ 
ure  3.3  shows  the  variation  of  the  real  part  of  Young's  modulus  and  loss 
factor  for  a  polymer  blend  of  three  materials,  compared  with  similar  data  on 
two  commercially  available  damping  materials  with  single  transition  tempera¬ 
tures.  It  can  be  seen  that  che  polymer  blend  literally  has  three  peaks  in 
the  loss  factor-temperature  curve.  The  composite  loss  factor,  for  a  fixed 
thickness  ratio  for  each  of  the  three  materials,  is  shown  in  Figure  3.4.  If 
the  design  criterion  is  maximum  system  loss  factor,  then  material  A  would  be 
the  designer’s  choice.  If  the  minimifin  required  system  loss  factor  was  0.1, 
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Figure  3.3.  -  Typical  variation  of  material  properteries 
for  a  polymer  blend  of  materials. 
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Figure  3.4.  -  Fixed  thickness  ratio  (tu/h^)  =  2  for  single 
materials  and  a  polymer  blend. 


material  A  would  have  an  effective  temperature  range  from  50°F  (10°C)  to  125°F 
(52~C),  material  B's  effective  temperature  range  from  80°F  (27°C)  to  95°F 
(35*C)  while  the  polymer  blend's  range  would  be  from  30° F  {-l’C>  to  125°F  (52eC). 
if  ng  >. 1  and  maximum  temperature  range  were  the  design  points,  the  poly-blend 
would  be  the  proper  choice. 


Another  way  of  broadening  the  temperature  range,  over  which  the  maximum 
damping  can  be  achieved  by  the  unconstrained-layer  damping  treatment,  is  by 
applying  multiple  materials  with  peaks  in  the  loss  modulus  occurring  at  dif¬ 
ferent  temperatures.  For  instance,  if  the  temperature  range  for  which  the 
treatment  has  to  operate  is  from  50®F  (10°C)  to  150°F  (66*C),  it  aay  be  neces¬ 
sary  to  select  one  material  that  has  its  optima  value  around  .*0°F  (27°C)  and 
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another  material  that  has  its  optimum  value  at  approximately  120°F  (49°C) . 
Then  it  will  be  possible  to  place  one  material  on  each  side  of  the  structure 
and  their  performance  can  be  combined  to  give  wide  temperature  coverage.  It 
is  also  possible  to  use  a  multiple  layer  system  as  shown  in  Figure  3.5.  Pro¬ 
vided  that  layer  1  (nearest  to  the  structure)  has  the  higher  temperature  of 
peak  damping,  the  wide  range  damping  performance  shown  will  result. 


Another  method  of  optimizing  a  free  layer  damping  treatment  for  a  partic¬ 
ular  structure  is  to  carefully  select  the  locations  of  the  damping  treatment. 
Little,  if  any,  benefit  is  gained  from  damping  material  located  near  nodes  or 
locations  of  minimum  bending  moments.  For  instance,  it  has  been  shown  [3.4] 
that  for  a  fixed  weight  of  damping  material,  applied  to  a  simply  supported 
beam  vibrating  in  its  fundamental  mode,  maximum  damping  occurs  when  the  damp¬ 
ing  material  is  distributed  over  the  center  40  percent  of  the  beam. 
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Although  free  layer  damping  treatments  are  often  thought  of  in  terms  of 
elastomeric  or  rubber like  polymers,  the  concept  is  not  limited  to  this  class 
of  materials.  It  has  been  shown  that  many  porcelain  enamel  coatings  have 
extremely  high  loss  moduli  at  elevated  temperatures  [3.5  -  3.12] .  As  shown 
in  Figure  3.6  atypical  porcelain  enamel  exhibits  material  characteristics  as 
a  function  of  temperature  similar  to  damping  polymers.  In  fact,  as  illustrated 
in  Figure  3.7,"  the  peak  loss  modulus  of  some  porcelain  enamels  is  typically 
much  higher  and  the  temperature  bandwidth  wider  than  for  even  an  efficient 
polymeric  free-layer  damping  material.  The  implications  of  this  point  are  quite 
significant  when  one  considers  the  damping  of  high-temperature  structures  such 
as  components  of  jet  engines. 
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Figure  3.6.  -  Typical  variation  of  material  properties  for 
Coming  8871  (Enamel)  at  200  Hz. 
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Techniques  and  analytical  methods  to  predict  the  effect  of  free-layer 
damping  treatments  on  the  vibrational  response  of  beams,  plates,  and  stiffened 
structures  follows. 

3.1.1  Euler-Bernoulli  Beam  Equations  for  Free  Layer  Damping 

To  date,  a  majority  of  the  damping  analyses  have  been  based  on  4th  order 
beam  theory.  In  the  following  paragraphs,  a  review  of  the  basis  of  this 
theory  is  presented. 

3. 1.1.1  Beam  Vibration 

The  first  system  to  be  analyzed  will  be  a  simple  beam.  Structures  such 
as  automobile  frames  and  columns  in  buildings  can  be  analyzed  as  beam  struc¬ 
tures.  In  the  pure  bending  analysis  of  a  long-slender  beam,  plane  sections 
are  assimed  to  remain  plane,  shear  deformation  and  rotary  inertia  are  neglected 
and  the  deformations  are  small.  Many  engineering  structures  meet  these  assump¬ 
tions.  These  assumptions  also  lead  to  equations  which  are  fairly  easy  to  solve 
and,  at  the  same  time,  give  very  good  insight  into  the  dynamic  behavior  of  the 
structure. 

Consider  an  element  of  a  deformed  beam  as  shown  in  Figure  3.8  where 
Ax  is  the  length  of  the  neutral  axis.  At  a  distance  z  above  the  neutral  axis, 
the  length  of  the  element  is  Ax* .  Therefore 


A<p 


Ax  Ax* 

R  R-z 


Ax’  =  —  Ax 


(3.5) 


On  rearranging  equation  3.5 


Ax* -Ax 
Ax 


(3.6) 


By  definition,  the  strain  is  given  by 
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_  Ax '-Ax 
x  ~” 

Therefore,  from  equations  3.6  and  3.7, 


Using  Hooke's  law. 


And  on  substituting  for  e  ,  the  normal  stress  becomes 


Consider,  now,  the  forces  acting  on  an  element  of  the  beam.  It  can  be  shown 
from  analytical  geometry  that 


d2w/dx2 

n  +(^2]3/2 


(3.11) 


where  vr  is  the  displacement  of  the  beam  from  the  neutral  axis.  Since  small 
deformations  are  assumed. 


€)2<<1 


(3.12) 


and  equation  3.11  can  be  approximated  by 


1  _  iis L 

R=  dx2 


(3.13) 


The  moment  acting  on  the  section,  of  cross  sectional  area  A,  is 


-  ffa  zdA 

JJ  * 


Substituting  for  — 

K 


\  ■ EI 7? 


(3.14) 


(3.15) 


Summing  forces  in  the  vertical  direction  and  moments  about  the  right  hand  side. 


dV  +  P(x)dx  =  0 


(3.16) 


dM^  -  V  d(x)  +  1/2  P(x)  (dx)  «  0 


(3.17) 
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where  P(x),  the  sun  of  the  inertia  forces  and  the  external  loads,  is  given  by 

,2 

P(x)  =  -{^  +  p(x,0  (3.18) 

g  dt* 

In  the  above  equation,  p(x,t)  is  the  pressure  acting  on  the  elemental  beam, 
g  is  the  acceleration  due  to  gravity,  and  u  is  the  mass  per  unit  length  given  by 

Vi  =  P  bh  (3.19) 

where  p  is  the  density,  b  is  the  width  and  h  is  the  thickness  of  the  beam. 
Equation  3.16  becomes 


dV 

dx 


-  -  P(x) 


(3.20) 


On  differentiating  with  respect  to  x,  and  ignoring  second  order  terms,  equa¬ 
tion  3. 17  yields  the  relationship 


O 


(3.21) 


On  using  this  relationship  together  with  those  in  equation  3.15,  3.18  and  3.20, 
the  following  equation  of  motion  is  obtained 


El 


+ 


,2 

p  d  w 
8  dt2 


p(x,t) 


(3.22) 


It  is  common  practice  to  first  obtain  a  solution  to  the  free  vibration 
problem  with 


p(x,t)  =  0 


(3.23) 


The  displacement  w  is  a  function  of  the  variables  x  and  t.  On  assuming 
a  separation  of  variables  of  the  form 


w 


w(x)e 


iwt 


(3.24) 
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The  equation  of  motion  becomes 


where 


The  solution  to  equation  3.25  is  of  the  form 


(3.25) 


(3.26) 


w  =  w  t 
o 


(3.27) 


which  leadd  to  the  following  equation  for  the  roots 


4  4 

q  -  k  =  0 


q  *  ±k,  ±ik 


The  general  solution  may  be  written  as 


(3.28) 


w  *  C,  Sin  kx  +  C„  Cos  kx  +  C_  Cosh  kx  +  C,  Sinh  kx 
12  3  4 


(3.29) 


Four  boundary  conditions  are  required  to  evaluate  the  four  constants  in  the 
above  equation.  These  are  obtained  £*■  a  the  following 


Claaped :  w  = 


(3. 30) 


Simply  Supported:  w  =  — r-  =  0 

dx 

2  3 

„  d  w  d  w  A 

Free:  — r  =  — r  =  0 

dx  dx 


(3.31) 


(3.32) 
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For  a  simply  supported  beam,  the  boundary  conditions  lead  to  the  following 
equation  for  tbs  eigenvalues 


Sin  kL 


from  which 


kL  =  tt,  2tt,  3tt,  ... 


or,  for  the  mth  mode; 


k  -  —  ■  «  1.  2,  3,  ... 


From  equation  3.26  the  natural  circular  frequency  is  given  by 


\  m 


o'  -*  k  „ 

n  m  V  U 


■  Crf  V¥ 


and  the  natural  frequency  f^  by 


o)  2  rrr — 

f  -  -a  ,  ?.  /®\ 
n  2ir  2  \L  I  \]  \i 


The  simply  supported  be®  mode  shape,  for  the  mth  mode,  is 


w  (x)  =  w  Sin 

a  a  L 


For  a  cantilever  be®  the  boundary  conditions  lead  to  t'-'e  eigenvalue 
equation 


(3.33) 


(3. 34) 


(3.35) 


(3.36) 


(3.37) 


(3.38) 
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Cos  kL  •  Cosh  kL  =  -  1 


(3.39) 


The  general  expression  for  the  natural  frequency  of  a  beam,  including  the 
canteliver  beam,  is 


where 


(3.40) 


(3.41) 


The  roots  of  equation  3.39  are  listed  in  Table  3.2  for  the  first  eight  modes, 
of  the  cantilever  beam.  The  corresponding  cantilever  beam  mode  shape  is 


TABLE  3.2.  ROOTS  OF  CANTILEVER  BEAM 


kjL 

kL 

(kL)2 

1.8751041 

3.5160153 

k„L 

4.6940911 

22.034492 

* 

k3L 

7.8547574 

61.697214 

:c,l 

$ 

10.995541 

120.90192 

k,L 

14.137168 

199.85953 

5 

kgL 

17.278760 

298.55553 

k„L 

i 

20.520352 

416.99079 

kgL 

23.561945 

555.16525 
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w  (x)  =  w 


„  „  ,  ,  Sxn  kL  -  Sinh  kL  .  ,  „ ,  ,  ,  , 

cos  kx  -  Cosh  kx  +  - - rc - ~ (Sin  kx  -  Sxnh  kx/ 

Cos  kL  -  Cosh  kL 


(3.42) 


On  assianing  harmonic  motion,  and  harmonic  excitation  of  the  form 


p(x,t)  =  p(x)e* 


equation  3.22  becomes 


t^v  u 
E!  — r  +  ~ 

dx4  g 


w  =  p(x) 


(3.43) 


which  is  the  Euler-Bemoulli  equation  of  motion  for  a  vibrating  beam. 

3.1.1. 2  Beam  Vibration  with  One-Sided  Coating 

If  the  beam  is  made  of  a  material  whos<  modulus  is  complex,  then 

E  =  E'  (1+in)  (3.M) 

where  n  is  the  ratio  of  the  imaginary  to  the  real  part  of  the  modulus,  given 
by 


(3.45) 


The  parameter  "  is  the  material  damping  or  the  loss  factor.  On  substituting 
the  complex  modulus  Into  the  Euler-  Bernoulli  equation  (equation  3.43),  it 
becomes 


El ( 1+i 


dx~ 


"  *“w  =  p(x) 


(3.46) 
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How  consider  a  bess  that  is  coated  on  one  side  with  a  layer  of 
viscoelastic  Eaterial  as  illustrated  in  Figure  3.9.  An  infinitesimal  element 


777/7F 7777^ 


Figure  3.9-  -  Beam  coated  with  viscoelastic  material . 
in  the  deformed  coating  is  illustrated  in  Figure  3.10.  A  fiber  in  coating. 


Figure  3.10.  -  Infinitesimal  element  of  deformed  coating. 

at  a  distance,  z,  from  the  neutral  axis,  has  a  thickness,  dz,  and  an 
undefcrmed  length,  dx.  During  deformation,  this  fiber  elongates  by  a  distance. 
Ax.  Therefore,  the  strain  is 


e 

x 


Ax 

dx 


(3-47) 


Following  equations  3.1,  3.2  and  3.45,  the  energy  dissipated  per  cycle  in  the 
length  of  the  fiber  is 


5D.  =  “bE^  Ce  )2  dx  dz 

u  U  X 


(3-48) 


where 


ded 


(3-49) 


3-21 


The  total  energy  dissipated  in  the  viscoelastic  coating  over  one  cycle  is 


,,(r-!-s)h 


Dd  -  irbE” 


2  , 
z  dz 


L  2 

1® 


(3.50) 


Alternatively, 


rL  i  .2  \2 

Dd  *  *ED  XD  I  (•  W  ' 


(3.51) 


where  1^  is  the  second  moment  of  area  about  the  coated  beam  neutral  axis 
given  by 


r(r+s)h 


xo-b 


z2  dz 


(3.52) 


The  maximum  strain  energy  stored  in  a  beam  is 


'-'jL® 


E  I  dx 


(3.53) 


Therefore,  the  maximum  strain  energy  stored  in  the  coated  beam  is 


’•‘*1  **($)*♦*{■*($) 


(3. 54) 


3-22 


Since  only  the  viscoelastic  coating  is  assumed  to  provide  the  damping  in  the 
;aam,  then 


D  -  D , 
s  d 


(3.55) 


in  equation  3.1  and  the  system  loss  factor  Ds  given  by  equation  3.1  becomes 


(3.56) 


for  a  uniform  thickness  beam  with  a  uniform  thickness  coating.  This  equation 
reduces  to 


nDEDID 


"•  ’  V2  +  Vd 


(3.57) 


Making  the  same  assumptions  as  for  the  Euler-Bernoulli  beam  (plane  sections 
remain  plane,  neglecting  rotating  inertia  and  assuming  small  deformations), 
and  using  the  derivation  for  the  single  material,  it  can  be  shown  that 


(E2X2  +  EdV  "  I  (P2  +  yD>  W2W  "  P(X) 


(3.58) 


where  an<l  are  the  beam  and  the  viscoelastic  coating  mass  per  unit 
lengths,  respectively.  On  assuming  that  only  is  complex,  equation  3.58 
becomes 

(V2 + w  (i  +  inD  +  ^  “2”  ■  H*y  <3-59) 
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This  equation  is  the  same  as  equation  3.25  if 


El  =  En).„  +  E^I-  *  El 
2  2  D  D  c  c 


(3.60) 


and  n  =  p,  given  by  equation  3.57.  The  ratio  of  the  damped  beam  loss  factor 
to  the  loss  factor  of  the  viscoelae  ic  damping  material  is 


a 


E_I_ 
D  D 


V2  +  V 


(3.61) 


The  resonant  circular  frequencies  ui  and  for  the  mtn  mode  of  the  coated 
and  uncoated  bean  respectively,  are  related  by 

Vc/'Vc*  ■  -  x»  (3-62> 

where  X  is  the  eigenvalue  for  the  mth  mode  and  is  a  constant.  The  value  of 

m 

X  is  determined  by  the  mode  and  boundary  conditions  of  the  beam.  From  equa- 

ft 

tions  3.60  and  3.62,  the  ratio  of  the  damped  beam  to  the  undamped  beam  natural 
circular  frequencies  for  the  nth  mode  is  given  by 


y,E  I 
Zee 

UcE2I2 


U2(E2I2  * 

Wl 


U.  E.  ,In 

~  [  1  +  * 
y2  E2J2 


(3.63) 


where  f  and  f^ffl  are  respective  natural  frequencies  in  Hz.  In  the  above 
equations 


i 
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j 

I 


■  *■.  V-  C. 


A  A  A  A  tVA  mfi. 


After  seme  algebraic  manipulation*  equation  3.61  becomes 


i- 

E2 

(•—) 

E2 

^2  —  ED 

(r~)  [2A  +  2(~) 

hD  E2 

h_  ,  E-.  2  hn4 

<ir»  +  <r>  <ip  -u 
"  2  B2  h? 

nD 

E„  M  1 
1  *  <r”>  <*:>( 

Ed  h  ED2hD4 

1  +  2l{-=— )  <:-)+  (^)  {—) 
E2  h2  E  2  h2 

9 


where 


On  using  the  simplified  notation 


u  +  E  h  )  1  4  211  h  +  E*h 


HD  rrhr  -{2A  +  2ErhrJ  +  Ef  t»r  -1] 

where  Q  is  the  ratio  of  the  displacement  at  resonance  to  the  static  displace 
raent  (the  amplification  factor) . 

The  modal  damping  that  can  be  introduced  into  the  beam  is  a  fraction  of 
the  thickness  ratio,  h  ,  modulus  ratio,  E  ,  and  material  loss  factor  n,. 

XT  X*  * 


Consider  the  plot  of  — -  for  various  thickness  ratios  h  and  damping 

nD 

material  modulus  ratios  E^  on  an  aluminum  beam,  shown  in  Figure  3.11. 


ed  damping  layer 
e2 structure 


0.0001 


Figure  3.11.  - 


Material  loss  factor  ratio  as  a  function  of  the  modulus 
ratio  and  the  thickness  ratio. 


The  etiffer  and  thicker  the  damping  material*  the  higher  the  modal  damping. 

The  modal  damping  cannot  exceed  the  loss  factor  of  the  damping  material.  That 
is.  as 


Eh  -*■  00 

r  r 


then 


(3.70) 


ns  -  nD 

Therefore,  in  order  to  damp  a  beam- like  structure,  it  is  necessary  to  decide 
what  modal  damping  is  required  and  then  determine  from  a  plot,  similar  to  the 
previous  one,  the  thickness  of  the  damping  material  necessary  to  achieve  the 
desired  damping.  This  approach  does  not  provide  any  control  over  the  weight 
penalty  required  to  achieve  the  desired  dampingi  The  other  approach  is  to 
determine  the  acceptable  weight  penalty,  and  the  modal  damping  that  can  be 
obtained  from  a  material  of  a  given  loss  factor  and  Young's  modulus. 

3. 1.1.3  Beam  Vibration  with  Both  Sides  Coated 

For  a  beam  coated  on  both  sides,  the  equations  predicting  the  modal  damp¬ 
ing,  n  ,  and  resonant  frequencies  become  much  less  cumbersome  because  of 
s 

symmetry.  In  this  instance 


I 


2 


(3.71) 


Ij,  «  2b[rhjJ  1/12  +  +  hp)2/*] 


(3.72) 


and 


n 


8 


yEr  +  1 


(3.73) 
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(3.74) 


where 

Y-  8  (hjj/h2)3  +  12  O^/^)2  +  6  Oy'h^ 
or 


Q 


(1+  "=—) 
Y  Ep 


(3.75) 


Again  it  can  be  seen  that  the  stiffer  and  thicker  the  damping  material-,  the 
higher  the  damping  that  can  be  introduced  into  the  composite  beam.  This 
result  reemphasizes  the  basic  conclusion  that  in  designing  free-layer  damping 
treatments  the  designer  needs  to  consider  damping  materials  with  high  Young's 
modulus  and  high  loss  factor. 


3.1.2  Partial  Coverage  of  Beams  [3.4] 

Consider  the  beam  illustrated  in  Figure  3.12.  The  beam  is  divided  into 
three  sections  of  which  the  center  section  is  coated  with  a  damping  material. 


By  definition 


Pc llowing , equat ion  3.51,  the  total  energy  dissipated  in  the  viscoelastic 
coating  Is 


(3.76) 


The  maximum  strain  energy  stored  in  the  beam  under  consideration  (equa¬ 
tion  3.5,3)  is  the  sum  er  -he  strain  energies  stored  in  the  individual  portion 
of  the  beam,  which  is 


where 


V,  ■  'Vo  +  W  C3.78) 

and  1^  and  are  the  moments  of  inertia  for  the  damping  material  and  the 
beam,  respectively,  about  the  combined  beam  neutral  axis,  the  same  as  in 
equation  3.60,  but  with  suffix  1  now  replaced  by  suffix  2. 

For  sake  of  simplicity  and  illustrative  purposes,  it  is  assumed  that 

V2  '  El1l  -  E3I3  «-79) 


Then 


E 


"»hfj 


$  d2w„ 


")  dx 


a  dx 


a  d  Wj  2 


8  d^w2  2 


T  j2  2 

vd  Wj 


6d2  2 


(3.80) 


Wf  (7T>  d*7  <TT->  d*>*  Vl>/<72  >  d* 

o  dx  a  dx  g  dx  a  dx 
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Again,  for  Illustrative  purposes.  It  Is  assumed  that  the  damping 
treatment  does  not  change  the  normal  modes  of  vibration  of  the  beam.  Then 


a  .2  2  g.2  2  L  .2  2  L  .2  2 

/<H>  *  ♦/_  <H>  +/  *  -/  <4» 


which  shows  that  as  the  coverage  approaches  complete  coverage. 


^  ^ 


8  Vl+Vo 


(3.83 


the  same  as  equation  3.57  for  a  beam  with  complete  coverage.  The  integral, 
for  each  section  of  the  beam  denoted  by  i. 


/  £>)' 


(3.84 


length 
section  i 


can  be  determined  in  a  number  of  ways.  If  the  normal  modes  are  known,  that  i 


w(«)  -  Z  w 


■•■ft) 


(3.85 


2  2 

then  d  w/dx  and  the  integrals  can  be  readily  determined.  The  function 
♦  (x./L.)  is  dependent  on  the  boundary  conditions  and  loading.  If 


El  ..  E  w2w(x)  -  p(x).  (3.86) 

dx  8 

then  a  solution  to  the-  above  equation  can  be~obtained  of  the  fora  given  by 

equation  3.29.  Whichever  solution  sethod  is  used,  either  the  direct  or  the 

normal  mode  method,  expressions  for  v(x)  are  obtained.  The  resonant  frequency 

2  2 

can  be  determined  along  with  the  moment  distribution  d  w/dx  . 

3.1.3  Vibration  of  Unstiffened  Plates  with  a  Free  Layer  Damping  Treatment  13.13] 
The  equation  of  motion  of  a  simple  plate  is 

D^w  -  |  haj2w  -  p(xs  y)  (3.87) 

O 


where 


a4  .4 
9  w  .  3  w 

2  2  +  4 

3xZ3yZ  3y* 


E  h 
12(l-v2) 


h  -  thickness  of  the  plate 

p  *  density  of  the  plate 

V  ■  Poisson’s  ratio  of  the  plate  material. 


(3.88) 


(3.89) 
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Figure  3.13.  -  Viscoelastic  layer  on  a  plate. 

In  such  the  saae  way  as  for  a  coated  beam,  the  Euler-Bemoulli  equation  for 
the  composite  plate  can  be  written  in  the  form: 


V4v  -  4  (Ph  + 


(ph  +  pjjhp)  o)  w  ■  p(x,y) 


(3.90) 


where  and  are  the  density  and  thickness  of  the  damping  layer, 
respectively,  and 


D  -  D_  + 
c  2  D 


(3.91) 


where  and  are  the  flexural  rigidities  of  the  aetal  plate  and  the  damping 
layer,  respectively,  about  the  coated  plate  neutral  axis.  In  deriving  equa¬ 
tion  3.90,  it  is  also  assumed  that  the  plate  is  undergoing  haraonic  excitation 
of  the  fora 


v(x,y,t)  -  w(x,y)  e 


(3.95!) 


Using  the  fact  that 


Jo ^  dr  ■  Jo 


o  dr  *  0, 

y 


(3.93) 


that  Is  the  net  force  in  the  x  and  y  directions  aust  be  zero  in  the  absence 
*>f  body  forces,  it  can  be  shown 


r  -  (l-s2e)/2(l-se) 


(3.94) 


where  ic  is  assuaed  *  at,  and 

k'  -  j(i-a2e)3  +  (l+[2a+*2]e)3  J  (1+se)"3  (3.98) 

B'  -  j(2s+l+s2e)3  -  (l-s2e)3  j(l+se)~3  (3.99) 

Also,  on  noting  that 

D  «  D'  (1  +  in  )  (3.100) 

c  .  c  s 

for  the  daajped  plate,  it  can  be  shown  that 

ns  -  (l-rA'/B'e)"1  (3.101) 

|l  +  -  1  +  (A'  -  2  +  B'e)/2  (3.102) 
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Her*  f  Is  the  resonant  frequency  of  the  undamped  plate  for  the  mode  and 

rh 

f  is  the  resonant  frequency  of  the  coated  (damped)  plate  for  the  an  node. 
The  natural  frequency ,  f  ,  is  determined  by  solving  the  equation  of 

Su 

notion  for  the  free  vibrations  of  the  undaaped  plate,  given  by 

DV*v  -  ^  h  i/v  -  0  (3.103) 

g 

and  is  dependent  on  the  boundary  conditions. 

3.1.4  Stimmnry 

The  analyses  and  equations  were  derived  in  a  general  manner  without 
referring  to  any  specific  examples.  For  solutions  of  specific  examples  (such 
as  stiffened  plates)  there  are  a  number  of  references  listed  where  solutions 
of  various  examples  of  layered  damping  treatments  are  discussed  and 
illustrated  [3.14,  3.15,  3.16). 

3.2  CONSTRAINED-LAYER  DAMPING  TREATMENTS 

Constrained-layer  damping  treatments  are  among  the  most  efficient  ways 
of  introducing  damping  into  a  structure.  There  are  many  variations  of 
constrained-layer  treatments  including  damping  tapes,  sandwich  plates, 
multiple- layer  treatments;  and  a  multitude  of  special  configurations  including 
the  use  of  corrugations,  spacers,  selected  cuts,  and  schemes  for  alternately 
anchored  constraining  layers. 

3.2.1  Single  Constrained  Layer 

To  understand  the  concepts  involved  in  constrained-layer  treatments,  let 
us  consider  one  of  the  simplest  and  most  f^dliar  forms  of  these  treatments, 
the  single  constrained  layer  consisting  of  a  thin  layer  of  damping  material 
combined  with  a  constraining  layer  of  metallic  foil.  Such  a  treatment  is 
shown  schematically  in  Figure  3.14  with  the  typical  dimensions  grossly  out  of 
scale  for  illustrative  purposes.  The  damping  mechanism,  in  this  configuration, 
is  the  cyclic  shear  deformation  of  the  damping  layer,  as  illustrated  in 
Figure  3.14. 
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Figure  3.14.  -  Slagle  constrained  layer  illustrating  shear 
deforaations  of  the  damping  layer. 


In  analyzing  const  rained- layer  treatments  it  is  usually  appropriate  to 
neglect  bending  deformations  (elongation  and  compression,  which  is  contrast 
are  the  most  important  in  free-layer  treatments),  and  to  assume  that  all 
deformation  In  the  damping  material  is  shear.  With  this  in  mind*  consider 
the  shear  deformation  version  of  Equation  3.4. 


D 

a 


* 


Y2  dv 


(3.83) 


where  G  is  the  shear  modulus,  y  is  the  shear  strain  and  r)  is  the  loss  factor. 

Unlike  the  case  of  free  layer  damping,  the  level  of  cyclic  strains  in  the 

damping  material  of  a  constrained-layer  treatment  is  greatly  affected  by  the 

geometry  of  the  treatment  and  the  relative  stiffness  of  the  damping  material, 

constraining  layer,  and  base  structure.  Often,  a  decrease  in  the  shear  loss 

modulus,  nG,  of  the  damping  material,  will  increase  both  the  strain,  y,  and 

the  energy  dissipated,  Dg,  since  Dg  is  proportional  to  the  square  of  the  strain 

and  only  to  the  first  power  of  the  shear  loss  modulus.  It  must  be  kept  in 

mind,  that  for  any  given  geometric  configuration,  there  is  shear  modulus  which 

will  optimize  D  and  if  the  modulus  is  increased  or  decreased  from  this 
s 
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optimum  point,  D  will  de  "rease.  The  area  shown  in  Figure  3.15  illustrates  the 
s 

temperature  range  in  wnich  most  shear  damping  materials  are  efficient. 

The  symbols  used  in  equation  3.104  and  all  other  equations  in  Section  3.2 
are  listed  in  Table  3.3. 

The  design  of  an  optimized  constrained-layer  damping  treatment  is  much 
more  involved  than  the  simple  chore  of  picking  a  materirJL  with  the  highest 
possible  loss  modulus  for  a  free  layer  treatment.  For  instance,  it  has  been 
shown  [3.17]  that  a  constrained-layer  treatment  has  an  inherent  frequency,  or 
more  precisely,  a  wave  length  dependency  not  present  in  the  free- layer  treat¬ 
ments.  .Figure  3.16  illustrates  how  this  wave  length  dependency  can  affect  the 
shear  deformation  in  damping  treatments  with  different  lengths  of  constraining 
layers.  In  long  treatments  with  long  bending  wave  lengths,  the  center  portion 
of  the  damping  layer  does  not  experience  high  shear  deformation,  due  to  the 
stretching  of  the  constraining  layer.  On  the  other  hand,  in  very  short 


Ttmptratum 

Figure  3.15.  -  Optimum  temperature  range  for  constrained  layer  treatments. 


SYMBOL 

DEFINITION 

A 

Cross-sectional  area 

A3 

Beam  area 

a 

Plate  length 

b 

Plate  width 

D 

8 

Energy  dissipated  in  structure  or  system 

E 

Young's  modulus 

Fi 

Net  extensional  force  on  the  i—  layer 

F3 

Tension  in  the  beam 

G 

Shear  modules 

G 

Dimensionless  shear  parameter  (equation  3.142) 

S 

Damping  material  complex  shear  modulus 

G2 

Shear  modulus  of  the  elastic  foundation 

8o 

Exponent  in  expression  for  logit udinal  displacement 
(equation  3.111) 

a. 

io 

Distance  from  the  center  of  the  i—  layer  to  the  reference 
neutral  plane  of  the  laminate 

H 

Thickness  of  material 

I 

Moment  of  inertia 

Ki 

Extensional  stiffeners  of  layer  i 

k 


Wave  number 


TABLE  3.3.  -  LIST  OF  SYMBOLS  FOi  SECTION  3.2  (Continued) 


SYMBOL 

DEFINITION 

L 

Beaa  length 

1 

Optimum  length  of  constraining  layer 

Mii 

til 

Moment  exerted  by  the  forces  on  the  i—  layer  about  its  own 
neutral  plane 

Si 

Cross-sectional  area  of  layer  i 

n 

Loss  factor 

*0 

Damping  material  loss  factor 

Y 

Shear  strain 

V 

Mass  density  per  unit  area  of  composite  plate 

V 

Poisson's  ratio  of  composite  plate 

♦ 

Beam  slope  (flexural  angle) 

* 

Shear  strain 

T 

Shear  stress  in  the  elastic  foundation 

Ti 

Extensional  stress 

e 

Beam  longitudinal  displacement 

c 

Density 
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Figure  3.16.  -  Wave  length  dependency  on  shear  deformation. 

treatments,  the  maximum  shear  deformation  at  the  ends  of  the  segments  can  be 
quite  small.  These  factors,  therefore,  suggest  that,  for  a  given  viscoelastic 
material,  constraining  layer,  frequency  range,  and  temperature  there  is  an 
optimum  length  of  constraining  layer.  The  length  has  been  calculated  by 
Plunkett  and  l&e  [3.18]  to  be 

e3 

*  *  3*28  H2H3  ]-Tf  (3.105) 

G2 

where  and  are  the  thicknesses  of  the  damping  material  and  the  constrain- 
ing  layer  respectively,  is  the  Young's  modulus  of  the  constraining  layer  and 

1 G2  ^  is  a^s°l-ute  value  of  the  damping  material  complex  shear  modulus.  This 
analysis  is  valid  for  cases  in  which  the  half  wave  length  (or  approximately  the 
distance  between  node  lines  in  the  structure)  is  much  greater  than  the  optimum 


length  JL  Actually,  this  analysis  illustrates  the  importance  of  considering 
wave  length  effects  in  the  design  of  constrained-layer  damping  treatments, 
since  if  the  thicknesses  and  stiffnesses  of  the  damping  treatments  were  chosen 
so  as  to  have  l  nearly  equal  to  the  half  wave  length  in  the  structure,  then 
no  cuts  would  be  necessary  in  the  constraining  layer  for  optimum  damping. 

As  shown  in  Figure  3.17  maximuo  energy  dissipation  is  achieved  with  shear 
stresses  approaching  the  fatigue  strength  of  the  viscoelastic  aaLeiiiil.  For 
instance,  it  has  been  demonstrated  [3.19]  that  some  viscoelastic  materials  can 
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Figure  3.17.  -  Maximum  energy  dissipation  when  shear  stresses 
approach  the  fatigue  strength  of  the 
viscoelastic  material. 


withstand  millions  of  reversed  cycles  or  strain  as  large  as  unity  without 
evidence  of  fatigue  failure.  It  is  apparent  therefore,  that  if  a  full  damp¬ 
ing  potential  is  to  be  realized  from  one  of  these  adhesives,  then  ideally  it 
should  be  strained  to  much  higher  levels  than  the  structural  materials  with 
which  it  is  used.  Host  practical  applications  of  constrained-layer  damping 
treatments  are  limited  in  effectiveness  because  of  the  small  strains  obtain¬ 
able  in  the  viscoelastic  layer.  This  is  particularly  true  on  thin  metal  panels 
where  the  plane  of  the  damping  layer  is  displaced  only  slightly  from  the 
neutral  bending  axis. 

One  of  the  factors  limiting  the  strain  achieved  in  the  viscoelastic  layer 
is  the  stretch  in  the  constraining  layer.  It  is  important  to  note,  however, 
that  the  temperature  at  which  maximum  damping  is  achieved,  will  decrease  with 
increasing  constraining-layer  stiffness  if  the  viscoelastic  layer  remains  the 
same.  There  is  also  a  practical  limit  to  the  stiffness  of  the  constraining 
layer,  for  when  the  constraining  layer  becomes  stiffer  than  the  original 
panel,  the  shear  deformations  in  the  viscoelastic  material  are  limited  by 
stretch  in  the  original  structure.  Therefore,  the  symmetric  sandwich  panel, 
shown  in  Figure  3.18  is  one  of  the  most  efficient  single  constrained  layer 
configurations  for  damping  of  sheet  metal  panels.  Unfortunately,  sandwich 
panels  usually  have  to  be  designed  into  the  original  structure  because  they 
are  difficult  if  not  impossible  to  add  to  a  structure  after  it  is  fabricated. 
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Figure  3.18.  -  Symmetric  sandwich  panel. 
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3. 2. 1.1  Special  Configurations 

Several  unique  configurations  have  been  investigated  as  a  aeans  of 

increasing  the  shear  deformations  in  constrained-layer  damping  treatments.  A 

> 

spacer ,  which  increases  the  distance  between  the  neutral  axis  and  the  damping 
lcyer,  as  shown  in  Figure  3.19a,  can  greatly  increase  the  effectiveness  of 
layer  treatments  provided  that  the  spacer  is  sufficiently  stiff  in  shear  [3.20]. 
The  problem  is  that  lightweight,  low-cost  materials  usually  considered  for 
spacers  have  a  relatively  low  shear  modulus.  Shear  deformations,  therefore, 
occur  in  the  spacer,  as  shown  in  Figure  3.19b,  which  detract  from  the  theo¬ 
retical  advantage  gained  with  the  spacer  assumed  rigid  in  shear  [3.21]. 
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Figure  3.19.  -  Spacer  used  with  damping  layer. 


3-42 


To  circumvent  this  problem*  Torvik  and  Lazan  [3.22]  investigated  a 
corrugated  configuration  as  shown  in  Figure  3-20.  Damping  material  was 
applied  between  bands  attached  to  the  beam  or  panel*  over  a  filler  material. 

The  bands  were  thin,  but  constructed  of  material  with  a  high  Young’s  modulus 
so  that  they  could  withstand  compressive  as  well  as  tensile  loads.  The  filler 
material  did  not  need  to  be  stiff  in  either  bending  or  shear  to  ensure 
negligible  deformations  normal  to  the  beam.  Analysis  and  experiments  demon¬ 
strated  increased  panel  damping  by  a  factor  of  20  over  the  untreated  panel* 
compared  with  a  1  percent  improvement  resulting  from  the  same  viscoelastic 
matter  applied  to  the  panel.  This  treatment  has  not  been  used  due  to  the  dif¬ 
ficulty  in  fabrication,  but  the  investigation  did  serve  as  a  basis  for  further 
developments. 

Later,  Lazan  [3.22,  3.23,  3.24]  developed  a  multiple- layer,  alternately 
anchored  treatment  which  was  easier  to  fabricate  but  still  showed  increased 
effectiveness  over  conventional  multilayer  treatments.  Figure  3.21  shows  a 
schematic  of  this  concept  which  used  rigid  connections  between  alternate  con¬ 
straining  layers  and  the  structure  to  increase  the  shear  deformation  in  the 
outer  damping  layer.  Another  configuration  for  increasing  strain  in  the  damp¬ 
ing  layers  was  proposed  by  Plunkett  and  Lee  [3.18].  Figure  3,22  is  a  s'cnematic 
showing  how  the  constraining  layers  were  cut  to  optimal  lengths  to  increase 


Figure  3.20.  -  Viscoelastic  corrugated  configuration. 
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Figure  3.21,  -  Multilayer  anchored  treatment. 


the  strain  in  the  damping  layers.  These  optimal  lengths  were  calculated  for 
stiffness  properties  of  the  constraining  layer  and  the  shear  modulus  of  the 
damping  material. 

3. 2. 1.2  Multiple  Constrained  Layers 

Multiple  layers  of  damping  systems  are  frequently  used  to  increase  damp¬ 
ing  of  structures.  The  deformation  that  occurs  in  multiple  layer  treatments 
is  illustrated  in  Figure  3.23,  which  shows  a  decrescj-ng  shear  strain  in  each 
subsequent  layer  from  the  structure  surface  outward.  In  fact,  if  the  same 
material  is  used  in  each  layer,  most  of  the  damping  in  a  multiple 
o  str  ined- layer  treatment  occurs  as  a  result  of  shear  of  the  viscoelastic 
layer  closest  to  the  structure.  The  additional  layers  contribute  primarily  to 
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Figure  3.23.  -  Deformations  in  multiple  layers  of  damping  tape. 

the  apparent  stiffness  of  the  first  constraining  layer.  Typical  measured  damp¬ 
ing  of  a  beam  with  1  to  7  layers  of  doping  tape  is  shown  as  a  function  of 
temperature  in  Figure  3.24.  As  would  be  expected,  there  is  a  diminishing  gain 
from  each  successive  additional  layer  and  a  shift  of  the  damping  peak  to  lower 
temperatures.  One  of  the  main  advantages  of  using  multiple  layers  is  that  this 
type  of  treatment  often  conforms  better  to  an  existing  structure  than  a  single 
damping  layer  with  a  very  stiff  thick  constraining  layer. 

As  in  the  case  of  free-layer  treatments,  damping  materials  with  different 
transition  temperatures  can  be  combined  in  a  multiple  constrained-layer  treat¬ 
ment  to  achieve  an  effective  temperature  range  broader  than  possible  with  a 
single  material.  This  is  illustrated  in  Figure  3.25  f3.25]»  which  shows  the 
results  of  damping  tests  of  three  beans  with  different  multiple  constrained 
layer  treatments.  The  bean  with  three  constrained  layers  of  Adhesive  I  show  a 
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Figure  3.24.  -  Beam  damping  with  multiple  layers  of  tape. 

damping  peak  at  a  temperature  slightly  below  100aF  for  each  of  the  first 
three  modes  of  a  claoped-clamped  beam. 

Analytical  predictions  of  the  damping  (the  curves)  can  be  compared  with 
experimental  data  (the  points).  A  damping  treatment  with  the  same  geometry 
but  using  a  different  viscoelastic  material  (Adhesive  II),  on  a  similar  beam, 
produced  a  damping  peak  at  0°F.  When  the  two  damping  treatments  were  combined 
into  a  six  layer  treatment  with  the  higher  temperature  treatment  closest  to 
the  beam,  a  broad  temperature  damping  curve  was  obtained  which  approximates 
the  superposition  of  the  damping  of  the  two  different  treatments.  It  is 
Important  to  note  that  the  high-tanperature  treatment  must  be  closest  to  the 


bean  to  obtain  this  broad  temperature  performance.  Otherwise,  at  high 
temperatures  the  lower  temperature  material  is  so  soft  that  the  higher  temp¬ 
erature  material  is  never  deformed  efficiently, 

3. 2. 1.3  Optimization  of  Constrained  Layer  Treatments 

Design  of  an  optimum  constrained  layer  dancing  treatment  involves  exam¬ 
ining  the  tradeoffs  of  varying  damping  materials,  thicknesses,  and  constraining 
layers,  allowing  for  the  effects  of  temperature,  frequency,  and  wave  lengths. 

In  the  examples  that  have  just  been  discussed,  all  but  one  or  two  of  the  design 
parameters  have  been  fixed  and  the  effect  of  changing  these  variables  has 
been  shown.  While  this  gives  insight  to  the  behavior  of  constrained  layer 
damping  treatments,  it  does  not  in  itself  constitute  an  effective  design 
procedure.  Analytical  approaches  have  been  formulated  to  assist  in  the  design 
of  this  aultiparaaeter  optimization  problem,  and  are  presented  in  another 
section. 


3.2.2  Single  Constrained-Layer  Damping  Treatment  Analysir 

The  .term  "single  constrained-layer  damping  treatment"  signifies  a  single 
layer  of  viscoelastic  material  (VEM)  between  two  elastic  layers  (Figure  3.26), 


When  a  foil  is  used  as  one  of  the  elastic  layers  and  added  to  an  existing 
structure  with  self-adhesive  YEM,  it  is  commonly  referred  to  as  "damping 
tape."  Damping  tape  dates  to  the  early  1950s  and  it  was  claimed  that  the 
vibrational  energy  of  the  treated  panel  was  reduced  "substantially  to  zero  so 
as  tc  minimize  the  noise  below  auditory  levels  [3.26] 

Damping  tape  is  used  extensively  in  commercial  airlines  to  control  noise 
due  to  turbulent  boundary  layer  a';  cruise  conditions. 

When  the  elastic  layers  are  approximately  equal  in  thickness*  the  system 
is  typically  referred  to  as  a  "sandwich"  or  a  "damped  laminate."  This  fora  is 
finding  increasing  use*  especially  in  the  consuaer  goods  industry*  particularly 
in  Europe.  In  the  United  States*  valve  covers  and  oil  pans  of  diesel  engines 
have  been  made  of  this  type  of  construction. 

3.2.2. 1  Stretching  of  a  Team  on  an  Elastic  Foundation 

It  is  instructive-  when  studying  coast  twined  layer  damping,  to  consider 
the  stretching  of  a  semi- inf i-.ite  beam  on  an  elastic  foundation  of  finite  thick¬ 
ness  (Figure  3.27).  Under  a  tension  applied  to  the  end,  the  bean  is  stretched 
and  the  elastic  found- t ion  is  sheared.  The  equilibrium  of  the  beam  'segment  of 
length  dx  gives 


and  the  stress  relationship  for  a  unit  width  beam  is 


i£ 

ax 


where 

Aj  is  the  area  of  the  beam, 

is  Young’s  modulus  of  the  be„«. 


(3.106) 


(3.107) 
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Figure  3.27.  -  Tension  in  a  beam  on  an  elastic  foundation 

is  the  thickness  of  the  beam, 

F,  is  tension  in  the  beam, 

l  Is  the  shear  stress  ir.  the  VEM,  (Elastic  foundation) 

G0  is  the  shear  modulus  of  the  VEM, 

H  is  the  thickness  of  the  VEM, 

>;<  is  the  shearing  st  rain  of  the  VEM,  and 

t,  is  the  longitudinal  displacement  of  the  beam. 


Differentiating  Equation  3.86  gives 


3F,  2 

toT  *  E3H3  ~2 
3x 


(3.108 


and  substituting  lntoEquation  3.106  and  collecting  terms  yields  the  differen 
tial  equation  for 


32S  G2 

3*2  '  W2  C"°* 


(3.109 


The  solution  for  Equation  3.109  is  of  the  form 


“8.  x  g  x 

€  »  c^e  +  c2e  ° 


(3.110; 


where 


8°  =JE3H3H2  * 


(3.111) 


The  coefficient  c2  must  be  zero  if  £  is  finite  for  large  x.  For  the  other 
boundary  condition  we  obtain 


SM  -  -50  -  c,  , 


(3.112) 


the  solution  for  the  displacement  becomes 


-g  x 

(a-(e 

o 


(3.113) 


and  the  tension  is 


Fa  3  M,g  £  e  §°  X 


Thus  the  tension  and  displacement  at  the  end  of  the  beam  obey  the  relationship 

F3  =  E3H38oCo  (3*135) 

Equations  3.113  and  3.114  show  that  the  displacement  and  tension  decay  expo¬ 
nentially.  The  parameter  gQ  governs  the  rate  and  consists  of  two  parts ,  ^^2 
and  The  effects  of  changes  in  these  parts  on  the  displacements  are  con¬ 

sistent  with  intuition;  i.e.,  a  softer  foundation  or  a  stiffer  beam  increases 
the  distance  required  for  the  displacements  to  die  out. 


3.2.3  Flexural  Rigidity  of  Single  Constraining-Layer  Configurations 

'lass  [3.27]  analyzed  such  an  arrangement;  both  outer  layers  were  pon- 
sidered  to  be  very  thin,  and  shear  effect  in  the  core  was  included.  This 
analysis  basically  follows  Ross,  Kerwin,  and  Ungar.  [3.28] 


On  considering  the  forces  acting  on  the  deformed  beam  element  in  Fig¬ 
ure  3.8,  it  can  be  shown  that  the  inertia  force  is  related  to  the  bending 
moment  M  ,  in  the  free  vibration  of  the  beam,  by  the  following  equation 

X 


pA  32w 
8  3c2 


PA 


w  =* 


(3.116) 


In  order  to  solve  this  -.uation  for  a  layered  beam.  It  is  first  necessary  to 
express  3^  /3x2  in  terms  of  the  geometry  of  the  layered  beam.  Consider  the 
unit  width  element  **f  the  layered  beam  in  Figure  3.28,  the  total  bending 
moment  may  be  expr?,-sed  by 

M  =  El  =  £M.  +  SF^H.  (3.117) 

x  3x  ii  i  io 


where 


is  the  moment  exerted  by  the  forces  on  the  i —  layer  about  its  own 
neutral  plane. 


F^  is  the  net  extensional  force  on  the  i—  layer,  and 

cH 

is  the  distance  from  the  center  of  the  i--—  layer  to  the  reference 
neutral  plane  of  the  laminate. 
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where 


[R  * 

?o  +  H20(*  +  *  dx)  “  ■§<♦  +  U  dx) 

-  [5o  +  "20*  -  ^  ♦] 


[?0  +  «20*  *  2  Hj  S-ioS- 

?  dx)  -M*  +  -£dx) 


‘3  To  30  ‘  ax  "2VV  T  ax 


-  [£o  *  B30’  -  V]  h-« 


li_  q  i± 

30  Jx  2  ax 


Hio--« 
tt20  “  «21  -  S 
H30  *  «31  -  1 
„  _  H1  +  H2 


H.  +  2H. 
"31  - - 2- 


(3.122) 


(3.123) 


(3.124) 


The  net  extensional  force  on  each  layer  is  the  product  of  the  extensional 
strain  at  the  aidplane  and  the  extensional  stiffness,  which,  in  turn,  is  the 
Young's  modulus  times  the  area. 


:1H1  H10  {£■ 

#X 

(3.125) 

1±  H2 
E2H2  (H2Q  ix  “  2 

£-> 

dx 

(3.126) 

E3H3  {H30  ax  *  H2 

ii-) 

ax 

(3.127) 
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The  net  extensional  force  on  the  unit  width  element,  is  zero  for  put 

'P  -  0  -  El"l  »10  te 


+  p  n  (if  M  _  -jL 

+  E2H2(H20  3x  2  1x} 


+  E3H3<H30  £  -  *2  & 


) 


from  which 

-  EjHj  H*'  +  E2H2  [<H21-  H)  ♦'  -  ^'] 
+  E3H3  [<H3i  “  »>  ♦  '  -«2*']  "  0 


which  becomes 

-  (E^,  +  e2h2+  E^Hj)  II  ♦' 
+  <E2H2H21  +  WS^  ♦' 

EH 

-  (rj^  +  e3h3)  h2  ♦'  -o 


where  each  prime  above  a  symbol  represents  partial  differentiation 
to  x.  On  solving  for  H,  the  following  equation  is  obtained 


H 


W21  +  E3B3H31  -  + 


'3E3^  "2  f 


E1B1  +  W  E3B3 


bending 


(3.128) 


(3.12S) 


(3.130) 


with  resoect 


(3.131) 


Equation  3.117  may  be  solved  for  the  flexural  rigidity  and  becomes,  after 
substitution  of  equations  3.118  to  3.120  and  3.124  to  3.127, 


-  FjHj  H(-H) 


M  H,' 

EX  =  -—  «  E  — 

y  1  12 


E-H, 

2  2 

12 
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(H21  -  H) 


(3.132) 


E3H3  ,  r  _ 
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H) 


which  simplifies  to 


„  E1B13  ,  W  ,  E3°33 


12 


12 


12 


+  EjHjH2  +  E2H2  (H21  -  H)2  +  E3H3  (H31  -  H)2 


(3.133) 


The  beam  is  assumed  to  be  undergoing  simple  harmonic  motion  and  have  a 
simply  supported  mode  shape  given  by 

u>(x)  -  Sin  kx  (3.134) 

where  k  is  the  wave  number  given  by  equation  3.26.  The  slope  is 

$  =  «>-»  k  Cos  kx  (3.135) 

and  the  second  derivative  of  the  slope  is 

4>"  =  -k3  Cos  kx  -  -k2  (3.135) 

On  assuming  that  all  laminates  undergo  the  same  lateral  displacement,  the  shear 
strain  of  the  viscoelastic  layer  is  proportional  to  the  flexural  angle 
Therefore, 
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(3.137) 


and 


*'  *  <♦'  i  ♦"  -  *♦" 


(3.138) 


Taking  the  partial  derivative  of  in  equation  3.127  and  setting  it  equal  to 
equation  2.106  gives 

E3H3  [CH31  -¥)♦"  ■  H2  *"j  -  -C2*  (3.135) 


which  with  equation  3.136  leads  to 

*31 
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where  the  dimensionless  parameter 


(3.140) 


(3.141) 


E3W 


(3,142) 


is  known  as  the  shear  parameter.  From  equation  3.138 

6'  H2  *" 

B2  ‘  —  • 


(3.143) 


Substituting  equation  3.141  into  3.131  gives 


#E2E2 _ _  ^31  **  E 

u  E2H2H21  ~^3H3H31  (  2  *  E3H3)  1  +  7~ 

El«l  +  E2fi2+  E3H3 


(3.144) 
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which,  when  solved  for  H,  leads  to 


E2B2(B21-  -ft  ♦  G<  E2B2«2,^  E3H,»3i> 
EjHj+  E2H2  +7T(E1H1  +  E2H2  +  E3H3)  * 


(3.145) 


Substituting  equation  3.141  into  3.133  gives  the  expression  for  the  flexural 
rigidity 

3  3  3 

E,H,  E-H/  E-H3j 

EI  "  iT"  +  n  +  “IT" 


+  EjHjH2  »■  E2H2  (H21  -H)2  +  E3«3  (H31-H)2 


(3.146) 


E.H/  EH, 

~  (h21  -h)  +  e3h3(h31 


H31  -H 


1  +  5 


Equation  3.146  is  used  in  calculating  the  nodal  damping.  Any  or  all  of  the 
quantities  EI,  E^,  Ej,  E3>  and  G 2  nay  be  treated  as  complex.  A  complex  E^ 
would  represent  the  baseline  damping  of  an  untreated  structural  member.  A 
c  mplex  E2  and  G?  with  H3  -  0  and  E3  =  0  would  approximate  a  free-layer  (exten- 
sional  damping)  treatment.  (H3  =  Ej  *  G  is  not  valid  because  it  results  in 
G  *  0) .  A  complex  E3  would  represent  a  viscoelastic  constraining  layer.  Thus, 
the  equation  is  seen  to  be  very  useful.  It  should  be  noted  that  there  is  no 
shear  deformation  allowed  in  layers  1  or  3. 

3.2.4  Single  Damping  Material  Multiple  Layer  Design 

The  analysis  used  for  this  investigation  is  based  on  the  equations  that 
were  just  developed  [3.5 j.  The  analytical  approach  is  modified  to  handle 
multiple-layer  configurations  using  the  s$ae  daaping  material  in  each  layer. 
Experiments  were  performed  to  verify  the  analytical  results. 

¥ 

The  flexural  rigidity,  EI,  of  the  three- layer  system  shown  in  Figure  3.29 
is  given  by 
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Figure  3.29.  -  Elements  of  a  three-layer  system. 
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E  is  the  Young's  modulus  of  elasticity, 
G  is  the  shear  modulus, 

I  is  the  moment  of  inertia 
H  is  the  thickness,  and 
k  is  the  wave  mssber. 

G  is  the  shear  parameter 


(3. 


(3. 
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(3. 


m  is  the  mode  ninaber 


?V>r  thr  mth  mode  of  vibration  of  a  simply  supported  beas,  the  wave  number, 

k  ,  and  the  natural  frequency,  ,  are: 

m  n 


k 

■ 


HE. 

L 


(3.152) 


(3.153) 


where 


L  is  the  length  of  the  beam, 
p  is  the  density,  and 
A  is  the  cross-sectional  area. 


Similarly,  the  wave  number  k  and  the  natural  circular  frequency  u  for  the 

an  n 

m.nth  mode  of  a  simply  supported  plate  are: 


k  2  -(f-)2  +  (f1)2  «nd 

an  a  o 


(3.154) 


u  =  k 
n  an 


12(1— y)u 


(3.155) 


where 


a  is  the  length  of  the  plate, 
b  is  the  width  of  the  plate, 

U  is  the  mass  density  per  unit  area  of  the  composite  plate,  and 
v  is  the  Poisson's  ratio  of  the  composite  plate. 
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Introducing  complex  modulus  terras  and  making  certain  simplifying 
assumptions: 

a.  The  damping  of  the  base  structure  is  negligible. 

b.  The  extensional  stiffness  of  the  .doping  layer  is  small. 


The  above  equations  can  be  used  to  predict  the  performance  of  simply  supported 
besns  cr  rectangular  plates  with  constrained  layer  doping  treatments.  For  a 
three-layer  sandwich,  which  is  equivalent  to  a  single  constrained-layer  system 
as  already  discussed,  the  equations  can  be  used  directly,  and  for  multiple 
constrained  treatments  they  can  be  used  in  a  step-by-step  procedure. 
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For  the  single  constrained  layer,  equations  3.156  through  3.162  can  be 
used  without  modifications  to  predict  the  performance  of  the  treatment.  To 
use  these  equations,  it  is  necessary  to  know  the  complex  modulus  properties 
of  the  doping  material  (modulus  and  loss  factor)  ,  which  are  dependent  on  both 
temperature  and  frequency.  It  is  necessary  to  go  through  *.he  following  steps. 


1.  First  it  is  assumed  that  either  the  natural  frequency,  x,  or  the 
semiwave  length  of  vibration  is  known.  Regardless  of  which  is  known, 
the  other  quantity  can  be  calculated  from  equations  3. 152  and  3. 153 
for  beams,  or  3.154  and  3.155  for  plates. 

2.  The  undamped  natural  frequency  can  be  determined  (if  not  known)  from 
equation  3.153  for  a  beam  or  3.155  for  a  plate. 

3.  The  material  properties  should  be  determined  for  the  frequency  of 
Step  2  and  for  the  desired  temperature  range  to  which  the  structure 
and  damping  material  are  subjected. 

4.  Using  the  material  properties  of  Step  3,  the  term  EH"*  of  equation  3.155 
is  calculated. 

5.  Use  this  value  of  EH^  in  equation  3.153  for  beams  or  3.155  for  plates 
to  calculate  the  frequency  of  the  3  layer  sandwich.  With  the  new 
frequency  recalculate  the  material  properties  and  the  EH3  tern 
(Steps  3  and  4).  Repeat  this  process  until  the  frequency  converges 
(within  10  percent). 

6.  The  loss  factor  is  calculated  from  equations  3.156  and  3.157. 

7.  The  above  procedure  is  repeated  for  each  desired  temperature. 


3.2.5  Analysis  for  Multiple  Ccnstrained-iayer  Treatment 

As  a  result  of  many  tests  on  the  performance  of  multiple  constrained 
layers  constructed  with  the  same  dcsping  material  in  each  layer,  it  has  been 
observed  that  most  of  the  shear  deformation  occurs  in  the  shear  damping  layer 
closest  to  the  structure.  [3.29]  All  the  outer  layer  pairs  act  as  a  thick 
constraining  layer  which  restrains  the  first  shear  daaping  layer.  Therefore, 
if  the  stiffness  of  all  subsequent  layers  can  be  determined,  then  the  damping 
of  multiple  constrained  layers  can  he  predicted.  This  can  be  done  by  using 


the  three-layer  equation  and  working  from  the  outside  of  the  treatment  (away 
from  the  structure)  to  the  first  layer.  The  steps  for  carrying  out  this  pro¬ 
cedure  are  described  below  (also  refer  to  Figure  3.30). 


1.  Repeat  Steps  1  through  3  for  a  single  layer  application. 

4.  Consider  the  nth  constraining  layer,  nth  damping  layer,  and  the  \i  -  1 
constraining  layer.  Calculate  the  tern  Efi3  froa  equation  3.157,  and 
hence  E  and  R. 

5.  Take  E  and  H  froa  Step  4  and  use  then  as  the  new  properties  of  a  con¬ 
straining  layer  acting  on  the  S  -  1  damping  layer  and  N  -  2  constrain¬ 
ing  layer. 

6.  Repeat  Steps  4  and  5  until  the  first  shear  damping  layer  is  reached. 

At  that  point,  the  first  danping  layer  will  have  one  equivalent  con¬ 
straining  layer  with  a  given  E  and  H. 

7.  Repeat  Steps  4  through  7  of  Section  2  for  the  single  constraining 
layer. 


3.2.5. 1  Multiple- Layer .  Multiple-Material  Constrained-Layer  Daaping  Analysis 
[3-30] 

The  method  of  using  a  multiple-layered  constrained-layer  damping  design 
to  obtain  a  broad  temperature  range  of  damping  was  discussed  early  and  has 
been  successfully  applied  to  various  problems.  [3.21,3.25,3.29] 
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Figure  3.30.  -  Elements  of  S  constrained  layer  system  on  a  structure. 


3-63 


Numerous  methods  exist  to  analytically  model  certain^ types  of  multiple 
layer  treatments  [3.31-3.34].  This  section  presents  an  analysis  technique  for 
a  general  multilayer  prediction  approach  based  on  a  generalization  of  the  theory 
of  a  single  constrained  layer  system  developed  by  Ross,  Kerwin,  and  Ungar  [3.35] 
The  method  used  in  this  analysis  is  to  derive  the  equation  of  motion  for  the 
bending  of  an  N  layered  beam  that  is  simply  supported.  Limiting  the  analysis 
to  this  simple  boundary  condition  permits  a  tremendous  simplification  of  the 
equations  so  that  minimal  computational  skill  is  required  for  their  evaluation. 
The  complex  natural  frequencies  of  the  damped  beam  are  calculated,  and  from 
there,  the  damping  effectiveness  is  determined. 

he  approach  is  similar  tc  that  used  in  Section  3.2.3.  The  task  is 
-o  express  3  M^/ax  in  equation  3.116  in  terms  of  the  geometry  of  an  N  layered 
beam.  The  total  bending  moment  M  may  be  expressed  in  terms  of  the  moments  of 
each  layer  about  the  composite  neutral  axis 


M 


M 


ii 


F.  H, 
i  io 


(3.163) 


Where  is  the  bending  moment  of  the  ith  layer  about  its  own  centroid; 

is  the  extensional  force  in  the  ith  layer;  and  H.  is  the  distance  between 

io 

the  centroid  of  the  ith  layer  and  that  of  the  composite  beam.  This  is  illus¬ 
trated  in  Figure  3.31.  The  bending  moment  of  the  ith  layer  may  be  expressed 
as 


M.  .  =  t-2-  El  , 

n  »x  i  i 


(3.164) 


when-  and  I,  are  the  Young's  Modulus  and  moment  of  inertia. 

ii 
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To  calculate  M  it  is  necessarv  to  determine  1’.  and  H,  for  each  layer, 
x  i  Jo 

From  Figure  3.31  it  may  be  seen  that  for  i  =  3,  5,  7,  N  the  (areawise)  average 
extensionaJ  strain  is 


1-1 


(*. (x)-+.(x+dx)) 


and 


H 

•x 


(3.167) 


Here  it  is  assumed  that  the  viscoelastic  layers  maintain  a  constant  thick¬ 
ness  during  bending  so  that  ail  layers  bend  with  the  same  curvature.  The  nota- 
i-1 

tion  Z  means  that  i  takes  on  even  values  only. 
j«2,2 

The  extensional  stress,  T^»  the  product  of  the  strain  and  Young's 
Modulus  Ej,, 


Vi 


(3.168) 


The  extensional  force  is 


Fi  “  Si  Ti  "  Si  Vi 


Vt 


i  *  1,  3,  5,...,N 


(3. 169) 


where  is  the  cross  sectional  area  of  layer  i  and  is  the  extensional 
stiffness.  Since  the  Young's  modulus  of  the  metal  layers  is  much  higher  than 
that  of  the  viscoelastic  layers  it  is  assumed  that  F,  is  zero  when  i  is  even. 

To  evaluate  equation  3. 169  it  is  necessary  to  determine  the  viscoelastic 
shear  strain  ^  in  equation  3.166.  For  small  deflections  of  a  simply  supported 
beam,  the  shear  strain  in  each  layer  is  proportional  to  the  slope  of  the  beam. 
This  can  be  seen  from  the  geometry  as  shewn  in  Figure  3.31. 


♦t  -  A.v'  (3.170) 

The  coefficient  A^,  will  be  determined  later.  Differentiating  equation  3.170 
gives 


A.W" 


(3.171) 
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Substituting  the  derivative  of  the  adhesive  shear  strain,  as  obtained  from 
equation  3.171  into  the  extensional  strain  *  in  equation  3.166  permits  the 
calculation  of  the  extensional  force  F^  in  each  elastic  layer  from  equation  3.169. 
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(3.172) 


Also, 


=  ^Hw" 


Substituting  this  equation  into  the  bending  moment  equation  ^equation  3.163) 
and  then  into  equation  3.116  gives  the  equation  of  motion  of  the  multiple 
layered  beam, 
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(3.173) 


When  the  beam  is  driven  by  an  applied  loading  F(x,t)  the  equation  of  motion 
may  be  written  as 


where 


D* 


D*v'"  +  -hkV  *  F(x,t) 
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(3.174) 


(3.175) 


D*  is  the  composite  complex  bending  stiffness  of  the  N  layered  beam. 


It  will  be  shown  later  that  A.,  (Note  A.  -  A.),  and  hence  take  on 

j  i  j  io 

complex  values  when  the  viscoelastic  layers  are  capable  of  dissipating  energy 
This  causes  the  bending  stiffness  B  to  also  be  complex.  The  complex  natural 
frequency  for  the  mth  mode  of  the  beam  is 
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(3.176) 


*7  ?t&*  PagD(1"ins)  2 

«  2  .  -2 —  -  -5 - -  -  or  (l-in  ) 

n  pa  pa 

where  *  denotes  a  complex  number  and  n  is  the  composite  loss  factor  of  the 
damped  beam. 


In  order  to  calculate  the  bending  stiffness  in  equation  3.178  it  is 
necessary  to  find  Hio  and  A^.  From  Figure  3.31 


Hio  •  Hil  -  H 


(3.1771 


where  H  is  the  distance  between  the  neutral  axis  of  the  composite  and  that  of 

the  primary  beam.  If  there  are  N  layers  in  the  composite  beam  there  will  be 

N-l  N-l 

adhesive  layers  and  there  will  be  — values  needed  for  A^  (j-2,4,6, . . . , 

n-l). 


Including  D,  there  are  then  — r-  unknowns  in  equation  3.179.  To  calculate  the 

^  N4*l 

bending  stiffness  in  equation  3.175,  more  equations  must  be  generated  in  D 
and  ky  One  equation  may  be  obtained  by  sumning  the  forces  in  the  X  direction. 
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(3.178) 


It  is  assumed  here  that  the  inertia  .forces  .are  much  less  than  the  exten- 
sional  restoring  forces  in  the  metal  layers.  From  equations  3.172  and  3.176 
this  becomes 
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(3.179) 
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(3.180) 


3-68 


To  evaluate  A^  it  is  necessary  to  know  the  relationship  between  the  shear 
strains  of  the  adhesive  layers.  This  may  be  obtained  from  the  stress-3train 
relation  for  the  shear  of  each  adhesive  layer 


i-1 

api 

-i  N 

aFi 

z 

J-1.2 

ax 

-  z 

Gibi  3“5+1»2 

ax 

(3.181) 

Where  is  the  shear  modulus  of  the  adhesive  and  b^  is  the  width.  Substituting 
equations  3.170  and  3.172  gives 
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For  simply  supported  beams. 
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and  equation  3.182  becomes 
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Substituting  equations  3.177  and  3,180  and  rearranging  gives 


(3.184) 
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where 


(3.186) 
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(3.188) 


Equation  3.185  is  a  linear  syatea  of  — jy  equations  with  -y-  unknowns 

which  may  be  solved  for  the  A^.  D  may  then  be  evaluated  from  equation  3.180. 
The  composite  bending  stiffness  and  the  complex  natural  frequencies  may  now  be 
determined  from  equations  3.175  and  3.176. 

The  damping  ability  of  each  viscoelastic  layer  is  included  by  allowing 
the  shear  modulus  to  be  complex 


Gj  -  G  (1+iHj) 


(3.189) 


where  is  the  viscoelastic  loss  factor.  This  will  cause  the  system  of 
equations  (equation  3.185)  to  be  complex  and  the  resulting  solutions*  A^, 
will  be  complex. 


The  above  analysis  may  be  used  to  predict  the  effectiveness  of  a  general 
multiple  constrained-layer  draper. 
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3^2.6  Ccmplex  Kathematical  Approach  to  the  Three-Layer  Sandwich 

A  review  of  the  literature  on  the  analysis  of  constrained- layer  damping 
system  rapidly  revealed  that  the  major  contributions  were  developed  before 
computers  were  so  prevalent.  Another  interesting  observation  is  that  most  of 
the  modifications  in  the  beam  theory  approach  regardless  of  the'  time  they  were 
developed  have  continued  along  the  same  lines.  A  totally  non-novel  idea  is 
interjected  here  for  all  the  new  comers  to  the  area  who  are  about  to  develop 
computer  codes  for  constrained-layer  analysis. 

The  three- layer-sandwich  equation  is  repeated  here  for  convenience. 
Therefore 
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(3.194) 


v*  2 

E  is  'be  Young's  modulus  of  elasticity* 

G  is  the  shear  modulus , 

I  is  the  moment  of  inertia* 

H  is  the  thickness* 
k  is  the  wave  number* 

G  is  the  shear  parameter,  and 
n  is  the  mode  ntaber. 

Note  that  this  equation  Is  based  on  the  assuaptions  that: 

1)  No  shear  can  occur  in  layer  1  or  2 

2)  The  bean  is  simply  supported 

If  E,  E^,  E^*  E^>  and  G^  are  allowed  to  be  complex  and  the  complex 
algebra  routines  are  used  that  are  available  on  aost  mini-computers >  a 
staple  equation  is  obtained  which  is  very  powerful.  This  approach  applies 
to  any  of  the  analyses  whether  it  is  free-  or  constrained-layer  or  is  single 
or  sultilayer.  The  approach  eliminates  the  need  to  separate  the  real  part  from 
the  imaginary  part  analytically  waking  the  computer  code  much  easier  to  develop. 

3.3  TUNED  VISCOELASTIC  DAMPERS 

The  various  layered  damping  treatments  operate  effectively  only  in 
structures  with  plate-like  bending  modes  of  vibration*  for  which  high  surface 
strains  occur.  For  structures  which  have  low  surface  strains  involving  non¬ 
platelike  behavior*  as  in  the  case  of  very  highly  curved  elements*  or  space- 
frame  type  structures,  the  auxiliary  mass  damper  (AMD)  concept  may  be  of 
greater  utility.  Although  the  vibration  mode  shapes  sight  dictate  the  use  of 
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AMD,  other  considerations  in  the  total  design  procedure  for  a  platelike 
vibration  problem  might  also  lead  to  an  AMD  design  as  optimum. 

the  two  types  of  AMD's  are: 

1)  Dynamic  Absorbers  -  added  mass-spring  dampers  with  no  damping. 

2)  Tuned  viscoelastic  dampers  or  damped  absorber  ALIAS  -  "Tuned  Draper"  - 
added  mass-spring  damping  with  a  complex  spring  stiffness. 

The  dynamic  absorber,  consisting  essentially  of  a  mass  suspended  on  a 
spring,  has  been  used  to  eliminate  sharp  resonance  peaks  at  specific  fre¬ 
quencies  (revolutions  per  second)  in  rotating  machinery  and  otter  devices 
being  excited  by  a  single  frequency.  The  function  of  a  dynamic  absorber  is 
to  convert  a  single-resonant  frequency  i-  cwo-system  resonant  frequencies, 
one  lower  than  the  initial  frequency  and  one  higher. 

A  dynamic  absorber  is  effective  if  the  two  new  system  frequencies  are 
outside  the  frequency  range  of  the  excitation  input.  The  typical  structural 
response,  with  a  dynamic  absorber  attached  is  shown  in  Figure  3.32.  It  can 
be  seen  that  the  vibration  response  at  the  old  resonant  frequency  is  eliminated. 

The  emphasis  here  will  be  placed  on  the  tuned  damper.  Additional  design 
information  on  dynraic  absorbers  can  be  obtained  from  Reference  [3.36]. 

3.3,1  Tuned  Drapers  (TD) 

For  structures  excited  by  broadband  noise,  or  machinery  operating  over  a 
vide  frequency  range,  dynamic  absorbers  are  not  practical  as  they  will  intro¬ 
duce  otter  resonances  which  may  be  excited  and,  therefore,  as  damaging  as  the 
original  resonance.  That  is,  eliminating  a  problem  at  one  frequency  may 
introduce  problems  at  other  frequencies. 

The  use  of  timed  viscoelastic  drapers  can  compensate  for  the  problem  of 
introducing  resonances  at  otter  frequencies.  Essential  prerequisites  for  a 
timed  damper  to  be  of  value  are  that  the  damper  be  located  at  a  point  of  high 
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Figure  3.34  shews  so  idealized  sketch  of  a  tuned  daaper,  consisting  of  a 
mass  attached  to  a  spring  exhibiting  viscoelastic  damping  behavior.  Energy 
dissipation  in  the  daaper  occurs  through  the  cyclic  deformation  of  the  visco¬ 
elastic  material.  This  type  of  damper  differs  froa  the  dynamic  absorber, 
which  functions  a3  an  energy  transfer  device  at  a  tuned  resonant 
frequency  [3.37].  In  the  viscoelastic  daaper,  mechanical  energy  is  converted 
into  heat.  The  TD  is  effective  over  a  frequency  range  rather  than  a  single 
frequency.  TD*s  have  been  studied  for  many  years.  Classical  analyses  con¬ 
sider  the  effect  of  attaching  a  mass  to  a  vibrating  body  through  an  elastic 
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Figure  3.33.  -  Effects  of  a  tuned  daaper  on  different  types  of  structures. 

spring  and  viscous  dashpot  [3.36.3.38].  More  recent  investigations  have 
refined  these  analyses  by  introducing  complex  modulus  notation  to  represent 
damping  in  a  dynamic  absorber  that  uses  a  spring  made  from  rubberlike,  or 
elastomeric,  material  which  both  stores  and  dissipates  energy  [3.39,3.40]. 

If  the  structure  is  relatively  simple  to  the  extent  that  it  either  has 
only  a  single  resonance  or  a  number  of  very  widely  separated  resonances,  a 
tuned  daaper  can  be  designed  very  readily  simply  by  assuring  that  the  damper 
frequency  ■  >/k/M  is  close  to  the  frequency  of  the  mode  to  be  damped.  The 
effect  of  the  daaper  on  the  response  of  the  structure  is  to  split  the  original 
mode  into  two.  The  lower  frequency  branch  corresponds  to  the  daaper  mass  H 
and  the  structure  surface  moving  essentially  in  phase  with  each  other,  while 


tbe  higher  frequency  peak  corresponds  to  the  aass  and  surface  sewing 
essentially  out  of  phase. 

3.3.2  Energy  Dissipation  in  a  Staple  Daaper 

The  essential  features  of  tuned  viscoelastic  daaper  behavior  can  be 

understood  by  considering  the  energy,  D  ,  dissipated  per  cycle  for  given 

s 

cyclic  displaceoent  of  amplitude,  wq,  at  tbe  point  of  attachment  to  the 
structure. 

Consider  the  spring  mass  systea  (Figure  3.34)  excited  at  the  base  of  the 

spring  by  a  displaceoent  w  (t)  *  v  e  (or  v  (t^  ■  v  Cos  a*) . 

o  o  o  o 

The  equation  of  action  of  the  systea  can  be  written  as 

2 

|l  u  A  1 

M  —  +S  («0  e  -  0  (3.195) 

dt* 

The  list  of  symbols  used  in  this  and  ether  equations  in  Section  3.3  are  listed 
in  Table  3.4.  Since 


»( 


*- 1 


(w  +  w  )e 
o  r 


iut 


then 


-Mw*-  (v 


♦  V 


+  k  (wr)  -  0 


(3.196) 
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Figure  3.34.  -  Idealized  tuned  daaper 


<3. 198b) 


TABLE  3.4.  -  LIST  OF  SYMBOLS  FOR  SECTION  3.3 


SYMBOL 


F 

K* 

K" 

K*.  1^* 
H 

M1 

**2 

p(x) 

u 

w<e) 

Wo(t) 

W(x) 


V  w2 


B 

n 


% 


DEFINITION 

Energy  dissipated  per  cycle  in  tuned  damper 

Force  in  tuned  damper 

Real  part  of  complex  stiffness  K* 

Imaginary  part  of  complex  stiffness  K* 

Complex  stiffness  of  tuned  damper 
Mass  of  tuned  damper 

Intermediate  mass  in  two  degree-of- freedom  system 
Tuned  damper  mass  in  two  degree-of -freedom  system 
Harmonic  t  .m  loading  function 
Strain  energy 

Displacement  of  tuned  damper 
Displacement  at  base  of  tuned  damper 
Beam  displacement  as  function  of  position  x 
Displacement  of  Mj  and 

Ratio  of  resonant  frequency  tuning  mass  to  resonant 
frequency  of  system 

Rat  io 

Loss  factor 

Structural  loss  factor 

Ratio  of  damper  mass  to  mass  of  system  to  be  damped 
Mass  per  unit  length  of  beam 

Radian  frequency  of  harmonic  motion  at  base  of  tuned  damper 
Natural  frequency  of  tuned  damper 


From  this,  resonance  occurs  when 


K’  -  M« 


(3.199b) 


2  _  K' 


(3.200) 


which  is  the  undamped  frequency. 

The  force  tending  to  deform  the  spring  or  the  force  opposing  the  motion 
of  the  base  of  the  spring  is 


F  -  K*w 


(3.201) 


Also,  the  work  done  in  a  cycle  of  motion  is 


work/cy 


f  .  dv. 

-l,m  J  ~  r  ‘sT 


(3.202) 


where  f  and  —  are  vectors, 
at 


integrating,  it  can  be  shown  that  the  energy  dissipated  per  cycle  is 


D  -  iw  K* 
s  r 


(3.203) 


On  substituting  for  from  equation  3.219a, 


u2  4  2 

„  _  tK  M  v»  w 

L)  *»  o 

S  - - -  ■ 


9  9  9 

( K*  -  MO  +  K"Z 


(3. -04) 
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Since  K"  *  m C* 


2  4  2 

n  .  »nX*  nww  L 

•  - - 5“  (3.205a) 

(K'  -  M«  V  +  (nK*)Z 


2  K*  uj 

With  u)  *  —  and  S  =  — ,  and  divide  nianerator  and  denominator  of  equa- 
D  M  ujp 

tion  3.205a  by  - -  results  in 

(K’>- 


_  nw.ZK*B^w 

8  - - 5—5—  (3.205b) 

if  +  a  -  try 


By  definition,  the  structural  loss  factor  is 


D 

s 

2ttU 


(3.205c) 


It  is  readily  apparent  that  the  effectiveness  of  a  TD  is  controlled  by 

1)  wq  **•  the  displacement  of  the  structure  where  the  TO  is  attached. 

2)  n  and  K'  -*•  the  material  properties  of  the  viscoelastic  spring. 

3)  5  M  —  the  frequency  ratio  or  tuning  of  the  TD. 


The  fact  that  •*.  a  explains  why  the  tuned  damper  needs  tc  be  placed  at 
or  near  an  antinode  of  the  mode  of  vibration  which  is  to  be  controlled.  Obvi¬ 
ously,  if  w^  ■  0  or  the  TD  is  placed  on  a  node,  there  will  be  no  effect  on  the 
structural  response. 


The  material  property  effects  are  not  as  straight  forward  for  a  tuned 

damper  design  as  they  are  for  the  layered  damping  designs.  Review  of  equa- 

2 

tion  3.205b  shows  that  q  and  K'  are  in  the  numerator  and  n  is  in  the 
denominator.  Also,  uip,  the  damped  natural  frequency,  is  dependent  on  K'. 

To  evaluate  the  effect  of  n»  assume  -  ui.  Then  Dga^,  which  means  that  the 
higher  the  loss  factor  the  smaller  D  and  q,  resulting  in  a  less  effective 

s  V 

TD  at  the  design  frequency.  This  point  is  illustrated  in  Figure  3.35. 

Note  in  Figure  3.38  that  there  is  an  advantage  in  the  TD  design  gained  as  q 
is  increased  which  is  the  increased  effective  frequency  range  of  the  TD. 

The  level  of  material  damping  chosen  for  a  TD  is  a  design  parameter  which  will 
affect  the  frequency  range  over  which  the  TD  will  be  effective  and  will  affect 
the  total  amount  of  energy  dissipated. 


The  other  material  property  of  interest  in  a  TD  design  is  the  modulus. 

As  can  be  seen  from  equation  3.200,  the  modulus  is  a  controlling  parameter 
for  the  TD  resonant  frequency.  Since  precise  tuning  is  important  for  proper 
utilization  of  a  TD,  the  modulus  is  required  to  be  relatively  constant.  This 
tuning  effect  has  a  profound  influence  on  the  choice  of  elastomer  used  in  the 
damper.  If  an  elastomeric  tuned  damper  were  to  be  operated  within  the  transi¬ 
tion  temperature  range,  wher  the  loss  factor  is  high  and  the  modulus  changes 
rapidly  with  temperature,  then  the  internal  heating  of  the  damper  due  to 
energy  dissipation  would  cause  the  resonant  frequency  to  change  and  the  damper 
to  detune  itself.  Therefore,  elastomeric  materials  ir.  tuned  dampers  should  be 
used  in  the  rubbery  temperature  region,  as  shown  in  Figure  3.36,  where  small 
changes  in  temperature  do  not  have  a  large  effect  on  the  stiffness  of  the 
viscoelastic  materials. 

The  final  paraneter  which  tha  designer  has  control  over  in  equation  3.205b 

is  8  the  tuning  ratio  (7—).  The  effect  of  the  tuning  is  shown  in  Figure  3.37. 

,j)D 

If  the  Wjj  is  significantly  different  than  u)  one  of  two  peaks  will  be  reduced 
more  than  the  other  as  shown  in  Figure  3.37.  Optimum  system  control  is 
obtained  with  8=1 . 
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Figure  3.35.  -  Effect  of  loss  factor  on  energy  dissipation. 

The  effects  of  TD  placement,  damping  material  properties,  and  tuning  have 
been  discussed  here  to  emphasize  basic  principle.  Design  procedures  for  struc¬ 
tures  which  give  additional  insight  into  TD  design  and  function  follow. 

3.3.3  Two  Degree-of-Freedom 

Let  us  now  investigate  the  system  illustrated  in  Figure  3.38. 

An  example  of  such  a  system  may  be  an  electronics  package  mounted  to  the 

fuselage  on  some  structural  member  of  an  airframe  or  engine,  where  the  support 

is  moving  and  causing  undesirable  vibration  of  the  package.  We  will  show  that 

* 

the  spring-mass  system  oi  M9  and  K?  can  be  designed  in  such  a  way  as  to  control 
the  amplitude  of  Mj. 
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Figure  3.36.  -  Ep  and  versus  teaperature  for  typical  elastomer. 
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Figure  3-37.  -  Effect  of  damper  tuning. 
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*2 


Figure  3.38.  -  Two  degree-of-freedoa  system. 
The  equations  of  motion  of  this  system  are  as  follows. 


V,  +  h'l  '  *2  (U2  -  »!>  *  0 


M2W2  +  E2  (w2  "  wi)  *  °* 


We  assume  Wj  and  v?  are  undergoing  harmonic  displacements,  so 

W1  *  wl  *in  ** 
sin  wt. 

The  equations  cf  motion  are  then 


•VS  +  *lvl  -  *2  (v2  -  wl>  ■ 0 
•^2*^u2  +  K2  *  ^v2  *  wp  "  ® 


« 

(3.205) 

(3.207) 

(3.208) 

(3.209) 

(3.210) 


2  *  * 

R.v,  -r  (H.»'t  +  K_)  v.  -  K,w_t  and 


(3.211) 


The  raping  term  in  the  above  equation  is  independent  of  frequency  if  is 
constant  with  frequency*  which  is  generally  a  good  assumption  for  certain 
viscoelastic  damping  materials.  That  is 

2 

r>2a  =  Constant. 

Parameters  are  ratios  of  resonant  frequency  of  tuning  mass  to  resonant 
frequency  of  system*  a,  forcing  frequency  to  resonant  frequency  of  system, 

B.  mass  of  damper  to  mass  of  system  to  be  damped,  X,  and  loss  factor,  T). 

For  many  applications,  the  mass  ratio,  X,  and  loss  factor  (n)  are  already 
determined;  the  mass  ratio,  because  of  size*  weight  and  space  considerations; 
the  loss  factor,  because  it  is  unique  to  the  viscoelastic  material  chosen  for 
the  spring.  Consider  an  example  in  which  the  purpose  is  to  control  the 
resonant  vibrations  of  a  spring  mass  system  of  an  electronics  package. 

Adding  a  properly  designed  tuned  absorber  (a  spring  mass  system  with  no 
damping)  will  eliminate  the  response  at  the  resonance  of  the  package ,  but 
introduces  two  other  resonances  with  very  high  response  levels  as  illustrated 
in  Figure  3.39.  The  response  amplitude  levels  of  these  resonances  may  also 
he  undesirable,  especially  if  the  excitation  is  broadband.  In  the  illustration 
as  to  hew  the  amplitude  of  these  two  peaks  can  be  controlled  by  using  a  visco¬ 
elastic  spring  material,  it  is  assessed  that  the  mass  ratio,  X,  and  the  loss 
factor  of  the  spring  material,  n  have  already  been  chosen.  For  the  purpose  of 
the  illustration,  assume  that 


X  =  0.3 


and  that 


-  -  0.2 


.60  1.0 


Frequency  Ratio  8 


zo  2.5 


Figure  3.39.  -  Response  of  a  single  degree  of  freedom  system 
with  a  dynamic  absorber. 


both  reasonable  values.  The  amplitudes  of  the  two  peaks  can  be  controlled  by 
controlling  the  ratio  of  the  resonant  frequency  of  the  tuning  mass  to  the 
resonant  frequency  of  the  package,  a.  This  control  is  illustrated  in  Fig¬ 
ure  3.39.  Usually,  optimum  tuning  for  a  fixed  mass  ratio,  U,  and  loss  factor, 
n,  is  defined  as  the  frequency  ratio,  a,  at  which  the  two  peaks  are  equal  in 
amplitude. 

3.3.4  Tuned  viscoelastic  Damper  Attached  to  a  Structure 

Consider  a  mass  M  attached  through  a  viscoelastic  spring  to  a  point  on  a 
structure  as  illustrated  in  Figure  3.40.  Let  we1*1'  be  the  response  of  the 
mass  H  relative  to  a  point  fixed  in  space  due  to  a  structural  vibration  wQe 
at  the  point  of  attachment,  where  .  is  the  frequency  of  excitation.  The 
force  of  the  spring  is 
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Figure  3.40.  -  Variation  of  w,  /%  versus 

I  u 


for  different  ;'s. 
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Figure  3-41.  -Tuned  damper  mounted  on  structure. 


F  =  K* ( w-w  )e 
o 


and  the  equation  of  motion  of  the  spring  mass  system  is 


(3.215) 


(S)+k' 


(1  +  in)  (v-v  ) 
o  e 


K* (l+in)w 
_  o 

K' (1+i  )-Mui2 


(3.216) 


(3.217) 


and  the  force  in  the  spring  (also  the  force  transmitted  back  to  the  structure) 


M^2K'  (l-t-in)w  elwt 


F  =  — 


K’  (!+in)-Hi. 


(3.218) 


Again,  as  in  the  previous  section,  define 

2  _  r_ 

UD  “  H 


(3.219) 


Therefore 


(3.220) 


or 


F 

R*«o 


(3.221) 


If  F/K'w^  is  plotted  against  then  plots  similar  to  those  illustrated  in 

Figure  3-41  are  obtained. 


w4o0 


Figure  3.42.  -  Reduction  in  force  from  the  addition  of  damping. 


This  figure  shows  that  adding  damping  lowers  the  force  transmitted  back  to  the 
structure  at  the  resonant  point  =  1)  but  gives  a  still  significant  force 

transmission  over  a  wider  frequency  range. 

Consider  now  a  single  span  beam  of  length  L  with  a  tuned  viscoelastic  damper 
attached  to  a  number  of  points  x  =  x4  (j  «  1  _ j)  as  in  Figure  3,42. 

J  ' 

© 


Kaking  use  of  equation  3,218,  the  force  transmitted  back  to  the  structure  by 
the  damper  at  point  x  *  x,  is 


-Mas  w(x^)5  (x-x^) 


3  l-Mu^K'd  +  in)] 


(3.222) 


where 


5(x-x^) 

S(x-x^) 

<S(x-x^) 


is  the  Dirac  delta  function  and 
0  when  x  # 

1  when  x  =  x  . 


The  Euler-Bemouli  equation  for  the  beam  with  harmonic  loading  p(x)  is 

then 


El 


d  w  u 

a  *  * 

dx 


2 

M  W  “ 

i 


r.-« 

Ktl+  i  n) 


X 


I 

l  W(x.}6  (x-x.)  *  p(x) 
j-1  3  3 


(3.223) 


If  w(x)  and  p(x)  are  expanded  as  a  series  of  normal  modes 
undamped  beam,  that  is. 


(^j)  as  the 


v(x)  -  I  v  •  (-) 
m-1  aaL 


(3.224) 


I 


I 


a 


p(x)  -  Z  p  .  A  (3.225) 

m»|  SSL 

where  w^  and  p_  are  the  corresponding  oodal  intensities  in  the  ath  mode. 
Looking  at  vibrations  in  the  vicinity  of  the  first  sode  only,  equation  (3.224) 
becomes 
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Where 


and 


Equation  3-226  can  be  written  in  the  fora 


Elsfo, 

P1T' 


*  +  iz, 
r  i 


(3.227) 


Where 


,  .  Wtt>  1  r.£f  -*.ff  <t>  +"  r.ffl  r«ff 

*r  * « -  <f-> - 1 - rri — r-^ - 

1  lr.ff  -  *.«  <f> i  + "  r-  * 


(3.228) 
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«£f 


eff  *eff 


«  L 


<5j)6 


'r.ff  ‘  *eff<I7)4l2  +  Vf2  ”2 


(3.229) 


Then, 


p  ^ 
i 


(3  230) 


A  typical  plot  of  the  nondiraensional  response  versus  (t— )“,  which  is  the 

'  1 

ratio  of  the  forcing  frequency  to  the  undamped  natural  frequency  of  the  beam, 
is  as  shown  in  Figure  3.47. 
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Figure  3.44.  -  Nond imensional  response  versus  frequency  parameter. 

Optisis  damping  is  defined  as  the  value  which  makes  the  amplitude  of  the 

two  peaks  of  the  response  the  ease.  It  can  be  shown  that 


«*D/**l  -  (r«ff/*eff)l/2 


for  optimal  tuning.  This  isplies  that  if  we  determine  the  optimal  value  of 

1  ,,  for  a  given  T  ,,  and  loss  factor. n  we  can  calculate  the  resonant  fre- 
eff  eff 

quency,  of  the  damper  and  thus  the  dimension  of  the  spring. 

A  paper  by  D.I.G.  Jones,  "Response  and  Damping  of  a  Simple  Beam  with 
Tuned  Dampers."  (Reference  [3.41 J)  discusses  these  details. 


3,3.5  Multi-Span  Structures 

It  has  been  previously  demonstrated  that  tuned  viscoelastic  dampers  car, 
be  effective  in  damping  the  response  of  simple  spring  mass  types  of  structures 
or  single  modes  in  simple  vibrating  beam  structures.  Another  attractive 
feature  of  tuned  viscoelastic  dampers  is  that  when  applied  to  struc.ures  with 
closely  spaced  modes,  a  single  damper  can  reduce  the  response  in  sec "fa!  modes 
as  illustrated  in  Figure  3.45. 
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Figure  3.45.  -  Effects  of  a  tuned  damper  on  different  types 
of  structures. 


To  better  describe  this  behavior,  consider  two  different  types  of 

structures,  with  tuned  dampers  attached.  The  first  structure  is  a  clamped- 

clamped  beam  with  a  tuned  damper  attached  at  mid-span.  If  the  damper  is 

optimized  for  the  fundamental  mode,  there  will  be  little  effect  on  the  other 

modes,  as  shown  in  Figure  3.45  for  the  case  of  widely-separated  frequencies. 

The  damper  will  not  have  any  effect  on  the  second  mode  since  it  is  at  a  node 

line  and  it  will  also  have  negligible  damping  effect  on  the  third  mode.  This 

latter  can  be  understood  from  examination  of  the  equation  where  loss  factor, 

H  ,  for  the  beam  with  the  damper  attached  is  defined  as  n  ■  D  /(2ttU  ),  where 
8  s  s  s 

D  is  the  total  energy  dissipated  per  cycle  and  U  is  the  total  strain  energy 
in  both  the  damper  and  the  beam.  In  the  case  of  the  clamped-c lamped  beam, 
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the  Htraln  energy  in  the  third  mode  Is  much  greater  (about  30  times)  than  tl»e 
dtraln  energy  in  the  fundamental  mode  with  the  some  displacement  at  the  center 
of  the  beam.  Therefore,  even  if  the  energy  dissipated  per  cycle  remains  the 
same  for  both  modes,  the  effect  of  damping  in  the  third  mode  will  be  much  lower. 

The  second  type  of  structure  to  be  considered  is  a  row  of  curved  skin- 
stringer  panels  typicul  of  aircraft  construction,  with  a  lightweight  tuned 
damper  in  the  center  of  each  panel.  This  structure  is  of  the  type  character¬ 
ized  in  Figure  3.46  as  having  closely  spaced  resonances.  Yet,  the  modes  in  a 
given  octave  band  have  very  similar  strain  energies,  U  ,  associated  with  them. 
So  it  is  possible  for  a  single  tuned-damper  to  be  effective  over  an  octave  band 
of  frequencies  in  such  a  structure,  as  shown  in  Figure  3.46. 

Analysis  to  predict  the  effect  of  tuned  viscoelastic  dampers  on  the 
response  of  multispan  structures  is  given  in  References  [3.42]  and  [3.43]. 

Analysis  on  the  effects  of  TDs  on  other  structures  is  given  in 
References  [3.44  to  3.52], 


FREQUENCY  (HZ) 

Figure  3.46.  -  Effect  of  elastomeric  tuned  dampers  on  the  response 
of  a  curved  skin-stringer  structure. 
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SECTION  4 


CLASSICAL  STRUCTURAL  VIBRATION  RESPONSE  THEORIES 

4.1  INTRODUCTION 

The  natural  frequencies  and  mode  shapes  of  structures  are  required  to 
predict  the  vibration  amplitudes  and  stresses  that  will  be  encountered  by 
these  structures  when  exposed  to  the  in-service  vibration  environments. 

The  formulation  and  solution  of  the  equations  of  motion,  for  the  purposes 
of  obtaining  the  above  information,  can  range  from  a  simple  calculation  to 
those  requiring  solucion  by  computer.  These  formulations  are  based  on  the 
stiffness  and  mass  properties  of  the  structure.  Resonant  frequencies,  which 
include  a  contribution  from  the  modal  damping,  are  encountered  in  actual 
structures,  but  not  the  natural  frequencies  obtained  from  the  above  analyses. 
Because  of  the  relatively  low  damping  observed  in  most  structures,  the  natural 
frequencies  represent  a  very  close  approximation  to  these  structural  resonant 
frequencies.  The  mode  shapes  are  also  assumed  to  be  unaffected  by  the  presence 
of  damping. 

The  accuracy  achieved  in  predicting  the  resonant  frequencies  of  structures 
by  these  methods  is  dependent  on  factors  such  as  the  accuracy  of  the  modelling. 
One  of  the  major  problem  areas  has  been  the  reproduction  in  the  analysis  of 
the  actual  edge  conditions.  Another  problem  area  is  the  engineering  tolerances 
within  most  practical  aerospace  structures.  These  tolerances  combine  to 
produce  a  scatter  band  of  freuencies  aLout  a  mean  frequency  for  each  mode. 
Consequently,  an  accuracy  of  plus  or  minus  ten  percent  in  predicting  the 
resonant  frequencies,  based  on  engineering  drawing  dimensions,  is  considered 
acceptable.  A  higher  accuracy  can  sometimes  be  achieved  for  structures  with 
very  regular  shapes.  Normally  the  reverse  is  true,  especially  for  e  ire  complex 
structures. 

Accurate  knowledge  of  resonant  frequencies  may  be  required  when  attempting 
to  detune  structures  that  are  excited  by  constant  frequency  type  harmonic 
excitation,  which  may  include  higher  harmonics  of  the  basic  excitation 
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frequency.  Most  environments  tend  to  be  broadband  random  in  nature  which  tend, 
together  with  transient  excitation,  to  excite  many  modes.  The  overall  stress, 
which  generally  determines  if  or  when  the  structure  will  fail,  is  obtained  by 
taking  the  square  root  of  the  sum  of  the  mean  square  stresses  in  the  individual 
modes.  Often,  the  overall  stress  is  due  to  the  dominant  response  in  the  funda¬ 
mental  mode.  Variations  in  the  resonant  frequency  of  the  individual  modes  will 
not  produce  as  great  an  effect  on  the  overall  stresses  in  structures  experien¬ 
cing  single  mode  or  the  multimode  response,  as  that  produced  by  variations  in 
the  modal  damping.  The  modal  damping  can  vary  by  as  much  as  a  factor  of  two 
or  more  in  practice.  Variations  in  the  level  of  the  vibration  environments  also 
tend  to  have  a  significant  impact  on  the  overall  stresses.  Consequently, 
approximate  methods  for  predicting  the  resonant  frequencies  of  structures, 
often  based  on  assumed  mode  shapes,  provide  sufficient  accuracy  for  preliminary 
design  purposes  and,  often,  for  final  design  purposes.  The  vibration  response 
can  sometimes  be  reduced  to  that  of  a  single  or  two  degree-of-f reedom  lumped 
•ass- spring-damper  systems .  The  development  of  the  governing  equations  of 
motion  for  lumped  parameter  systems  can  be  found  in  any  standard  textbook  r*n 
mechanical  vibration  14.1.  4.21.  More  advanced  methods  can  be  foul'd  in 
References  [4.3j  and  {4. 4]. 

The  purpose  In  Section  4.2  is  to  briefly  describe  some  of  the  basic 
methods  used  in  the  vibration  analysis  of  light  weight  aerospace  structures. 
Except  for  a  change  in  emphasis,  the  discussion  is  taken  almost  ad  verbatim 
from  the  text  of  a  similar  discussion  in  Reference  (4.3).  Emphasis  is  placed 
in  Section  4.3  on  simplified  analysis  methods  that  are  compatible  with  those 
available  for  designing  damping  treatments  in  Section  3.  Consequently,  methods 
that  can  only  be  solved  by  computer  will  be  excluded  unless  nondimensional 
curves  or  tabulation  parameters  are  available. 

4.2  CLASSIFICATION  OF  VIBRATION  ANALYSIS  METHODS 

Methods  of  vibration  analysis  may  be  classified  under  three  general 
categories  according  to  the  mathematical  fora  of  the  governing  equations 
|4.3,  4.6].  These  three  general  categories  are  differential  equation  methods. 


integral  equation  methods,  and  energy  methods.  The  distinction  between  the 
three  categories  is  logical  on  a  mathematical  basis  and,  hence,  to  some 
extent  on  the  degree  of  effort  required  to  obtain  quantitative  results.  The 
most  salient  distinction  between  the  three  categories  is  the  manner  in  which 
the  boundary  conditions  are  handled.  In  addition,  the  degree  of  structural 
complexity  that  may  be  easily  included  in  the  model  (discontinuities,  etc.) 
is  somewhat  dependent  upon  the  method.  Of  the  three  techniques,  energy  methods 
have  found  the  most  widespread  and  common  use  as  an  analysis  tool.  These  energy 
methods  provide  a  means  of  extending  the  structural  analysis  to  include  the 
addition  of  viscoelastic  damping  treatments  to  the  basic  structure,  based  on 
assumptions  that  the  mode  shapes  are  not  affected  by  the  added  treatment. 

A  brief  discussion  of  differencial  equation  methods  and  integral  equation  method 
is  presented  with  a  more  detailed  consideration  given  to  the  energy  methods. 


4.2.1  Differential  Equation  Methods 

The  vibration  analysis  of  a  structure  requires  the  solution  of  the 
governing  partial  differential  equations  describing  the  motion  of  the  system. 
For  the  natural  vibrations,  the  prescribed  boundary  conditions  must  be 
satisfied  explicitly  to  obtain  unique  solutions.  The  frequency  or  character¬ 
istics  equation  results  directly  from  the  mathematical  conditions  imposed  by 
enforcing  the  boundary  conditions  on  the  general  solution.  Using  this 
method,  it  is  not  possible  to  obtain  frequency  or  mode  shape  estimates  that 
do  not  satisfy  the  boundary  conditions.  The  types  of  structures  for  which 
solutions  to  the  governing  equations  of  motion  are  possible  are  strinb.->, 
bending  and  twisting  of  beams,  membranes,  circular  plates  and  rectangular 
plates  with  simply  supported  edges  [4.4].  The  bending  and  torsional  vibra¬ 
tion  of  beams  have  manv  engineering  applications.  A  good  source  of  solu¬ 
tions  to  the  beam  vibration  problem,  with  both  classical  and  nonclassn.i! 
boundary  conditions,  is  contained  in  Reference  (4.7).  Similarly,  t -imply 
supported  rectangular  plate  equation  has  been  used  a»  the  basis  for 
approximating  the  response  of  plates  with  fixed  edge  conditions  [4,8!  and 
those  with  rotalionally  flexible  edge  condition..  [4.9,  4.10,  4.11,  4.12J. 
Solutions  to  the  plate  vibration  problem  are  also  discussed  in  Reference  [4.13] 
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4.2.2  Integral  Equation  Methods 

Integral  equation  methods  involve  the  solution  of  governing  integral 

equations.  An  integral  equation  is  an  equation  in  which  the  function  to  be 
determined  (i.e,,  the  solution)  appears  under  an  integral  sign.  The  kernel  of 
these  integral  aquations  (4.14)  include  influence  functions  (Green's  Functions) 
that  will,  by  usual  methods  of  derivation,  satisfy  the  boundary  conditions  of 
the  problem.  That  is,  auxiliary  conditions  are,  in  a  sense,  already  written 
into  the  equation  so  that  the  boundary  conditions  are  implicitly  satisfied 
through  the  use  of  appropriate  influence  functions.  This  method  is  used 
extensively  in  solving  acoustics  problems  but  rarely  in  solving  structural 
dynamics  problems. 

4.2.3  Energy  Methods 

Energy  methods  are  based  upon  the  use  of  one  or  more  of  the  energy  princi¬ 
ples  of  mechanics:  conservation  of  energy,  virtual  work,  Hamilton's  principle, 
Lagrange's  equations,  etc.  Energy  methods  are  the  most  practical  approach  for 
the  analysis  of  complex  structures  such  as  plates  with  edge  condi¬ 

tions  |4 . 1 3 j  other  than  simply  supported  and  both  unstiffened  and  stiffened 
shells  {4.15  through  4.19].  A  basic  discussion  of  the  energy  methods  is 
presented  in  Reference  [4.20]  with  application,,  of  these  methods  in  Referen¬ 
ces  [4.3],  [4.5]  and  [4.6]  to  name  a  few.  Basically,  energy  methods  make  use 
of  one  or  more  displacement  functions  selected  somewhat  arbitrarily  to  approxi¬ 
mate  the  natural  mode  functions.  If  the  natural  modes  determined  by  the 
analysis  are  to  satisfy  the  prescribed  boundary  condition?-  it  is  necessary 
that  the  approximate  or  assumed  displacement  functions  satisfy  the  boundary 
conditions.  The  accuracy  of  the  solution,  however,  depends  upon  whether  or 
not  the  boundary  conditions  are  satisfied. 


4.2.3. 1  Rayleigh  Method 
Rayleigh's  method  is 
his  famous  work  Theory  of 
in  modern  terminology,  is 
a  conservative  system  the 
at  any  instant  the  energy 


based  upon  a  principle  stated  by  Lord  Rayleigh  in 
Sound  in  1877  [4.21 j.  Rayleigh's  principle,  stated 
as  follows  [4.4]:  In  a  natural  mode  cf  vibration  of 
frequency  of  the  vibration  is  a  minimum.  That  is, 
of  a  conservative  system  in  free  vibration  is  partly 
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kinetic  *nd  partly  pottnti.il  with  the  total  energy  being  constant  and  the  tisie 
rate-  of  change  of  the  total  energy  being  zero.  Denoting  the  kinetic  energy  by 
Ttt)  and  the  potential  energy  by  U(t)  at  an  instant  of  time,  t,  the  principle 
unservatlon  of  energy  is  stated  as 


Ui  CUII 


T(t)  +  U(t)  =  constant  < A .  I ) 


and  the  time  rate  ui  change  of  the  total  energy  is 


^  (T<t)  =  U(t}>  =  0 


Both  the  kinetic  and  potential  energy  are  proportional  to  the  square  of 
the  amplitude  of  the  mode,  and  the  displacements  vary  harmonically  in  time 
with  frequency  Hence,  for  a  linear  system,  the  amplitude  of  the  mode  is 
arbitrary  when  using  Rayleigh's  method  to  determine  the  frequency.  From  the 
above  rest***.  It  Is  evident  that  the  maximum  value  of  the  kinetic  energv  and 
that  the  maximum  value  of  the  potential  energy  must  be  equal.  Hence,  an 
alternate  form  of  Equation  4,2  Is 


max 


Since  the  motion  is  harmonic 


sax 


max 
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(4.3) 


KA”  where  H  is 


called  the  modal  mass  (or  generalized  mss)  and  K  is  called  the  modal  stillness 
(or  generalised  stiffness).  Hence,  Rayleigh's  method  yields  the*  result  lor 
the  normal  mode  response  frequency 

7  _  7 

-  K/H  (rad/sec)* 

The  application  of  Rayleigh's  method  requires  that  the  frequence*  hi  u 
minimus.  That  is,  the  first  variation  of  the  frequency  must  minimize 
Equation  4.4  such  that 


(4.3) 


w 
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Hurty  (4.4)  has  shewn  that  the  requirement  stated  in  Equation  4.5  implies  that 
the  assumed  mode  function  used  to  obtain  K  and  M  must  satisfy  the  governing 
differential  equation  and  the  natural  boundary  conditions  of  the  problem.  If 
the  assumed  mode  does  not  satisfy  these  conditions  completely,  then  the  fre¬ 
quency  estimate  is  not  a  minimum  but  slightly  higher  than  the  exact  result. 

Rayleigh's  method  is  extremely  useful  since  reasonably  accurate  frequency 
estimates  can  be  obtained  explicitly  for  many  structural  configurations.  Other 
more  refined  methods  using  more  than  a  single  assumed  mode  require  extensive 
computation  to  obtain  quantitative  results.  Additionally,  Rayleigh's  method 
is  a  very  versatile  and  direct  method  in  that  one  only  needs  to  make  a  reason¬ 
able  guess  at  the  mode  and  to  use  this  result  to  obtain  the  expressions  for 

© 

the  kinetic  and  potential  energy  of  the  structure.  Leissa  (4.13)  has  shown 
that  in  some  cases  Rayleigh's  method  provides  frequency  estimates  as  accurate 
as  the  more  refined  Rayleigh-Ritz  procedure  for  the  vibration  analysis  of 
rectangular  thin  plates. 

4 . 2 . 3 . 2  Rayleigh-Ritz  Method 

This  method  is  an  extension  of  the  Rayleigh  method  and  is  based  upon  the 
premise,  that  a  number  of  assumed  functions  can  be  linearly  superimposed  to 
provide  a  closer  approximation  of  the  exact  natural  modes  than  can  be  had  using 
a  single  function  as  in  Rayleigh's  method.  This  method  was  proposed  by  Ritz 
(4.22)  and  allows  not  only  a  better  approximation  of  the  fundamental  mode  fre¬ 
quency  and  mode  shape  but  also  allows  the  calculation  of  higher  mode  frequencies 
and  mode  shapes.  Using  several  approximate  functions  leads  to  the  more  accurate 
results  at  the  expense  of  increased  effort  in  computation. 

The  Rayleigh-Ritz  procedure  assumes  that  N  functions,  ^(x),  that  satisfy 
at  least  the  geometric  boundary  conditions  are  used  to  approximate  the  assumed 
displacement  function,  w(x),  as  a  series 

N 

w(x)  =  T  4-i(x)  W±  (4.6) 

i=i 
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The  coefficients  VL  are  determined  so  that  the  ‘'best"  approximation  to  the 
natural  modes  is  obtained  by  requiring  the  frequency  to  be  stationary  at  the 
natural  frequencies,  W^,  as  required  by  the  Rayleigh  Principle  (Equation  4.5). 
By  substituting  the  assumed  deflection  w(x)  given  by  Equation  4.6  into 
Equation  4.5  and  differentiating  the  result  with  respect  to  each  of  the  coeffi¬ 
cients,  W^,  a  set  of  N  homogenous  equations  are  obtained  in  the  form 


i  =  1 , . . .  ,N 


(4.7) 


These  equations  contain  the  undetermined  frequency  parameter,  w  ,  so  that  the 
resulting  problem  is  an  n  dimensional  eigenvalue  problem.  The  solution  of 
this  eigenvalue  problem  requires  a  computer  for  N  >  3  so  that  the  technique  is 
not  readily  applied  to  problems  that  do  not  justify  extensive  calculation. 

The  Rayleigh-Ritz  method  can  be  improved  [4.23]  by  the  use  of  the  bending 
moment  M(x)  at  any  section  of,  for  example,  a  beam,  rather  than  the  differential 
of  the  deflected  shape,  in  deriving  the  maximum  strain  energy.  The  bending  mom¬ 
ent  is  obtained  by  integrating  the  deflected  shape.  The  deflected  mode  shape  is 
used  to  obtain  the  distributed  acceleration  force  over  the  beam.  The  distributed 
force  is  integrated  to  obtain  the  shear  force  Q(x)  at  any  cross  section.  The 
constant  of  integration  is  obtained  from  the  shear  force  at  the  boundary  (x  *  0). 
The  moment  at  any  section  is  obtained  by  integration  of  the  shear  force  where 
the  constant  of  integration  is  obtained  by  the  bending  moment  at  the  boundary 
(x  “  0).  These  two  integration  constants  are  known  as  boundary  conditions.  If 
these  bour^ary  conditions  are  not  known,  then  the  integration  process  can  be 
repeated  twice  more  to  yield  another  two  boundary  conditions.  However,  this 
step  is  usually  not  required.  The  advantage  of  this  approach  is  that  good 
accuracy  can  be  achieved  in  the  predicted  natural  frequencies  with  a  fewer 
number  of  assumed  terms  in  the  displacement  function. 


An  alternate  approach  to  the  Rayleigh-Ritz  Method  is  the  use  of  Lagrange's 
equations  to  obtain  the  equations  of  motion  based  upon  an  assumed  series 


expansion  of  a  deflection  shape.  The  results  obtained  are  identical.  The 
utility  of  using  this  approach  is  that  Che  system  of  governing  equations  can 
be  developed  and  estimates  made  as  to  the  effect  of  increasing  the  number  of 
terms  in  an  attempt  to  improve  accuracy.  If  the  effect  is  small*  then  It  is 
possible  to  rationalize  an  assumed  single  mode  approximation  to  obtain  simple 
design  equations. 

4. 2. 3. 3  Numerical  Methods 

The  techniques  described  previously  in  Section  4.2  are  classified  as 
analytical  methods  since  they  are  basically  focused  at  obtaining  explicit 
closed-form  quantitative  results  for  simple  structural  configurations.  The 
analysis  techniques  discussed  here  are  applicable  to  the  analysis  of  complex 
structure  such  as  found  in  aircraft  design..  For  such  complex  structure* 
numerical  methods  must  invariably  be  employed  in  order  to  accurately  model  the 
structural  configuration. 

Numerical  methods  can  be  subdivided  into  two  categories:  numerical 
solutions  to  differential  equations  and  matrix  methods  based  upon  discrete- 
element  idealization.  Numerical  solutions  to  differential  equations  are  some¬ 
what  restricted  so  that  these  techniques  can  be  practically  applied  only  to 
simple  structural  configurations. 

Matrix  methods  develop  the  complete  structural  theory  using  matrix  algebra 
through  all  stages  of  the  analysis.  The  structure  is  first  idealized  into  an 
assembly  of  discrete  structural  elements  with  an  assumed  form  of  displacement 
or  stress  distribution.  The  complete  solution  is  obtained  by  combining  these 
individual  approximate  displacement  or  stress  distributions  in  a  manner  which 
satisfies,  respectively,  the  force-equilibrium  and  displacement-compatibility 
conditions  at  the  junctions  of  these  elements.  The  formulation  of  the  analysis 
in  matrix  algebra  is  convenient  in  that  one  does  not  have  to  write  out  the 
lengthy  equations  and  the  result  is  in  a  form  ideally  suited  for  solution  on 
a  digital  computer. 


4-8 


Examples  of  matrix  methods  that  are  used  in  all  space  structures  include 
the  finite  element  method  and  the  transfer  matrix  method.  The  finite  element 
method  is  discussed  separately  in  Section  5.  The  transfer  matrix  method  is  an 
iterative  matrix  technique  that  can  be  used  for  structural  configurations  that 
are  idealized  as  one  dimensional  structures.  Aircraft  structure  between  two 
heavy  supports,  such  as  fuselage  frames,  consists  of  a  row  of  panels  that  are 
transversely  supported  by  flexible  stringers.  The  properties  of  the  structure 
are  considered  constant  in  the  direction  lateral  to  the  frames,  with  boundary 
conditions  along  these  frames,  assumed  to  be  either  simply  supported  or 
clamped.  The  stiffener  spacing  and  the  elastic  characteristics  in  the  length¬ 
wise  direction,  parallel  to  the-  frames,  are  taken  as  variables.  The  applica¬ 
tion  of  the  transfer  matrix  method  to  stiffened  aircraft  panel  structures  was 
made  possible  by  the  discovery  [4.24]  that  the  correlation  between  the  vibration 
response  of  two  adjacent  equal  size  panels  that  are  separated  by  a  heavy 
stiffener  suc.h  as  a  frame,  is  very  small.  The  correlation  between  two  such 
panels,  when  divided  by  a  light  stiffener  such  as  a  stringer,  is  very  significant. 

Prentis  and  Leckie  [4.25]  present  a  basic  description  of  the  derivation 
of  the  transfer  matrix  for  simple  structural  configurations  and  the  application 
of  the  method  to  simple  lumped  parameter  mechanical  systems.  The  general  anal¬ 
ysis  techniques  to  apply  the  _ransfer  matrix  method  to  structural  systems  is 
presented  in  the  textbook  by  Pestel  and  Leckie  [4.26].  The  first  application 
of  the  transfer  matrix  method  to  aircraft  skin-stringer  panel  arrays  is  des¬ 
cribed  in  Reference  [4.2?].  This  work  has  been  continued  by  other  authors  [4.28, 
4.29,  4.30,  4.31,  4.32]  involving  the  application  to  flat  panel  arrays  with 
uneven  stiffener  spacing  [4.29]  and  curved  panel  arrays  [4.31,  4.32].  The 
problem  of  forced  response  of  the  panel  array  to  random  excitation  is  dis¬ 
cussed  in  Reference  [4.33].  All  of  the  above  methods  require  solution  by 
computer.  A  simplified  method  for  predicting  the  natural  frequencies  of  a 
panel  array  with  even  stringer  spacing,  that  does  not  require  solution  by  com¬ 
puter,  is  given  in  Reference  [4.3^]. 
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4.3  SIMPLIFIED  ANALYSIS  METHODS 


I  • 


4.3.1  Forced  Vibration  Theory 

The  majority  of  vibration  environments  encountered  by  aerospace  structures 
are  random  in  nature,  although  some  discrete  frequency  environments,  such  as 
propeller  noise,  do  exist.  Most  of  these  random  environments  produce  pressure 
fluctuations  on  the  surface  of  the  stiffened  panel  type  structures  that  are 
usually  convected  along  the  structure.  The  basic  theory  for  predicting  the 
response  of  a  panel  in  such  structure  has  been  developed  by  Powell  [4.35] 
using  the  normal  modes  approach.  This  work  is  based  on  the  linear  differential 
equation  of  motion  for  flat  plates  with  small  deflections 


Mw  +  Cw  +  Kw*p(x,  y,  t) 


(4.8) 


where  each  dot  represents  differentiation  once  with  respect  to  time  and  where 


M 

C 

K 

p(x,  y,  t) 
w 


Mass  per  unit  area 
Damping  coefficient 
Stiffness 

Surface  pressure  fluctuations 
The  displacement 


The  displacement,  w,  is  a  function  of  both  location  and  time.  Therefore  the 
displacement  can  be  expressed  [4.36]  by 


N 

w  =  E  w  (x,  y)  q  (t) 
* - 1  L  F 


(4.9) 


where  w^(x,  y)  is  the  rth  mode  shape,  qf(t)  is  the  corresponding  generalized 
coordinate  and  the  summation  is  taken  over  N  modes.  Considering  only  the  rth 
mode  for  simplicity,  equation  4.8  can  be  written  in  the  form 


M 

r 


q  +  C  q  +  K  q  =  L  (t) 
r  r  r  r  r  r 


(4.10) 
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where 
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M 


2 

w 


r 


(x,  y)dA 


(4.11) 
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(4.12) 
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hf(t)  =  f  wr'-x’  y)  P(x>  y»  c)dA  (4.14) 

Ja 

The  terrc  C^,  and  L^(t)  are  known  as  the  generalized  mass,  the  general¬ 
ized  damping  coefficient,  the  generalized  stiffness  and  the  generalized  force, 
respectively.  A  is  the  panel  surface  area  and  is  the  natural  circular 
frequency  of  the  rth  mode. 

For  random  excitation,  the  Fourier  transform  of  equation  4.14  is  first 
taken  to  obtain  the  Fourier  spectrum,  £  (i.0,  of  the  generalized  force  given 
by 


2, 

r 


(iu) 


wf(x,  y)  p(x,  y;  w)dA 


(4.15) 


where  p(x,  y;  iO  is  the  Fourier  spectrum  of  the  fluctuating  pressure.  The 
single-sided  power  spectral  density  of  the  generalized  force,  G^(u),  is 
derived  from  the  equation 
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(4. 16) 
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where  the  -'.sterv.sk  denotes  a  complex  conjugate  and  T  is  the  duration  of  the 
dati  sample.  Therefore, 

wr(x,  y)  w^x',  y')  Cp(x,  y;  x*  ,  y*  ;  v)dAdA  (4.17) 

where  x,  y  and  x' ,  y'  two  points  on  the  panel  and  G  (x,  y;  x' ,  y * ;  u>)  is  the 
simple-sided  cross  spectral  density  of  the  pressure  between  these  points. 

The  power  spectral  density,  G  ,x,  y,  u)  of  the  displacement  is  obtained  by 
applying  the  same  analytical  approach  to  equation  4.S  but,  in  this 
instance,  including  summation  over  all  N  modes.  Therefore 
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(4.18) 


zr(w) 


2  ? 

H  (u  -  J~  +  2iC  u>  to) 
r  r  r  r 


(4.19) 


and  r  and  s  represent  two  different  modes,  is  the  viscous  damping  ratio  for 
the  rth  mode  and  the  asterisk  denotes  a  complex  conjugate.  For  the  sth  mode 
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the  subscript  r  is  replaced  by  s.  The  first  term  in  equation  4.19  represents 
the  contribution  from  each  of  the  modes  and  the  second  term  represents  the 
cortribution  from  the  cross  coupling  between  the  modes. 


On  assuming  that  the  power  spectral  density  of  the  fluctuating  pressures 
is  essentially  constant  with  frequency,  equation  4.18  can  be  reduced  to 
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where 

is  the  joint  acceptance 

i  is  the  cross  acceptance 
Jrs 

G  is  the  excitation  power  spectral  density 
P 

4.3.2  Simplification  of  the  Forced  'ibration  Theory 

Calculation  of  the  power  spectral  density  of  the  response  of  a  simple 
plate  with  equation  4.20  is  time  consuming  even  when  using  a  computer.  It  has 
beer  shown  [4.35]  chat  for  panels  with  lightly  damped  modes,  that  are  well 
separated  in  frequency,  the  contribution  from  the  cross  terms  is  negligible. 
This  result  has  been  confirmed  in  Reference  [4.37]  even  for  modes  that  are 
reasonably  close  together.  Hence  the  analysis  can  be  restricted  to  include 
o..ly  the  direct  contribution  from  each  of  the  modes.  The  calculation  still 
remains  complex  since  the  excitation  can  be  from  turbulent  boundary  layer 
[4.371,  separated  flow  and  acoustic  excitation  [4.36,  4.38],  all  of  which 
have  different  spatial  characteristics.  The  panel  edge  conditions  usually 
fall  somewhere  between  the  simply  supported  or  fixed  edge  conditions.  These 
two  bounding  edge  conditions  are  usually  asstssed  in  most  analyses  although  the 
analysis  with  fixed  edges  is  much  more  complex  [4.38]. 


Considerable  simplification  can  still  be  achieved  by  restricting  the  anal¬ 
ysis  to  simply  supported  panels  that  are  subjected  to  acoustic  progressive  wave 
excitation  parallel  to  the  x  axis  of  the  panel.  This  approach  appears 
rather  drastic  but  it  is  considerably  simpler  to  "adjust"  the  structural  anal¬ 
ysis  through  the  use  of  the  equivalent  simply  supported  mode  shape  than  it  is 
to  perform  the  calculation  for  a  complex  mode  shape.  The  use  of  equivalent 
simply  supported  modes  shapes  in  the  analysis  of  structures  with  fixed  edges 
is  not  new,  having  previously  been  *>.sed  in  the  vibration  analysis  of  shells 
[4.16],  panels  [4.8,  4.9,  4.101  and  of  turbulent  boundary  layer  excitation  of 
panels  [4.36].  Also,  it  has  been  possible  to  replace  the  turbulent  boundary 
layer  excitation  with  an  equivalent  plane  wave  acoustic  excitation  as  discussed 
in  Section  2,  Volume  II  of  the  design  guide. 

The  above  approach  has  been  adopted  for  the  analysis  of  structural 
response  to  the  random  fluctuating  pressure  environment  in  Section  3, 

Volume  II  of  the  design  guide.  A  random  acoustic  plane  wave,  p(x,  t) , 
that  is  travelling  parallel  to  the  x  axis  of  a  simply  supported  panel,  and 
incident  on  the  panel  surface  at  an  angle  <j>,  can  be  represented  by  [4.36]. 

CO 

p(x,  t)  =  “s  j\  V  8k|  (4.21) 


This  pressure  wave  is  composed  of  a  continuous  spectrum  of  travelling  waves, 
denoted  by  the  subscript  k,  at  all  wavelengths.  In  the  above  equation  c  is 
the  speed  of  sound  in  air  and  d^  and  fs.  are  constants.  On  assuming  well 
separated  modes  and  a  constant  spectrimi  level,  G^,  for  the  acoustic  pressure, 
the  power  spectral  density  of  the  response, Gw(x,  y,  u>),  at  a  circular  frequency, 
ui,and  a  location,  x,  y,  on  the  surface  of  the  panel,  is  given  by 


Gw(x,  y. 


2  2 

a~b*"  r. 


Z 

r=l 


y) 


9 


(4.22) 


4-14 


where  a  and  b  are  the  panel  length  and  width,  respectively,  and  is  the  joint 
acceptance  for  the  rth  mode,  given  by  the  expression 
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For  a  progressive  acoustic  wave  used  in  acoustic  fatigue  test  facilities, 
6=0.  If  a  fully  correlated  pressure  field  is  asstaned,  then  equation  4.23 
becomes 
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The  overall  or  mean  square  displaceaent,  w  ^  (x,  y) ,  at  location, x,  y,on  the 
panel,  is  obtained  by  integrating  equation  4.21  over  the  entire  frequency 
range.  Therefore, 
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The  above  analysis,  based  on  the  equivalent  simply  supported  mode  shapes,  has 
been  applied  recently  to  stiffened  fastener  attached  metal  and  composite  honey¬ 
comb  panels  [4.40j.  Good  correlation  was  obtained  between  the  measured  and 
predicted  root  mean  square  strains.  This  agreement  was  only  possible  because 
a  realistic  model  of  the  local  edge  deformation  at  the  fastener  line  was  used. 
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SECTION  5 


FINITE  ELEMENT  PROCEDURE  IN  DAMPING  DESIGN 

An  accurate  and  efficient  analysis  is  of  great  importance  in  the  design 
of  reliable  structures  which  include  damping  materials.  At  the  conceptual 
design  stage,  the  use  of  experimental  technique  to  verify  candidate  design  is 
not  an  option  unless  either  full  scale  or  scaled  models  are  built.  This  fabri¬ 
cation,  and  the  subsequent  testing,  can  involve  considerable  expenditures  in 
both  funds  and  time,  especially  if  multiple  tests  on  several  trial  designs  need 
to  be  performed  in  order  to  optimize  the  design  for  minimum  cost  and  weight. 

It  is  apparent  that  appropriate  analysis  tools  can  be  used  to  great  advantage 
in  this  design  process.  Many  trial  designs  can  be  investigated  analytically, 
with  experimentation  confined  to  verification  of  the  final  design. 

In  recent  years  the  finite  element  methods  have  found  increasing  applica¬ 
tion  in  the  analysis  of  complex  structures.  The  ability  to  model  very  general 
structural  configurations,  supports,  loading  conditions  and  the  availability 
of  high-speed  computers  are  primarily  the  reasons  for  its  success. 

The  objective  of  this  chapter  is  to  provide  for  the  designer  an  overview 
of  the  finite  element  method  (FEM)  and  its  application  in  the  design  of  visco- 
elastically  damped  structures.  The  presentation  is  divided  into  three  basic 
parts.  In  the  first  part  the  basic  theory  and  the  available  computer  software 
for  the  finite  element  analysis  are  described.  The  displacement-based  FEM, 
modeling  of  damping,  and  methods  of  solving  finite  element  equations  in  order 
to  assess  the  effectiveness  of  damping  design  are  considered.  In  the  second 
part  the  integration  of  the  FEM  into  the  damping  design  process  is  presented. 

An  example  problem  illustrating  the  essential  features  of  the  design  process 
is  also  given.  Some  general  comments  for  discretizing  layered  damping  designs 
are  given  in  the  final  section. 


5.1  THE  FINITE  ELEMENT  METHOD  (FEM) 

The  finite  element  method  is  an  approximate  technique  or  describing 
the  mechanics  of  a  continuous  structure.  From  a  mathematical  viewpoint  the 
method  is  an  extension  of  the  classical  Rayleigh-Ritz  mtciioi  else. ssed  in  the 
preceding  chapter.  A  detailed  account  of  the  FEM  may  be  f  »ar.d  in  'extbooks 
[5.1  -  5.3].  In  the  following  the  basic  equations  of  the  method  are  given 
for  later  discussion. 


5.1.1  Formulation  of  Finite  Element  Equations 

In  the  FEM  the  continuous  body  is  discretized  using  a  number  of  ficti¬ 
tious  subdomains  called  finite  elements.  Figure  5.1  depicts  some  commonly 


used  basic  elements.  Then  within  each  element,  e,  in  the  displacement-based- 
FEM,  the  displacements,  U  ,  at  any  point,  x^  (i=i,2,3),  are  expressed  in  terms 


of  the  nodal  displacements,  U  ,  as 


jDe(*i>  -  f  (x^)U6 


(5.1)’ 


0  0 
where  N  is  called  the  matrix  of  shape  functions;  the  strain,  e  ,  is  given  as 


ee  -  b¥ 


(5.2) 


0  C 

where  B  is  the  element  strain  displacement  matrix.  The  stress,  a  ,  is  related 


to  strain  as 


e  -  De  e 

a  2  e 


(5.3) 


where  De  is  the  elasticity  matrix.  A  list  of  symbols  used  in  these  and  all 


subsequent  equations  in  Secticn  5  is  included  at  the  end  of  Section  5.4. 


The  finite  element  equations  of  motion  are  derived  from  the  consideration 
of  the  principle  of  virtual  work  [5.1]  which  can  be  written  as 


*A  single  underbar  denotes  a  vector,  while  a  double  underbar  denotes  a  matrix. 
The  superscript  T  denotes  the  transpose,  and  superpose  dots  denote  derivatives 
with  respect  to  time,  t. 


BAR  beam 


TRIANGULAR  PLATE 
CUBIC  BENDING  DISPLACEMENT 


TETRAHEDRON 
LINEAR  DISPLACEMENTS 


TRIANGULAR  PLATE  RECTANGULAR  CYLINDRICAL 
BENDING  &  MEMBRANE  DISP.  SHELL 


TETRAHEDRON  THREE  DIMENSIONAL 

QUADRATIC  DISPLACEMENTS  ISOPARAMETRIC  SOLID 


AXISYMMETRICAL  SOLID 
LINEAR 

Figure  5.1.  - 


AXISYMMETRICAL  SOLID  AXISYHMETRIC 

QUADRATIC  DISPLACEMENT  THIN  SHELL 

Conmon  element  configuration  in  FEM  modeling. 
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(5.4) 


f  <013  S1J  +  P V-jV*  '  / 

a 

where  6  is  the  variational  operator,  6^.  is  the  kronecker  delta.  Sq  is  the 
portion  of  the  surface  of  body  V  where  external  traction,  £,  is  specified,  p  is 
the  mass  density  of  the  structural  material.  Substituting  Equations  5.1  to 
5.3  into  Equation  5.4  and  carrying  out  the  integrations,  the  discretized 
virtual  work  for  the  finite  element  assemblage  becomes 


n  T  T  n  T 

z  Kue  Keue  +  6ue  mV]  -  I  6ue  ie 
e*l  e-1 


/epes 


e  HCdv 


(5.5) 


where  n  is  the  total  number  of  finite  elements  in  the  assembly  and 

K®  *  f  B*  De  B®  dv  (5.6a) 

v 

is  the  stiffness  matrix. 


(5.6b) 


is  the  consistent  mass  matrix,  and 


dA 


(5.6c) 


is  the  vector  of  concentrated  nodal  forces.  When  the  element  continuity  is 
taken  into  account,  equation  5.5  can  be  written  in  the  form 


<5 UT  K  U  +■  6DTM  U  -  UTF 


(5.7) 


where  JJ  is  the  vector  of  all  independent  node  displacements  and  K  and  M  are 
assembled  stiffness  and  muss  matrices  respectively  and  is  the  assembled  load 
vector.  Finally  in  view  of  the  fact  that  the  discrete  virtual  displacements, 
dU,  are  arbitrary  and  independent,  the  final  form  of  the  finite  element  equa¬ 
tions  of  motion,  that  govern  the  time-dependent  response  of  a  general  finite 
element  model  of  a  three  dimensional  structure,  are  obtained  from  equation  5.7 
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as  follows: 


MD  +  KD  -  F  (5.8) 

In  the  presence  of  energy  dissipating  mechani.  .3  within  the  structure,  the 
finite  element  equations  can  be  derived  in  an  analogous  manner  leading  to 

HD  +  C  U  +  (K  ■!  JH)  U  -  F  (5,9) 

where  C  and  H  are  respectively  the  viscous  and  hysteretic  damping  matrices, 
and  j  s  (-1)*/^.  Construction  of  these  matrices  from  known  damping  data  is 
discussed  in  the  following. 

5.1.2  Evaluation  of  the  Damping  of  the  Structure 

Two  forms  of  damping  representations  are  commonly  used  in  the  finite 
element  analysis  damping  design;  viscous  and  hysteretic.  Various  other  forms 
of  damping  representation  have  also  been  proposed  in  recent  years  and  are 
given  in  references  5.4  through  5.7.  The  methods  used  to  arrive  at  a  damping 
model  of  a  structure  are  as  follows.  If  the  mechanism  and  the  distribution  of 
damping  are  kncwn  precisely,  then  by  following  the  procedure  for  calculating 
stiffness  and  inertia,  consistent  damping  matrices  can  be  calculated  for  the 
element.  Finite  element  assembly  then  leads  to  the  structural  damping  matrix. 
The  damping  properties  seldom  are  known  in  such  a  detail  however.  Instead, 
damping  values  associated  with  vibration  modes  are  generally  known  from  experi 
mental  tests  and  the  damping  matrices  are  calculated  indirectly  using  mass 
and  stiffness  characteristics  of  the  structure.  For  more  general  cases, 
where  the  damping  mechanism  varies  widely  throughout  the  structure  and  is  not 
a  simple  function  of  vibration  amplitude,  frequency,  level  of  excitation,  etc. 
damping  valuas  are  known  only  in  an  average  sense,  such  as  via  a  correlation 
of  total  energy  dissipated  per  cycle  and  maximum  stored  energy  in  a  given 
element.  For  this  class  of  problems  the  system  danping  is  determined  using 
an  energy  ratio  method  described  in  the  next  section.  In  the  following  para¬ 
graph  the  calculation  of  viscous  and  hysteretic  damping  matrices  is  described. 
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5. 1.2.1  Viscous  Damping 

In  the  viscous  form,  where  the  damping  in  the  structure  is  assumed  to  be 
dependent  on  the  coordinate  velocities,  the  damping  force  vector  is  expressed 
as 

1  "  S  S  (5,10) 


where  C  is  the  viscous  damping  matrix  of  the  structure.  Various  techniques 
are  available  to  derive  the  C  matrix  corresponding  to  given  set  of  modal  damp¬ 
ing  ratios.  In  the  commonly  used  form,  known  as  Rayleigh  damping,  the  C  matrix 
is  given  by  a  linear  combination  of  damping  matrices  proportional  to  the  mass 
and  stiffness  matrices  (equations  5.7  to  5.9)  by 

C  -  Ao  M  +  Aj  K  (5.11) 


The  constants  A  and  A.  are  determined  from  the  relation 
o  i 


(5.12) 


where  ui  is  the  modal  frequency  and  £  is  the  corresponding  modal  damping  ratio 
n  n 

which  is  assumed  known.  If  the  damping  properties  of  the  structure  are  uniform 
throughout,  the  same  value  of  the  constants  Aq  and  A^  will  apply  everywhere 
in  the  structure  and  the  complete  damping  matrix  ("proportional  damping")  can 
be  formed  by  combination  of  the  complete  mass  and  stiffness  matrices  as  indi¬ 
cated  in  equation  5.11.  If  damping  varies  between  different  parts  of  the 
structure  (e.g.,  from  element  to  element),  different  Aq  and  Aj  must  be  deter¬ 
mined  for  each  element  using  appropriate  dancing  ratios  and  equation  5.12. 

The  frequencies  to  be  used  in  these  equations  are  the  undamped  frequencies  of 

the  element.  When  A  and  A,  have  been  defined  for  each  element  of  the  struc- 

o  l 

ture,  the  damping  matrix  for  the  element  is  constructed  using  an  equation 
equivalent  to  equation  5.11  such  as 


(5.13) 


where  the  element  mass  and  stiffness  matrices  are  used.  The  dashing  matrix 
for  the  complete  structure  is  then  obtained  by  assembling  the  element  matrices. 
The  structure  damping  matrix  so  obtained  is  not  proportional  to  any  combina¬ 
tion  of  structure  mass  and/or  stiffness  matrix  [5.8]. 


In  the  Rayleigh  Damping  described  above,  damping  can  be  controlled  only 
in  any  two  modes.  In  all  other  modes  damping  ratios  are  as  given  by  equation 
5.12.  A  more  general  form  of  equation  5.11  that  permits  the  specification  of 
damping  ratios  in  more  than  two  modes  is  [5  91 


P"1  _i  s 

£  -  B  *  K  US  V 


s  «*  0,1,... p-1 


(5.14) 


where  p  is  the  number  of  modes  in  which  damping  is  specified  and  the  constants 
Ag  are  obtained  from  the  p  simultaneous  equations 


.  .  .  ,  3  , 

2  („  +  A1  “r  +  A2“r  + 
r 


,+  Vl“rP"3)  r-l,2...p  (5.15) 


In  using  the  above  procedure,  numerical  difficulties  may  arise  whan  the 
number  of  modes  used  is  large  due  to  the  rapid  increase  in  the  numerical 
values  of  the  frequency  terms,  A  more  direct  and  efficient  procedure  to 
establish  C  is  [5.7] 

B 


P 

C  m  l  G  (5.16) 

r«l  “r 


where  is  the  contribution  to  the  structure  damping  matrix  due  to  a  speci¬ 
fied  damping  ratio  in  the  rth  mode,  given  as 


C  -  2c  u  fl  &T  (5.17) 

9^  being  the  rth  mass  normalized  mode  shape  of  the  undamped  structure.  Both 
representations,  equations  5.14  and  5.16,  permit  nonuniform  distribution  of 
damping  throughout  the  structure.  In  References  [5.10]  and  [5.11]  methods  of 
constructing  viscous  damping  matrices  from  measured  modal  data  are  given.  The 
matrices  so  derived  generally  lead  to  coupled  modal  damping  matrices  and  are  a 
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more  accurate  representation  of  the  material  behavior  than  the  ones  based  on 
stiffness  and  mass  properties. 

5. 1.2.2  Hysteretic  Damping 

If  the  structural  material  possesses  stress-strain  hysteresis  and  is 
undergoing  harmonic  motion,  the  damping  force  is  proportional  to  displacement 
but  in  phase  with  the  velocity.  In  this  case  the  finite  element  damping 
matrix  is  obtained  in  a  manner  similar  to  the  stiffness  matrix.  Using  the 
stress-strain  law  [5.13,5.14,5.15] 


SL  m  ■*"  1  £>  (5.  i3a) 

where  D  and  G  are  respectively  the  material  property  matrices  characterizing 

*  *  1/2 
energy  storage  and  dissipative  behavior  of  the  material,  and  j  •=  (-1)  ,  and 

T  T 

c?  h  (^||,  ^22*  °33*  °23*  °3i *  ^12^  *  and  “  ^^11*  ^*?2*  ^33*  ^23*  ^31*  ^12^  * 

The  element  damping  matrix  associated  with  equation  5.18a  is 

f  ~ 

5 e-Jef  S  1€  ^  (5.18b) 

v 

This  damping  matrix  is  usually  combined  with  the  element  stiffness  matrix  to 
form  a  conplex  stiffness  matrix.  The  complex  stiffness  matrix  for  the  struc¬ 
ture  is  obtained  in  the  usual  assembly  procedure . 

In  practice,  the  elements  of  the  damping  matrix  G  are  obtained  from  those 
of  the  elasticity  matrix  D  through  experimentally  maasured  proportionality  con¬ 
stants  known  as  the  loss  factors,  r)  and  r),,  associated  with  the  dissipation 

s  d 

behavior  in  shear  and  dilatational  modes  of  vibration  respectively.  Thus 


y*  ■  n,  pr  (5.19a) 

s 

X1  -  n  Xr  +  2<n  -  n  )V  (5.19b) 

a  a  8 
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where  Xr,  pr  are  the  Lame'  parameters  of  the  isotropic  elastic  material  in  the 
elasticity  matrix  B, 

(Xr+2pr)  XT  -ir  0  0  0 

Xr  (Xr+2yr)  Xr  0  0  0 

Ir  Xr  (Xr+2pr)  000  (5.20a) 

0  0  0  pr  0  0 

0  0  0  0  pr  0 

0  0  0  0  0  yr  _ 

and  p1,  X*  are  the  material  parameters  of  the  damping  matrix  G; 

* 

(^W)  X1  X1  0  0  0 

x1  (X^ii1)  X1  o  0  0 

G  -  x1  x1  (X^w1)  0  0  0  (5.20b) 

0  0  0  a1  0  0 

0  0  0  0  Ji1  0 

0  0  0  0  0  y1.  _ 

In  the  event  the  two  loss  factors  are  equal  i.e.,  n  *  n ,  *  r) 

3  Cl 

G  *  rD  (5.21) 

and  the  element  conplex  stiffness  is  obtained  directly  by  scaling  the  elastic 
stiffness  matrix  by  the  factor  n. 

5.1.3  Solution  Methods 

Once  a  structure  is  modeled  using  the  finite  element  method  a  number  of 
possibilities  exist  for  computing  the  dynamic  behavior.  The  following  discus¬ 
sions  are  restricted  to  the  methods  for  calculating  natural  vibration  frequency 
mode  shapes  and  damping  ratios,  response-time  histories  under  arbitrary  time- 
dependent  excitation,  and  response  to  harmonic  excitation.  The  method  chosen 


in  the  damping  design  analysis  will  depend  upon  the  required  results  (which 
may  vary  at  different  stages  of  the  design  process)  as  well  as  the  amount  of 
time  and  expense  deemed  allowable. 

The  methods  of  dynamic  response  analysis  can  be  classified  as 

•  transient  response  by  direct  integration 

e  frequency  response  by  direct  solution,  and 

•  dynamic  response  by  modal  analysis  methods. 

A  synopsis  of  the  solution  procedures  is  given  in  Figure  5.2.  The  direct 
methods  of  solution  etg>loy  the  finite  element  equations  (9)  in  the  physical 
coordinates,  whereas  the  modal  methods  employ  vibration  modes  of  the  struc¬ 
ture  as  the  basis.  The  direct  methods  are  more  general  but  require  more  com¬ 
putational  resources  than  their  modal  counterparts.  The  medal  methods  may 
employ  undamped  normal  modes  or  damped  complex  modes  as  the  basis  for  its  for¬ 
mulation  depending  upon  the  magnitude  a^.l  distribution  of  damping.  The  '.nodal 
methods  are  of  advantage  in  linear  problems  if  the  load  frequency  content 
corresponds  to  lower  frequency  spectrum.  These  methods  are  discussed  in  the 
following  paragraphs. 

5.1.3. 1  Transient  Response  by  Direct  Integration 

In  this  solution  method  the  finite  element  equation 

M  * 

gfi+CU+KU-  F(t)  (5.22) 

represents  linear  algebraic  equations  in  physical  displacements,  U,  and  second- 
order  differential  equations  in  time,  are  solved  step-by-step  in  time  to  obtain 
the  response  behavior  under  arbitrary'  tirae-depender.t  loads,  F(t).  Two  methods 
of  time  integration  along  with  their  ninnerical  stability  and  accuracy  are 
discussed  in  [5.16].  The  time  integration  method  is  the  most  general  of  the 
response  analysis  methods  shown  in  Figure  5.3  and  permits  the  specification 
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figure  5.2.  -•  Synopsis  of  dynamic  response  analysis  methods. 


Determination  of  viscoelastic  modulus  for  modal  response  analysis. 


of  certain  nonlinearities  in  structural  stiffness  and/or  damping  properties 
[5.4,5,5,5.16],  The  method  is  relative!/  expensive  because  it  deals  with  a 
large  number  of  coupled  equations;  one  equation  corresponding  to  each  active 
physical  degree  of  freedom  in  the  model. 

The  results  produced  by  the  method  are  displacement,  velocity,  accelera¬ 
tion,  and  stress  versus  time.  These  results  are  of  little  direct  use  to  a 
designer.  Commonly,  the  analysis  is  made  with  different  types,  amount ,  and 
distribution  of  damping  and  its  effect  on  response  amplitude  is  taken  as  a 
measure  of  effectiveness  of  the  damping  design. 

Since  the  hysteretic  damping  is  not  defined  for  other  than  harmonic 
motion,  to  treat  this  class  of  problems  including  any  frequency  dependent 
damping  terms,  the  solution  is  obtained  using  transform  techniques.  The 
equations  of  motion  are  first  transformed  to  frequency  domain  and  then  the 
frequency  dependent  darping  is  incorporated  Into  the  transformed  equations 
of  motion.  After  a  solution  is  obtained  in  the  frequency  domain,  an  inverse 
Four  ter  transform  is  used  to  return  to  time  domain.  With  the  development  of 
Fast  Fourier  Transform  algorithm  this  procedure  can  be  efficiently  treated 
numerically.  In  resent  papers  [5.17,5.19]  the  application  of  this  procedure 
is  demonstrated.  No  general  purpose  co^mrer  programs  provide  this  capabil¬ 
ity,  however. 

5. 1.3.2  Frequency  Response  by  Direct  Solution 

Consider  the  case  when  the  applied  forces  in  equation  (22)  are  harmonic 
in  time;  that  is 


z  - 


(5.23) 


where  is  the  peak  a^litude  cf  harmonic  force,  to  is  the  forcing  frequency, 

1/2 

t  is  the  time  and  j  =  (-1)  .  In  the  absence  of  any  nonlinearities,  the 

response  to  harmonic  loading  is  also  harmonic  of  the  fora 
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(5.24) 


£  “  f  e3 


where  tf  is  a  vector  of  nodal  displacements  that  characterize  the  spatial  form 
of  the  response.  The  elements  of  tf  are  in  general  complex  owing  to  possible 
phase  difference  (due  to  damping)  between  the  response  quantities  and  the 


forcing  function.  Substituting  equations  5.23  and  5.24  into  equation  5.23, 


and  eliminating  eJ  from  side  term,  leads  to 


t-«2g  +  jwQ  +  jH  +  K]tf  -  f 


(5.25) 


where  the  matrices  K,  C,  and  H  can  be  general  frequency  dependent.  For  a 


given  excitation  frequency,  uk,  Equation  5.25  is  solved  directly  to  yield  the 


displacement  amplitude  and  phase  angle  at  every  point  in  the  finite  element 
model.  This  technique  is  repeated  at  any  desired  frequency  to  generate  com¬ 
plete  frequency  response  information. 


The  amplitude/phase-versus-frequency  response  generated  by  the  above 
method  can  be  used  to  obtain  system  damping  estimates  using  half-power  band¬ 
width  or  phase  plot  methods  (discussed  elsewhere  in  this  design  guide) . 
Alternately,  the  system  damping  may  be  computed  from  the  knowledge  of  stored 


and  dissipated  energies  in  the  system.  The  system  damping  ratio,  is  cal¬ 


culated  as  [5.18  -  5.23] 


tf  (m,C  +  H)tf 
— *  2*  m 


tf*  K  tf 


(5.26) 


<r  «/<* 

where  U_  is  the  displacement  vector  and  IJ  its  transposed  complex  conjugate 


corresponding  to  the  excitation  frequency,  uk.  Equation  5.26  can  be  written 


in  terms  of  the  parameters  of  each  element  of  the  structures  as 


(2“  —  +  n®)(SE)e 
i^e  l  max 


(5.27) 


0 

where  the  element  viscous  damping,  C  ,  is  assumed  proportional  to  its  stiffness 
matrix,  Ke,  (equation  (11)  with  Aq  =  0)  and 

Ce  *  2-—  Ke  (5.28) 

*  we  “ 

£e  and  we  being  the  viscous  modal  damping  ratio  and  natural  frequency,  respec¬ 
tively.  The  hysteretic  damping  is  assumed  proportional  to  stiffness  matrix, 

He  -  n®  Ke  (5.29) 

■  i  “ 

ri^,  being  the  Iosj  factors  of  the  element  material  at  the  excitation  frequency. 
The  element  stored  energy  is  calculated  as 

(SE)e  -  ~  U*  K®  U*  (5.30) 

max  2  “ 

v>e 

where  JL  is  the  vector  of  element  nodal  displacement.  Equation  5.27  thus  per¬ 
mits  the  calculation  of  damping  ratio  of  the  finite  element  assemblage,  know¬ 
ing  the  element  stored  energy  and  its  damping  constants. 


The  use  of  above  methods  is  recommended  to  correlate  the  results  with 
experimental  tests.  It  should  be  noted  however  that  the  damping  value  given 
by  equation  5.28  is  not  modal  damping  unless  the  forced  vibration  shape  used 
in  the  calculation  is  also  an  eigenvector.  With  increasing  damping  coupling 
between  modes  and/or  close  spacing  of  the  modes  the  forced  mode  is  contaminated 
and  the  results  diverge  from  a  true  modal  value. 


5. 1.3. 3 


Normal  Modal  Method 


The  modal  method  presents  an  alternate  and  economical  means  of  dynamic 
response,  analysis.  First  the  method  yields  directly  the  system  dynamic  char¬ 
acteristics  such  as  the  frequency  of  natural  vibrations,  mode  shapes,  stored 
energy  distribution,  and  modal  damping.  Second,  through  the  use  of  a  trun¬ 
cated  set  of  modal  properties,  the  size  of  the  response  analysis  problem  is 
reduced  signif icantly . 


In  the  following  discussion,  the  classical  normal  mode  method  and  its 
utility  in  determining  system  damping  and  response  is  described. 

A.  Normal  Mode  Analysis 

The  normal  mode  methods  are  based  on  the  eigensolution  of  the  free 
vibration  problem 


4  -  V  S  4 


(5.31) 


where  dancing  is  ignored,  however  the  elastic  and  inertia  contribu¬ 
tions  of  the  damping  treatments  are  taken  into  account.  The  cigen- 
solution  of  equation  5.31  leads  to  undamped  frequencies,  ojg,  and 
corresponding  mode  shapes,  with  the  properties 


1 


(5.32; 


T  2 

♦  K  ♦  »  « 

»  — r  r 


and 


U  I 


<5.33! 


where  U  is  the  physical  displacement  and  £  the  vector  of  modal  coor¬ 
dinates.  Substitution  of  equation  5.33  into  the  equations  of  motion 
with  viscous  damping  included  leads  to 

1  +  1+  (5.34 

2 

where  «  >1  is  nxn  diagonal  matrix  with  element  in  rth  row  and 
2 

column  being  as  ,  is  the  nxn  generalized  damping  matrix  defined  as 


The  generalized  damping  matrix,  C^,  is  in  general  fully  populated,  and 
the  coefficients,  dre  related  to  the  modal  damping  ratio,  as 


rr 


_£xx 

2io 


(5.36) 


and  to  modal  damping  coupling  ratio,  Crs*  as 


Srs  ' 


/U)  (1) 

r  s 


(5.37) 


The  formulation  of  the  dynamic  response  analysis  problem  in  the  normal 
mode  method  thus  requires  (a)  the  eigensolution  of  equation  5.31;  (b)  the 
transformation  of  the  load  vector  to  modal  coordinates;  and  (c)  the  com¬ 
putation  of  the  matrix  C^. 


B.  Modal  Strain  Energy  Method  (MSE) 

Methods  of  constructing  matrix  C  are  discussed  in  Section  5.2.2.  In 
the  event  the  damping  in  the  structure  is  distributed  such  that  the 
damping  coupling  given  by  equation  5.37  vanishes  (proportional  damp¬ 
ing)  or  is  at  least  negligible  (see  Reference  5.25  for  a  criteria  for 
neglecting  modal  damping  coupling),  the  structure  modal  damping  can 
be  calculated  by  modal  strain  energy  method  [5.26,5.27],  without 
having  to  construct  and  assemble  the  finite  element  damping  matrices. 
The  method  is  analogous  to  that  given  in  Section  5. 1.3. 2,  the  differ¬ 
ence  being  in  the  use  of  undamped  normal  modes  instead  of  t^e  damped 
deflection  shapes.  Thus  the  system  damping  ratio,  is  given  as 
[5.20] 


+  ~  n*)(SE) 


e 

max 


n 

l 

e“  1 


(SE) 


e 

max 


(5.38) 
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where  t,  is  the  element  damping  ratio  evaluated  at  its  resonance 
e  e 

frequency,  ta  ,  7)  is  the  material  loss  factor  at  frequency  w  ,  and 

Q 

(SE)^^  is  the  peak  stored  energy  in  the  element.  In  the  absence  of 
viscous  damping  the  loss  factor  in  rth  mode  is 


z  ne  <SE)e 


where  n :  is  as  defined  in  the  modal  equation  of  motion 


•  2 

C  +  n  u  K  +  in  t  «  Q  (t) 
r  r  r  r  r  r  r 


(5.40) 


It  must  be  noted  that  the  energy  method  does  not  yield  off-diagonal 
damping  terms.  Furthermore,  with  an  increasing  amount  of  damping, 
the  damped  resonance  frequency  departs  further  from  the  undamped  one 
which  introduces  errors  through  incorrect  material  property  values. 
This  situation  is  further  aggravated  in  the  presence  of  nonuniform 
distribution  of  damping  in  the  structure. 


In  reference  (5.27]  an  empirical  correction  procedure  is  given  for 
improving  the  accuracy  of  the  MSE  prediction  for  frequency  dependent 
material  properties.  Since  the  modal  frequency  depends  upon  the 
value  of  material  modulus  which  is  not  known  a  priori,  the  problem 
of  determining  correct  material  properties  in  the  mjdal  calculation 
is  resolved  as  follows.  A  sequence  of  normal  mode  runs  is  made  for 
a  range  of  assumed  material  property  values.  Then  by  correlating 
the  material  property  versus  frequency  curve  with  the  mode  frequency 
versus  material  property  curves,  the  required  consistent  material 
property  values  ?ie  obtained  for  each  mode  (Figure  5.3).  Normal  mode 
analysis  must  again  be  performed  for  each  mode  to  get  the  correct  energy 
distribution  to  use  in  equation  5.38. 


Transient.  Response  Analysis 

The  equation  5.34  may  be  integrated  step-by-step  in  time  to  solve 
for  the  response  due  to  arbitrary  £(t)  as  is  done  in  the  direct  solu¬ 
tion  method.  In  reference  [5.28],  the  methods  of  time  integration 
and  the  accuracy  and  stability  aspects  of  the  numerical  computations 
are  discussed.  -The  number  of  governing  equations  5.34  can  be  made 
much  smaller  th3n  in  the  direct  method  by  retaining  only  the  signifi¬ 
cant  modes  in  the  modal  superposition  equation  5.33.  The  criteria 
being  that  under  a  given  loading  only  the  first  few  modes  are  signif¬ 
icantly  excited  and  the  contribution  of  the  higher  modes  is  negli¬ 
gible.  Two  situations  arise  depending  upon  whether  the  damping  is 
proportional  or  non-proportional.  For  proportional  damping  the  equa¬ 
tions  uncouple,  giving 

Cr  *  2cr“r*r  +  "  Qr(t)  (5.41) 

the  number  of  equations  being  the  number  of  modes  retained  in  the  modal 
expansion  equation  5.33.  The  solution  of  equation  5.41  yields  the 
values  of  the  modal  participation  factors,  .  The  physical  displace¬ 
ments  of  discrete  points  in  the  finite  element  model  are  recovered 
using  equation  5.33.  The  analysis  leads  to  a  response-time  history. 

D.  Frequency  Response  Analysis 

Response  to  harmonic  inputs  is  governed  by  the  modal  equation  (5.34) 
with  the  right  hand  side  defined  as 

T  itafc 

^  *  (5.42) 

being  the  real  force  vector,  and  u  the  excitation  frequency.  The 
discussion  concerning  coupling  of  the  modal  equations  in  this  case  is 
similar  to  that  for  the  transient  case. 


In  [5.29]  an  extension  of  the  modal  response  method  is  given  to  treat 
problems  involving  frequency  dependent  rnterial  properties.  The 


method  is  similar  to  that  used  in  [5.27].  The  eigen  problem  of 
undamped  structure  is  solved  for  two  values  E'  and  E"  of  storage 
modulus,  E,  of  the  damping  material.  These  two  values  bracket  the 
variation  of  the  actual  modulus  values  in  frequency  range  of  inter¬ 
est.  Corresponding  to  the  two  modulus  values,  two  sets  of  natural 
frequencies  u)',  us',...  and  , . . . ,  are  obtained. 

The  natural  frequencies  vary  linearly  with  the  modulus  as  shown  in 
Figure  5.3.  More  precise  variations  can  be  obtained  if  modal  anal¬ 
yses  are  made  for  intermediate  values  of  the  material  modulus.  The 
intersections  of  the  lines  A^B^,  A^B^  etc.,  with  the  curve  of  the 
material  characteristic  leads  to  the  values  of  the  storage  modulus 
that  should  be  used  in  calculating  modal  properties.  Then  eigen- 
problems  are  sclved  for  each  mode  to  be  used  in  the  modal  siperposi- 
tion,  each  modal  solution  using  the  storage  modulus  values  appropri¬ 
ate  to  that  natural  frequency.  Having  thus  obtained  the  modal 
properties  (mode  shapes,  generalized  mass,  stiffness  and  danping) 
for  each  frequency,  the  equation  of  motion  is  obtained  in  a  manner 
similar  to  that  for  equation  5.41,  which  can  be  solved  for  desired 
forcing  frequency.  The  analysis  leads  to  amplitude  versus  frequency 
response  behavior. 

5. 1.3.4  Dynamic  Response  by  Complex  Mode  Methods 

In  the  presence  of  widely  varying  magnitudes  of  damping  in  the  structure, 
the  undanped  normal  modes  become  coupled  and  cannot  be  used  to  specify  a  sin¬ 
gle  datping  ratio  or  loss  factor  corresponding  to  any  one  mode  by  which  to 
measure  or  quote  the  modal  damping.  This  difficulty  is  overcome  through  the 
use  of  daeped  coi^lex  modes.  For  structures  with  viscous  damping  the  method 
is  given  by  Foss  [f.30],  and  for  structures  with  hysteretic  damping  by  Mead 
[3.33]. 

In  the  Foss  method,  amplitudes  of  damped  free  vibration  eigen.modes  are 
chosen  as  the  generalized  coordinates,  and  the  anplitudes  of  damped  forced 
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The  complex  mode  shapes  and  eigenvalues  of  the  damped  structure  are 
determined  from  the  homogeneous  solution  of  the  equation: 


A  3.  +  S  i  -  £ 


(5.43) 


where 


-M  0  U  10  I 

K  B  —  1  **  I 

,  Y  «  »  5  “i  1 

OK  D  I  P(t) )  (5-44) 


The  eigensolution  of  the  form  Y  =  eA  leads  to  a  set  of  2n  (n  being 
the  order  of  the  K  or  M  matrices)  numbers  of  eigenvalues,  A^,  and 
corresponding  2n  number  of  eigenvectors,  both  complex,  with  the  prop¬ 
erty  that  the  eigenvectors  diagonalize  the  matrix  equation  5.43  i.e. 


A  *  -  0 


4  14 


B  ♦  ■  0 
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if  r ¥  s 


(5.45) 


The  eigenvalue  is  denoted  by 


X  *  o  + 
r  r  r 


The  imaginary  part  defines  the  damped  natural  frequency  while  a 
defines  an  associated  decay  rate  related  to  the  amount  of  modal  danp- 
ing.  In  terms  of  an  undamped  frequency,  0)^,  and  a  critical  damping 
ratio,  c  and  w  are  of  the  form 


a  « 


(5.46) 


(5.4?) 
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This  method*  like  the  normal  mode  method,  does  not  permit  frequency 
or  atplitude  dependent  material  properties.  However,  no  restrictions 
regarding  the  magnitude  or  the  distribution  of  the  damping  are  needed 
for  the  method  to  be  applicable.  The  major  drawback  of  the  methods 
based  on  the  complex  modes  is  that  it  is  computationally  expensive, 
the  number  of  equations  being  twice  that  in  the  normal  wode  case. 

Equations  of  motion  in  the  complex  mode  coordinate,  Z,  are  obtained, 
using  the  transformation. 

Y  ■  J  Z  (5.48) 

Where  ^  is  the  complex  mode  matrix.  Using  equation  5.48  in  5.43  and 
preraul  tip  lying  by  [  A  ]  vj;  leads  to  the  uncoupled  matrix  equation 

Z  -  [  X2]  z  -  [  1  ]  *T  q 

where  f>-  X  J  is  2n  x  2n  diagonal  mode  value  matrix,  and  use  is  viade 
of  the  orthogonality  properties  expressed  by  equations  5.45.  .\gain 
the  use  of  a  nodal  method  is  advantageous  only  if  a  severely  truncated 
mode  set  is  used  in  equation  5.48. 

In  a  manner  similar  to  that  described  in  the  normal  mode  method,  the 
transient  and  frequency  response  can  be  calculated  using  the  complex 
modal  equation  5.49.  For  further  details  see  references  [5.31,5.32]. 

B.  Damped  Forced  Vibration  Hode  Method 

This  method  is  applicable  to  harmonic  vibration  only  since  it  is  based 
on  hysteretic  damping. 

In  reference  [5.33]  Mead  shows  that  a  unique  specification  of  the 
damping  of  the  modes  can  only  be  made  by  considering  the  forced 
vibration  modes  excited  by  a  harmonic  external  loading  which  is 


proportional  to  the  local  inertia  loading  bat  which  is  in  phase  with 
the  local  velocity.  This  method  is  a  special  case  of  the  more  gen¬ 
eral  characteristic  phase  lag  method  [5.34],  The  general  case  how¬ 
ever  does  not  have  the  computational  simplicity  of  Mead's  method. 

The  Mead  method  is  as  follows. 

Consider  the  equation  of  motion 

M  0  +  (K  -HH)  0  «  ♦  (5.50) 

where  Ms  a  column  of  forces  equal  to  in  times  the  inertia  force 
corresponding  to  the  harmonic  vibration 

U  -  i  elst  (5.51) 

±  ■  ins^M  ♦  (5.52) 

Putting  both  equations  5.51  and  5.52  into  5.50,  we  find 

[K  -  w2(l  +  in)  g  +  i|]  -  .0  {5.53) 

2 

From  which  the  complex  eigenvalues,  w  (1  +  inr) »  and  corresponding 
complex  modal  columns,  can  be  determined.  The  modal  columns 
satisfy  the  orthogonality  condition 

r  ¥  s 

J^(g  +  ig>  Jg  *  0 

and 

M  ±  -  V  ^  E  i,  -  kr  .  ^  ’  hr 

are  the  co^lex  modal  coefficients. 


(5.54) 


0.55) 
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Next  introduce  the  new  column  of  damped  forced  normal  mode 
coordinates,  v,  so  that 


D  -  $  v, 


(5.56) 


ant*  the  modal  equation  of  motion  becomes 

[  *r(®p  (1  +  in)**»2)  1  i  *  J  1  (5.5.) 


which  can  be  solved  to  give 


4  ie1"1 


s=r(«2  (1+  inr)  -«2) 


(5.58) 


The  above  equation  has  the  form  of  a  single  degree  of  freedom  fre¬ 
quency  response  function,  resonating  at  frequency  with  the  loss 
factor,  q  .  The  system  vibrates  in  the  complex  mode, 


It  is  interesting  to  note  that  when  the  damping  is  distributed  in 
proportion  to  the  stiffness  of  the  system,  the  damped  forced  normal 
modes  are  identical  to  the  undamped  normal  modes  from  equation  5.53, 
and  undamped  normal  modes  can  be  excited  at  their  natural  frequencies 
by  forces  which  are  equal  to  the  in  times  the  inertia  forces,  where 
H  is  the  system  loss  factor. 


5. 1.3.5  Substructuring  Methods 

The  substructural  analysis  methods  are  the  best  and  sometimes  the  nnly 
approach  for  dynamic  analysis  of  large  or  coup  lex  structures.  The  methods  are 
based  on  subdividing  the  large  structure  into  smaller  parts  which  are  analyzed 
separately.  The  system  dynamics  is  then  obtained  by  solving  the  system  equa¬ 
tions  obtained  by  analytically  coupling  the  dynamic  characteristics  of  each 
substructure.  Through  certain  reduction  techniques  applied  at  the  substruc¬ 
ture  level,  the  size  of  the  coupled  problem  is  reduced  considerably,  as  com¬ 
pared  to  the  size  of  the  original  direct  system  problem. 


Two  classes  of  methods  for  dynamic  reductions  are  used  with  the  finite 
element  method.  The  first  class,  known  as  dynamic  condensation  [5.35]  is 
widely  used  when  finite  element  models  of  all  the  components  are  available. 

The  method  involves  elimination  of  degrees-of-freedom  that  are  assumed  to  have 
negligible  effect  on  mode  shapes  and  thus  vibration  response  of  the  structure. 
Dynamic  results  are  sensitive  to  the  choice  of  the  degrees-of-freedom  to  be 
eliminated. 

In  the  second  class  of  dynamic  reduction  methods  termed  component  mode 
synthesis  [5.36],  the  component  dynamics  are  specified  in  terms  of  a  truncated 
set  of  its  generalized  coordinates.  Many  techniques  in  the  category  of  modal 
synthesis  have  been  devised.  These  techniques  are  ideally  suited  for  systems 
involving  components  that  are  characterized  in  experimental  modal  tests. 

A  brief  discussion  of  these  methods  follows;  details  may  be  found  in 
references  [5.3,  5.36-5.39,  5.45]. 

A.  Dynamic  Condensation: 

Consider  an  isolated  substructure  consisting  of  simple  finite  ele¬ 
ments  .  The  undsaped  free  vibration  equation  of  the  structure  is 
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where  the  matrix  equations  are  partitioned  in  terms  of  the  degrees- 
of-freedom  (DOF)  *m’  to  be  retained  and  DOF  's*  to  be  reduced  out. 
The  s  DOF  Includes  substructure  connection  interface  as  well  as  any 
interior  DOFs.  The  basis  of  reduction  is  that  the  inertia  forces  on 
the  *sf  degrees  of  freedom  are  negligible  compared  to  static  forces. 
This  leads  to  the  following  relation  between  the  m  and  s  DOFs. 
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U3  *  T  U® 


(5.60) 


where 


T  -  'K 


.88 


-1 


KS® 


the  reduced  stiffness,  mass,  and  damping  matrices  are  given  as 


«  K®*  +  X®8  T 
<G  “  ■  *> 


ML  -  H®®  +  TT  M88  T  +  TT  M8®  +  if*  T  (5.61) 


c  -  c“  +  TT  a88!  +  TT  C8®  +  Cas  T 

«G  •  ■  *  *  *  *  ■  * 


and  the  load  vector  as 

p»  i  p 

-  I  - 

Each  substructure  has  its  mass,  stiffness,  damping,  and  load  similarly 
partitioned  and  reduced.  Assembly  of  the  reduced  substructures 
matrices  leads  to  the  system  equations  of  motion.  Geometric  compati¬ 
bility  between  substructures  is  automatically  assured  by  the  use  of 
the  *m‘  DOF  es  generalized  coordinates.  The  accuracy  of  these  methods 
is  very  sensitive  to  the  choice  of  the  *m'  degrees-of- freedom 

B.  Component  Mode  Synthesis 

A  number  of  variants  of  this  method  exist  differing  mainly  in  the 
manner  the  substructure  matrices  are  reduced  and  subsequently  coupled 
to  form  system  equations.  A  representative  method  is  briefly 
described  here. 

Consider  the  equations  of  motion  of  an  uncoupled  substructure 


MU  +  CU+(K  +  iH)U«F 


(5-62) 
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The  substructure  physical  DOF,  U,  are  represented  in  terms  of 
substructure  generalized  coordinates,  _u,  so  that  the  number  of 
substructure  DOF  can  be  reduced,  thus 

D  -  g  £  (5.63) 

The  y  matrix  contains  substructure  vibration  modes,  static  deflection 
functions,  etc.  Changing  the  basis  from  physical  coordinate  to  gen¬ 
eralized  coordinates  the  substructure  equation  of  motion  becomes 

(JTM  g)  £  +  (|TCj)i  +  |T(K  +  iH>/  £  -  £TF  (5.64) 

Equations  of  the  above  form  may  be  written  for  each  substructure  and 
formally  assembled  to  give 

S  a.  +  SSL  +  (is  +  ^>21  *  JL  (5.65) 

where  the  matrices  m,  c,  etc  are  the  assembled  system  matrices  in 

s  *  * 

uncoupled  system  coordinates,  £.  Constraint  relations  of  the  type 

A  £  -  0  (5.66) 

exist  between  the  components  of  £  due  to  geometric  compatibility  at 
the  substructure  interfaces.  Equation  5-65,  together  with  the  con¬ 
straint  equation  5.66,  defines  the  problem  of  the  assembled  structure. 
Specific  modal  synthesis  methods  are  defined  by  the  choice  of  dis¬ 
placement  functions  used  in  the  6  matrices  in  equation  (5.63)  and  the 
procedure  used  to  treat  the  constraint  equation  (5.66). 

It  should  be  noted  that  the  substructure  dynssic  matrices  m,  c,  h, 
and  k  in  equation  (5.65)  do  not  need  to  be  derived  from  a  finite 
element  model,  and  may  be  obtained,  experimentally.  Modal  synthesis 
procedures  are  also  available  that  admit  dynamic  characterization  of 
substructures  in  terms  of  frequency  response  functions  obtained  con¬ 
veniently  in  modal  testing,  references  [5.40,  5.41). 
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5.1.4  Computer  Programs 

A  large  number  of  computer  programs  are  available  for  dynamic  response 
analysis  of  damped  structures.  Since  early  1970  several  bibliographies,  data 
sheets,  and  tables  have  been  compiled  about  finite  element  software.  Most 
recent  surveys  of  computer  programs  for  linear  and  nonlinear  dynamic  analysis 
are  in  references  [5.42-5.45]. 

A  summary  of  available  computer  programs  relevant  to  damping  design 
analysis  is  g;.ven  in  Table  5.1.  The  table  is  essentially  the  same  as  that 
given  in  reference  [5.43],  except  for  some  updates.  Modeling  features  vary 
from  one  code  to  the  other  and  therefore  it  is  often  difficult  to  identify  the 
proper  code  that  meets  a  specific  need.  Some  basic  factors  which  affect  the 
selection  of  a  code  are  as  follows: 


•  Structural  Elements  -  The.  program  should  provide  a  complete  eleii  • 
library  including  rod  and  beam  elements,  membrane,  plate  and  shell 
elements  of  various  shapes,  three-dimensional  elements  and  axisym- 
metric  solid  and  shell  elements. 

9  Mass  and  Damping  Models  -  The  program  should  provide  a  choice  between 
lumped  and  consistent  mass  models.  Likewise  it  should  permit  model¬ 
ing  of  structures  with  variable  amount  and  distribution  of  damping. 

It  is  desirable  to  have  both  the  viscous  as  well  as  hysceretic  damping 
models. 

•  Analysis  Capabilities  -  These  include  the  solution  methods  for  eigen- 
reduction,  time  integration  and  response  analysis,  energy  distribution 
in  free  and  forced  vibration  modes,  damped  frequencies,  and  mode 
shapes. 

•  Substructure  Synthesis  Capabilities  -  To  analyze  structures  with  a 
large  number  of  degrees-of-f reedom  or  with  substructures  that  are 
represented  by  their  modal  properties.  Methods  such  as  substructure 
analysis  and  component  mode  synthesis  are  a  desirable  feature. 


In  addition,  several  other  vital  features  of  the  program  such  as  allow¬ 
able  material  properties,  data  generation,  graphics,  user  interlace,  etc., 
need  to  be  considered  in  selecting  a  ;ode.  For  a  detailed  discussion  of  the 
code  selection  criteria  see  References  [5.43,  5.46,  5.47], 
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TABLE  5.1.  LINEAR  DYNAMIC  RESPONSE  ANALYSIS  CAPABILITIES 
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The  majority  of  the  computer  programs  use  normal  mode  based  modal 
superposition  methods  for  analysis.  Viscous  damping  is  most  commonly  used. 

The  use  of  modal  superposition  using  complex  eigen  solution  is  very  limited. 
For  hysteretically  damped  structures,  the  complex  stiffness  model  is  used  and 
the  analysis  is  restricted  to  harmonic  response  calculation.  The  method  of 
damped  forced  vibration  modes,  although  applicable  to  hystersis  damping  is 
not  implemented  in  any  program. 

Some  special  purpose  computer  programs  for  the  analysis  of  damped  struc¬ 
tures  are  described  in  reference  15.42].  The  programs  ASTRE,  DAMP,  KSHELL, 
and  SAMIS,  surveyed  in  [5.42],  all  have  the  complex  frequency  and  mode  shape 
calculation  capability. 

A  partial  list  of  software  dissemination  and  users  group  sources  is  given 
in  the  following  list,  A  more  complete  list  may  be  found  in  Reference  [5.48]. 

•  ASIAC  -  Aerospace  Structures  Information  and  Analysis  Center, 

AFFDL/FBR  Wright  Patterson  Air  Force  Base,  Dayton,  Ohio  45433. 

•  CEPA  -  Society  for  Computer  Application  in  Engineering,  Planning  and 
Architecture,  Inc.,  358  Hungerfo^d  Drive,  Rockville,  MA  20850. 

•  COSMIC  -  Computer  Software  Managec^nt  and  Information  Center, 

112  Barrow  Hall,  University  of  Georgia,  Athens,  GA  30602. 

•  iCES  -  Users  Group,  Inc.,  Box  8243,  Cranston,  RI  02920. 

•  ICP  -  International  Computer  Programs,  Inc.,  9000  Keystone  Crossing, 
Indianapolis,  IN  46240, 

•  NISEE  -  National  Information  of  Service  for  Earthquake  Engineering, 

519  Davis  Hall,  University  of  California,  Berkley,  CA  94720. 

•  NTIS  -  National  Technical  Information  System,  U.S.  Department  of 
Commerce,  5285  Port  Royal  Road,  Springfield,  VA  22161. 
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5.2  INTEGRATION  OF  UNITE  ELEMENT  MODELING  INTO  THE  DESIGN  PROCESS 

The  finite  element  technique  provides  the  designer  with  an  accurate  and 
economical  means  of  predicting  the  dynamic  behavior  of  either  damped  or  undamped 
structure- s.  As  such,  finite  element  analysis  can  play  an  important  role  at 
several  stages  in  the  design  of  damping  treatments.  This  section  describes  a 
procedure  for  integrating  finite  element  analysis  into  the  damping  design  pro¬ 
cess  and  gives  an  example  to  illustrate  the  procedure.  In  references  [5.49  - 
5.51]  a  variety  of  damning  design  analysis  problems  are  illustrated. 

5.2.1  Analytical  Procedure  in  Damping  Design 

The  procedure  may  be  divided  into  the  following  .steps: 

1.  Perform  an  assessment  of  vibration  problems  present  in  a  preliminary 
undamped  design. 

2.  Evaluate  different  damping  concepts  specific  applic^ti.'sr . 

3.  Evaluate  alternate  damping  treatment  design, 

4.  Qualify  final  design  configurations. 

Each  of  these  applications  is  discussed  in  greshv*.  detail  in  Cfca  following 
paragraphs.  A  schematic  or  the  damping  process  with  the  finite  element  method 
is  shown  in  Figure  5.4. 

+ 

In  the  preliminary  design  phase,  finite  element  modeling  of  a  structure 
is  a  valuable  tool  in  determining  the  existence  of  potential  vibration  prob¬ 
lems.  Conclusions  can  be  drawn  on  the  basis  of  either  a  natural  frequency 
solution  (to  identify  critical  excitation  frequencies  and  troublesome  modes) 

i 

or  a  frequency  response  analysis.  Furthermore,  examination  of  the  vibration 
mode  shapes  will  often  help  to  determine  those  locations  in  which  the  appli¬ 
cation  of  damping  treatments  will  prove  most  effective. 

During  the  actual  design  of  a  damping  treatment,  a  rational  choice  of 
the  type  and  location  of  the  treatment  can  be  made  much  more  easily  by  the 
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Figure  5,4.  -  Finite  element  analysis  in  damping  design  procedure. 

use  of  trial  simulations,  again  performed  using  finite  element  methodology. 

If  a  modal  has  been  developed  during  the  preliminary  design  stage,  simple 
modifications  of  such  a  model  will  often  suffice  for  identifying  the  most 
desirable  type  of  damping  treatment  to  be  used.  Experience  is  frequently  a 
sufficient  guide  to  the  selection  of  a  damping  concept  for  a  particular 
application.  However,  in  more  complex  situations,  finite  element  analysis  can 
often  provide  this  same  familiarity  with  the  problem,  at  only  modest  expenditures 
of  time  and  money. 

Once  a  damping  treatment  has  been  selected  (either  on  the  basis  of 
experiments  or  analytical  studies),  finite  element  techniques  are  readily 
employed  to  determine  the  exact  design  configuration  based  upon  costs,  weight, 
or  performance  criteria.  A  single  finite  element  model  can  generally  serve 
as  a  means  of  evaluating  a  great  masher  of  minor  design  changes,  such  as 


variation  in  amount  and  distribution  of  damping,  constraining  layer  thicknesses, 
material  properties,  etc. 

Finally,  the  finite  element  method  can  be  used  for  the  final  qualification 
of  a  damping  treatment  design.  The  performance  of  the  final  design  can  be 
assessed  accurately  and  efficiently  for  a  variety  of  operating  environments 
(temperatures,  loading,  excitation,  frequency).  Besides  the  displacement 
response,  stress  information  can  also  be  generated  in  the  finite  element 
solution  to  identify  potential  fracture  or  fatigue  problems  which  would  not 
otherwise  be  anticipated  prior  to  production. 

Obviously,  the  finite  element  method  represents  a  potentially  powerful 
tool  in  several  stages  of  the  design  process.  Finite  element  simulations  can, 
in  most  instances,  be  performed  more  quickly  and  economically  than  prototype 
testing,  and  can  provide  the  opportunity  for  modeling  the  strut tural  response 
under  operating  conditions  which  may  not  be  easily  obtained  in  laboratory 
testing. 

The  recent  interest  in  finite  element  technology  as  an  aid  to  the 
designer  has  been  sparked  at  least,  in  part,  by  the  development  of  computer 
graphics  methods  which  can  assist  in  both  the  preparation  and  interpretation 
of  finite  element  data.  The  computer  graphic  processors  can  aid  in: 

«  Generation  of  finite  element  data 

o  Model  verification 

a  Assimilation  of  analysis  results 

An  example  illustrating  the  above  design  analysis  procedure  is  summarized 
in  the  following  paragraphs. 

5.2.2  Example  Damping  Analysis 

This  example  illustrates  how  the  finite  element  method  can  be  used 
efficiently  within  the  general  process  of  designing  a  damping  treatment  to 
reduce  the  amplitude  of  forced  vibrations.  First,  a  hypothetical  structure 


5-33 


is  defined  which  is  presumed  to  have  natural  frequencies  of  vibration  in  the 
vicinity  of;  the  steady-state  input  frequency.  A  finite  element  model  of  the 
structure  is  constructed,  and  the  natural  frequencies  are  determined  using  a 
finite  element  computer  program.  Structural  damping  is  then  assumed  in  var¬ 
ious  parts  of  the  structure.  The  results  of  the  finite  element  program  are 
used  to  determine  the  most  effective  areas  to  apply  layered  damping  treatment. 
Finally,  constrained  damping  is  applied  strategically,  and  the  finite  element 
urogram  is  used  to  determine  the  effectiveness  of  the  damping  treatment. 


Problem  Definition  -  The  particular  problem  selected  for  illustration 
of  the  application  of  finite  element  analysis  in  damping  treatment 
design  is  similar  to  the  engine  exhaust  duct  shown  in  Figure  5.5. 

b.  Finite  Element  Model  -  Figure  5.6  shows  the  finite  element  model 
.\sed  in  this  demonstration  study.  A  cylindrical  shroud  with  three 
flat  vanes  was  modeled  with  variable  8-27  node  solid  finite  elements. 
The  boundary  conditions  and  dimensions  are  shown  in  Figure  5.6. 
Although  the  full  structure  is  shown,  only  a  symmetric  half  of  the 
structure  on  one  side  of  a  plane  of  svnmetry  through  the  bottom  vane 
was  actually  modeled  for  computation. 

c.  Natural  Frequency  Analysis  -  The  finite  element  program  of  refer¬ 
ence  [5.52]  was  used  to  compute  the  natural  frequencies  and  mode 
shapes  of  the  model  of  Figure  5.6.  Perspective  plots  of  the  first 
three  vibration  modes  are  shewn  in  Figure  5.7  and  end-on  views  of 
the  same  modes  are  shown  in  Figure  5.8.  The  modes  were  obtained 
by  solving  the  eigenvalue  problem  defined  by  equation.  [5.31]. 

d.  Preliminary  Damping  Analysis  -  In  practice,  damping  treatment  is 
applied  to  one  or  more  exposed  surfaces  of  a  structure.  A  complete 
finite  element  model  containing  multiple  added  layers  would  be  quite 
complex  and  relatively  expensive  to  analyze.  Therefore,  a  prelimin¬ 
ary  damping  analysis  can  be  performed  in  which  the  elements  of  the 
original  finite  element  model  are  assumed  to  be  internally  damped. 

In  this  case,  four  different  cases  are  considered: 

1.  No  damping 

2.  The  vane  elements  have  5  percent  damping 

3.  The  shroud  elements  have  5  percent  damping 

A.  Both  the  vane  elements  and  the  shroud  elements  have  5  percent 
damping. 


Figure  5.5.  -  Engine  exhaust  duct. 


The  results  of  the  four  cases  for  mode  2  are  shown  in  Figure  5.9. 

In  this  case  the  amplitude  and  phase  angle  for  the  displacement  of 
No.  1  (Figures  5.8  and  5.9)  are  plotted  versus  input  frequency. 

The  curves  are  generated  by  solving  Equation  5.40  for  several  values 
of  the  input  frequency  for  each  of  the  four  cases  shewn.  Equa¬ 
tion  5.25  was  used  to  compile  the  system  loss  factors.  Figure  5.9 
indicates  that  considerable  reduction  in  amplitude  can  be  obtained 
if  damping  is  present. 

Final  Damping  Design  Analysis  -  The  preliminary  damping  analysis  of 
the  preceeding  section  provides  the  designer  valuable  information 
which  can  be  used  along  with  other  data  to  select  a  damping  treat¬ 
ment.  After  the  damping  treatment  has  been  designed,  another  finite 
element  analysis  can  be  performed.  This  time  the  damping  treatment 
is  modeled  separately  tc  obtain  an  accurate  representation  of  the 
effectiveness  of  the  damping  design.  Figure  5.10  shows  a  detailed 
finite  element  model  of  the  structure  urder  consideration  having  a 
hypothetical  dsaping  treatment.  In  this  case,  for  illustration,  the 
shroud  has  a  constrained  damping  layer  applied  to  the  outside  diam¬ 
eter,  while  the  vanes  have  an  unconstrained  damping  layer  applied  to 
both  sides.  The  detailed  model  can  be  used  to  proof-check  the  final 
design  or  used  at  each  stage  of  an  iterative  design  process. 
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Figure  5.6.  -  Finite  element  model 


Figure  5.7.  -  Mode  shapes  of  engine  exhaust  duct  (perspective  view) 


BODE  I 
3^2!  CPS 


.•SUE  2 
37s5  CPS 


BODE  3 
J8»  cps 


rigure  5.8.  -  Mode  shapes 


of  engine  exhaust  duct  (end-on  view). 


5.3  A  NOTE  ON  FINITE  ELEMENT  DISCRETIZATION  OF  LAYERED  DAMPING  DESIGNS 


Finite  element  analysis  because  of  its  versatility  in  modeling  general 
structures  is  ideally  suited  for  modeling  passive  damping  configurations  on 
integrally  damped  structures.  However,  the  modeling  of  layered  damping  designs 
on  complex  structures  poses  two  problems.  First  of  all,  the  thin  damping 
layers  result  in  high  aspect  ratios  (length  -r  thickness)  of  the  3D  solid 
elements  representing  the  damping  system.  Secondly,  if  a  multilayered  damping 
system  is  being  modeled,  there  are  a  large  number  of  degrees-of-freedora. 

This  section  discusses  ways  to  reduce  the  number  of  elements  representing  the 
damping  system  and  the  accuracy  of  the  damping  prediction  using  high  aspect 
ratios.  The  recommendations  made  in  the  following  paragraphs  are  based  on  a 
very  limited  number  of  practical  applications  [5.53]. 

5.3.1  Results  Using  High  Aspect  Ratios 

The  construction  of  an  FE  model  for  dynamic  analysis  is  usually  governed 
by  giving  consideration  to  the  number  and  type  of  modes  that  are  to  be  deter¬ 
mined  from  the  model.  The  length  and  width  of  the  elements  in  the  base  struc¬ 
ture  are  thus  determined  by  accepted  modeling  practice.  If  a  constrained  layer 
damping  system  is  then  modeled  on  the  structure  and  if  the  damping  and/or  con¬ 
straining  layers  are  thin  relative  to  the  base  structure,  the  damping  and/or 
constraining  layers  may  have  high  aspect  ratios  (length  -r  thickness). 

Experimental  tests  and  corresponding  FEA  evaluation  [5.53]  of  a  canti¬ 
lever  plate  with  a  double  constrained  layer  system  showed  that  aspect  ratios 
up  to  1000:1  yield  very  good  analytical  results.  The  undamped  FE  model  of 
the  plate  is  shown  in  Figure  5.11.  Figure  5.12  shows  the  cross  section  of 
one  of  the  damping  configurations  tested  and  analyzed.  This  configuration, 
referred  to  as  Plate  1,  consisted  of  the  0.25-inch  (6.35  nso)  thick  plate  with 
0.002-inch  (0.051  smn)  thick  3M  ISD-110  damping  material,  0.007-inch  (0.178  mm) 
thick  stainless  steel  middle  constraining  layer,  0.003-inch  (0.076  mm)  thick 
Soundcoat  MH  damping  material,  and  0.007-inch  (0.178  mm)  thick  stainless  steel 
outer  constraining  layer.  All  layers  in  the  FE  model  were  modeled  with  3D  solid 
thick  shell  elements.  Since  the  elements  were  2  inches  (50.8  mm)  long  and  some 
elements  were  as  thin  as  0.002  in  (0.051  ram),  the  aspect  ratio  on  some  elements 
were  1000  to  1. 
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Figure  5-11-  -  Cantilever  plate  finite  element  model 


The  results  of  the  FEA  and  test  of  Plate  1  are  shown  in  Figure  5.13,  for 
the  second  bending  mode.  It  can  be  seen  that  there  is  very  good  agreement 
between  the  test  results  and  the  FE  forced  vibration  results.  The  results 
from  the  FE  normal  mode  are  considerably  higher  than  the  test  results.  It  is 
felt  in  this  case  that  the  strain  energy  method  using  the  forced  response  more 
closely  matches  the  test.  In  both  the  test  and  the  forced  response  analysis 
the  plate  was  subjected  to  a  small  tip  load.  Another  cause  of  the  discrepancy 
could  be  that  the  tip  load  does  not  excite  a  pure  mode.  Indeed  damping  couples 
mode  together.  Perhaps  if  the  test  had  beer,  conducted  with  the  clamped  end  of 
the  cantilever  mounted  on  a  shaker,  the  mode  shape  of  the  cantilever  plate  may 
have  been  sore  nearly  a  pure  mode  rather  than  exciting  the  cantilever  at  the 
tip.  Then  perhaps  the  normal  mode  method  would  more  closely  match  the  shaker 
test. 


A  second  damping  configuration  evaluated,  referred  to  as  Plate  2,  is 
shown  in  cross  section  in  Figure  5.14.  This  damping  system  had  two  layers  of' 
the  same  damping  material,  each  0.002  in.  (0.051  mm)  thick  3M  ISD-112,  separated 
by  a  0.C03-in.  (0.076  ram)  thick  middle  constraining  layer.  The  outer  constrain¬ 
ing  layer  was  0.007-in.  (0.178  mm)  thick  stainless  steel.  All  layers  were 
modeled  with  3D  solid-thick  shell  elements.  The  aspect  ratios  of  the  doping 
layers  were  1000  to  1. 

The  results  of  the  FEA  and  test  of  Plate  2  are  shown  in  Figure  5.15  for 
the  second  bending  mode.  Again  there  is  very  good  agreement  between  the  test 
results  and  the  FL  forced  vibration  results.  As  for  the  Plate  2,  the  normal 
mode  results  are  higher  than  the  test  results;  the  same  explanation  given  for 
Plate  1,  holds  here  as  well. 

Results  for  the  first  torsion  mode  are  shown  in  Figure  5.16.  The  forced 
vibration  results  agree  well  with  the  test  results,  as  do  the  normal  mode 
results.  In  this  instance,  driving  at  the  tip  of  the  cantilever  for  the  forced 
response  (and  test  results)  yields  approximately  the  same  results  as  the  normal 
mode. 
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Figure  5-13,  -  Analytical  and  experimental  results  for  Plate  1, 
second  bending  mode. 
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Figure  5.14.  -  Cross-section  of  Plate  k  damping  system. 
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Figure  5.J5.  -  Experimental  and  analytical  results  for  Plate  2, 

2nd  bending  mode. 

It  is  observed,  in  the  Plate  1  and  Plate  2  results  presented  so  far,  that 
although  the  magnitude  of  the  peak  damping  and  the  shape  of  the  loss  factor 
curve  predicted  by  the  FE  forced  vibration  is  nearly  identical  to  the  test 
results,  the  forced  vibration  curve  is  shifted  to  25°F  (-4°C)  to  the  left  of 
the  test  data.  This  temperature  shift  could  be  the  result  of  two  causes. 

The  finite  element  model  of  the  cantilever  plate  could  be  stiffer  than  the 
actual  specimen;  this  is  in  fact  the  case,  with  the  second  bending  mode  fre¬ 
quency  approximately  8  percent  high.  The  other  cause  could  be  that  the  actual 
damping  material  is  stiffer  than  the  properties  being  input  into  the  FE  model. 
It  is  likely  that  the  cause  is  a  combination  of  these  two  factors. 


Figure  5.16.  -  Experimental  and  analytical  results  for  Plate  2, 

1st  torsional  mode. 

The  results  presented  so  far  have  been  for  aspect  ratios  up  to  1000  to  1. 
To  see  if  the  prediction  of  loss  factors  could  be  improved,  the  FE  model  was 
changed.  Twelve  elements  were  used  along  the  length  of  the  cantilever  instead 
of  six  and  the  aspect  ratio  was  correspondingly  cut  by  a  factor  of  two.  The 
change  in  the  results  due  to  the  lower  aspect  ratio  were  insignificant.  There¬ 
fore,  the  use  of  aspect  ratios  up  to  1000  to  1  was  acceptable.  The  use  of 
aspect  ratios  greater  than  1000  to  1  needs  further  investigation. 

5,3.2  Modeling  Techniques  to  Reduce  the  DCF 

Even  a  simple  structure  with  a  multiconstrained  layer  damping  system  can 
have  a  large  nvinber  of  DOFs.  As  an  example,  the  cantilever  plate  discussed 
previously  has  1300  DOFs. 
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Therefore,  two  means  of  reducing  the  number  of  DOFs  were  investigated. 

The  first  method  involves  the  use  of  membrane  elements  to  model  the  constrain¬ 
ing  layers.  The  second  approach  is  to  replace  several  layers  ,in  the  damping 
syslem  by  an  "equivalent"  element. 


a.  Use  of  Membrane  Elements  for  Constraining  Layers  -  The  purpose  of  the 
constraining  layer  in  a  cons trained- layer  damping  system  is,  as  its 
name  implies,  to  constrain  the  damping  material.  During  bending,  the 
constraining  layer  places  the  damping  material  in  a  state  of  shear 
stress  and  thus  dissipates  energy.  The  constraining  layer,  being 
stiff  and  usually  very  thin,  undergoes  very  little  shear  deformation 
and  is  subjected  to  in-plane  loading.  Thus  it  has  the  characteristics 
of  a  membrane  and  can  be  represented  by  a  membrane  element.  The  damp¬ 
ing  layer  on  the  other  hand  undergoes  considerable  shear  deformation 
and  therefore  must  be  modeled  with  shear  deformable  elements  such  as  a 
3D  solid  thick  shell  (solid)  element. 

The  use  of  membrane  elements  for  constraining  layers  as  applied  to 
the  Plate  1  damping  configuration  is  shown  in  Figure  5.17-  The  nodes 
of  the  membrane  elements  are  coincident  with  the  nodes  on  the  upper 
surface  of  the  damping  layers.  Therefore,  the  membrane  elements  do 
not  add  any  DOFs  to  the  three  solid  elements  used  for  the  damping 
layers  and  plate.  Thus  the  damping  system  shown  in  Figure  5.12,  which 
was  modeled  by  five  solid  elements  through  the  thickness,  is  modeled 
by  three  solid  elements  and  two  membrane  elements,  resulting  in  a 
33  percent  reduction  in  DOF. 

Figure  5.18  shows  the  FE  forced  vibration  results  using  the  membrane 
and  solid  elements  model.  Also  shown  are  the  FE  forced  vibration 
results  using  all  solid  elements,  previously  shown  in  Figure  5.13. 

It  is  seen  that  the  two  methods  compare  very  favorably.  Notice  that 
the  damping  predicted  by  the  use  of  the  membrane  elements  is  nearly 
uniformly  lower  than  the  results  using  all  solid  elements.  This  is 
probably  due  to  the  outer  damping  material  and  outer  constraining 
layer  not  being  as  far  away  from  the  neutral  bending  axis  because  the 
membrane  elements  have  no  physical  thickness. 

A  small  error  is  introduced  for  structures  with  constraining  layers 
that  are  thin  relative  to  rhe  base  structure,  such  as  Plate  1.  Thick 
constraining  layers  would  produce  a  greater  error.  The  reader  is  also 
cautioned  about  using  the  membrane  elements  on  curved  surfaces  as  the 
membrane  bending  coupling  is  neglected,  and  the  effect  of  its  absence 
cannot  be  generalized. 
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Use  of  Equivalent  Solid  Element  -  The  other  means  of  reducing  the 
number  of  DOF  become  apparent  from  studying  the  Plate  2  configura¬ 
tion  (see  Figure  5.14),  Since  the  two  damping  layers  are  the  same, 
thickness  and  of  the  same  material  and  are  separated  by  a  thin  middle 
constraining  layer,  it  seemed  that  the  overall  behavior  of  the  three- 
layer  system  would  be  governed  by  the  soft  damping  materials. 
Furthermore,  it  seemed  that  the  three  layers  could  be  represented 
by  a  single  "equivalent"  layer.  It  only  remained  to  determine  the 
dynamic  properties  of  the  three  layers.  The  properties  were  deter¬ 
mined  from  a  symmetric  sandwich  beam  test.  Usually  to  determine  the 
properties  of  a  constrained  layer  damping  material  the  material  is 
placed  between  symmetric  sandwich  beams  and  tested  over  broad  tem¬ 
perature  and  frequency  ranges,  as  discussed  in  Volume  I,  Section  2. 

In  the  present  case,  the  three  layer  system  was  placed  between  sym¬ 
metric  sandwich  beams,  as  shown  in  Figure  5.19,  and  tested  as  if  it 
were  a  typical  damping  material.  The  properties  could  also  have  been 
determined  analy cically  thus  avoiding  the  test  procedures. 

The  application  of  this  modeling  technique  to  the  Plate  2  configura¬ 
tion  is  shown  in  Figure  5.20.  Figure  5.21  shows  the  second 
bending  mode  FE  forced  vibration  results  using  all  solid  elements 


Figure  5.19.  -  Equivalent  solid  beam  test  specimen. 
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Figure  5.20.  -  Plate  2  modeling  schene  using  the 
equivalent  solid  approach. 


Figure  5.21.  -  Analytical  results  comparing  the  all 
solid  model  to  the  equivalent  solid 
model  for  the  second  bending  mode. 
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(previously  shown  in  Figure  5.15)  and  the  equivalent  solid  element. 
The  results  are  nearly  identical.  The  same  is  true  for  the  first 
torsion  mode  shown  in  Figure  5.22. 


To  summarize,  the  modeling  techniques  for  reducing  the  DOF  were  found 
to  be  accurate.  The  use  of  membrane  elements  for  constraining  layers 
predicts  a  slightly  lower  value  of  damping  than  the  standard  approach 
and  reduced  counter  costs  44  percent  in  the  present  analyses.  An 
equivalent  solid  element  replacing  the  two  damping  materials  and 
middle  constraining  layer  gave  nearly  identical  results  as  the  stan¬ 
dard  modeling  approach.  This  technique  reduced  conputer  costs 
60  percent. 


5.4  SUMMARY  AND  CONCLUSIONS 

An  overview  of  the  finite  element  modeling  procedure  in  the  design  of 
damped  structures  is  presented.  First  a  brief  derivation  of  the  discretized 
equations  of  motion  is  given  primarily  to  define  the  notations  and  fix  the 
ideas  for  subsequent  discussion.  Methods  of  modeling  damping  within  the 


Figure  5.22.  - 


Analytical  results  conparing  the  all 
solid  model  to  the  equivalent  solid 
model  for  Plate  2  first  torsion  mode 
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framework  of  finite  element  analysis.are  discussed  next.  Procedures  are  given 
for  constructing  da  taping  matrices  using  known  damping  data  and  stiffness  and 
mass  characteristics  of  the  structure.  Frequency  dependent,  proportional  and 
nonproportional,  viscous  and  hysteretic  datsping  models  are  discussed.  Other 
models  which  may  be  a  better  representation  of  material  damping  behavior,  but 
are  not  well  developed  for  practical  applications  are  relegated  to  the  cited 
literature.  Response  analysis  methods,  relevant  to  the  effectiveness  of 
assessing  damped  designs,  are  described.  It  is  noted  that  the  direct  response 
analysis  methods  permit  greater  generality  in  regard  to  modeling  complex 
material  behavior  and  loading  conditions  but  an  an  increased  computational 
cost.  The  modal  strain  energy  method  is  seen  as  a  co^ju nationally  convenient, 
though  less  accurate,  alternate  for  a  cost-effective,  analysis  at  the  prelimi¬ 
nary  design  stage.  The  limitations  of  this  as  well  as  other  methods  are  noted. 
For  structures  with  heavy  and  non uniformly  distributed  damping,  the  coupling 
of  classical  normal  modes  can  not  be  ignored;  complex  mode  methods  are  given 
to  treat  such  problems.  Analysis  methods  are  described  for  structures  which 
require  solution  by  partitioning  the  system  owing  to  computer  and/or  organiza¬ 
tional  constraints.  Major  commercially  available  finite  element  computer 
programs,  their  response  analysis  capabilities  and  information  concerning 
their  availability  are  described.  It  is  observed  that  for  the  most  part, 
response  analysis  methods  based  on  direct  solution  and  normal  mode  superposi¬ 
tion  are  implemented  in  the  existing  codes.  Few  programs  have  complex  mode 
capability  for  viscously  damped  systems.  None  of  the  general-purpose  programs 
have  the  capability  to  treat  transient  or  complex  modal  response  problems  of 
hysteretically  damped  systems.  Substructure  methods  are  implemented  in  some 
general-purpose  finite  element  computer  programs.  For  the  most  part,  this 
capability  is  developed  independent  of  the  finite  element  programs.  A  pro¬ 
cedure  is  described  next  for  integrating  the  finite  element  analysis  into 
damping  design.  An  example  is  giver  illustrating  the  iissortant  points  of 
this  procedure.  Finally,  two  case  studies  are  presented  that  .'iscuss  prac¬ 
tical  ways  to  reduce  the  size  of  the  discretized  problem  of  dai»ed 
structures. 
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TABLE  5.2.  LIST  OF  SYMBOLS  HSR  SECTION  5 


SYMBOL 


DEFINITION 


C 

u 


De 

F 

Fe 

F 

G 

H 

He 


h 


5 


K 


K6 

m 

h 

k 

M 

ss 

MS 

a* 

®G 


a 

a 

m 

r 


Element  strain  displacement  matrix 

Viscous  damping  matrix 

Elasticity  matrix 

Assembled  load  vector 

Vector  of  concentrated  nodal  forces 

Peak  amplitude  of  harmonic  force 

Damping  matrix 

Hysteretic  damping  matrix 

Element  damping  matrix 

Substructure  dynamic  matrix 


Assembled  stiffness  matrix 
Stiffness  matrix 
Reduced  stiffness  matrix 
Substructure  dynamic  matrix 
Assembled  mass  matrix 
Consistent  mass  matrix 
Mass  matrix 

Degrees-of-freedom  to  be  retained  in  isolated  substructu 
matrix  equations 

Substructure  dynamic  matrices 

Generalized  mass 
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TABLE  5.2.  LIST  OF  SYMBOLS  FOR  SECTION  5  (Continued) 


SYMBOL 

DEFINITION 

Ne 

m 

Matrix  of  shape  functions 

u 

Total  number  of  finite  elements  in  the  assembly  or  the  order  of 

K  or  M  matrices 

A  IS 

p 

Substructure  generalized  coordinates 

p 

Number  of  modes  in  which  damping  is  specified 

£(t) 

Uncoupled  system  coordinates 

S 

0 

Portion  of  surface  of  V  where  t  is  specified 

<SE)L* 

Peak  stored  energy  in  the  element 

s 

Degrees-of-freedom  to  be  reduced  out  of  isolated  substructure 
matrix  equations 

T 

m 

Matrix  defined  in  equation  5.60 

t 

Time 

t_ 

External  traction 

u 

Vector  of  all  independent  node  displacements 

t 

Nodal  displacements 

t 

Vector  of  element  nods!  displaceseat 

B 

Vector  of  nodal  displacements  that  characterize  the  spatial 
form  of  the  response 

— *r 

u 

Transposed  complex  conjugate  of  U  corresponding  to  excitation 
frequency,  a. 

V 

Body 

Y 

Eigensolution  matrix 

2 

Modal  intensity  matrix 
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TABLE  5.2.  LIST  OF  SYMBOLS  FOR  SECTION  5  (Continued) 


SYMBOL 

DEFINITION 

Z 

Complex  mode  coordinate 

Variational  operator 

<5U 

Discrete  virtual  displacements 

6ij 

Krocecker  delta 

e 

p 

Strain 

nd 

Loss  factor  associated  with  dissipation  behavior  in 
dilatational  nodes  of  vibration 

-4 

Loss  factor  of  the  element  material  at  excitation  frequency, 

“i 

n8 

Loss  factor  associated  with  dissipation  behavior  in  shear  modes 
of  vibration 

[U\J 

2n  x  2n  diagonal  mode  value  matrix 

xr,  ur 

Lase*s  parameters  of  the  isotropic  elastic  material  in  the 
elasticity  matrix  D 

u1,  a* 

Material  parameters  of  the  damping  matrix.  G 

V 

Damped  forced  normal  mode  coordinates 

u 

Forcing  frequency 

e 

Natural  frequency 

u 

n 

Modal  frequency 

HXN  diagonal  matrix  with,  clement  in  r"  *  row  and  column  beio*?  u 

r 

ui 

a  ___ 

Undamped  frequencies 

i  i 

1 _ ! 

Column  of  forces  equal  to  times  the  inertial  force  corresponding 

to  harmonic  vibration  U  3 
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SYMBOL 


DEFINITION 


£ 

e 


rs 


Mode  shapes  corresponding  to  ujs 
Complex  mode  matrix 

Mass  density  of  the  structural  material 
Stress 

rt^1  mass  normalized  mode  shape  of  undamped  structure 

Vector  of  modal  coordinates 

Viscous  modal  damping  ratio 

System  damping  ratio 

Modal  damping  ratio 

Modal  damping  coupling  ratio 
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SECTION  6 

MEASUREMENT  OF  RESONANT  FREQUENCIES  AND  DAMPING 

6.1  INTRODUCTION 

The  purpose  in  thxs  section  is  to  briefly  review  the  methods  used  in 
determining  the  resonant  frequencies  and  the  damping  of  structural  modes. 

This  field  is  still  undergoing  considerable  change,  spurred  on  by  the  need  for 
for  modal  parameter  identification  in  the  presence  of  nonlinear  response,  the 
resolution  of  modes  with  identical  frequencies  in  the  presence  of  noise  and 
the  avoidance  of  truncation  or  smoothing  errors.  A  review  of  parameter  iden¬ 
tification  methods,  and  developments  in  these  methods,  is  contained  in  Refer¬ 
ence  [6.1]  with  emphasis  on  ground  vibration  testing  of  aircraft.  The 
intention  here  is  to  concentrate  on  the  well  established  methods  rather  than 
on  the  newest  developments  in  the  field,  with  emphasis  placed  on  accurate 
measurement  of  modal  damping.  System  identification  [6.2],  which  involves 
changing  the  analytical  model  of  the  structure  on  the  basis  of  measured  modal 
parameters,  is  beyond  the  scope  of  this  review. 

The  basic  methods  are  discussed  in  Section  6.2  and  the  subsequent  devel¬ 
opment  of  these  methods  based  on  the  Fourier  and  the  Laplace  transform.0 ,  are 
discussed  in  Section  6.3.  The  errors  in  the  measured  damping  resulting  from 
the  use  of  the  above  periodic  transforms  In  analyzing  nonperiodic  data  and  the 
means  of  overcoming  these  errors  are  discussed  in  Section  6. A. 

6.2  BASIC  METHODS 

The  basic  methods  for  measuring  the  model  frequencies  and  damping  include 
the  free  vibration  decay  method  in  the  time  domain  [6,3,  6. A,  6.5],  and  the 
half  power  point  [6.3,  6. A,  6.5]  and  the  Kennedy-Pancu  (K-P)  [6.6]  methods 
in  the  frequency  domain.  These  methods  work  best  with  well  separated  modes 
in  which  each  mode  can  be  treated  as  a  single  degree-of-f reedom  system.  Most 
vibration  response  measurements,  from  a  variety  of  structures,  can  be  analyzed 
on  the  basis  of  a  single  mode  response.  The  basic  K-P  method  can  also  be  used 
to  analyze  multimodal  response  provided  the  modes  do  not  have  close  or 
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identical  resonant  frequencies.  Even  this  problem  can  often  be  overcome  by 
selecting  a  different  measurement  location  where  the  response  in  one  or  the 
other  of  the  modes  dominates.  All  of  these  methods  are  degraded  by  the 
presence  of  spurious  noise  in  the  response  data.  Damping  is  especially 
sensitive  to  the  presence  of  such  noise,  accounting  in  part  for  the  large 
scatter  observed  in  the  measured  damping  data. 

The  basic  theory  for  the  above  methods  is  summarized  in  some  detail  in 
the  following  sections,  assuming  a  single  mode  response.  All  methods  of 
measuring  damping  are  based  on  either  the  free  vibration  decay  or  the  com¬ 
plex  frequency  domain  representation  of  the  resonant  vibration  response. 

6.2.1  Time  Domain  Analysis 

The  structural  damping  or  loss  factor,  q,  can  be  used  in  steady  state 
vibration  analysis  but  has  some  limitations  [6.7]  when  used  in  free  vibration 
or  transient  analyses.  This  problem  is  not  encountered  with  the  viscous 
damping  ratio,  Since  most  structures,  including  those  damped  with  visco¬ 
elastic  materials,  have  a  viscous  damping  ratio  of  less  than  0.2,  the  viscous 
damping  ratios  extracted  by  all  of  the  methods  can  be  expressed  in  terms  of 
the  loss  factor  by  means  of  the  following  relationship 

n  *  2c  (6.1) 


6.2 _ 1  Free  Vibration  Theory 

The  equation  of  motion  for  the  free  vibration  of  a  single  degree-of- 
freedom  system  with  viscous  damping  can  be  written  as 


Mw(t)  +  Cw(t)  +  Kv(t)  =  0 


(6.2a) 


where  M  is  the  mass,  C  is  the  viscous  damping 
and  w(t),  w(t)  and  w(t)  are  the  acceleration, 
mass,  respectively.  On  dividing  by  the  mass. 


coefficient,  K  is  the  stiffness, 
velocity  and  displacement  of  the 
the  above  equation  becomes 


l  ?r 


.  w(t)  +  »(t)  =  0 

n  n 
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The  critical  damping  coefficient  corresponding  to  this  unit  viscous  damping 
ratio  is  given  in  equation  6.5. 


Equation  6.8  contains  the  natural  circular  frequency  end  the  viscous 
damping  ratio  in  an  extractable  form.  Thus,  for  a  single  degree-of-freedom 
system,  it  is  only  necessary  to  displace  the  mass  and  then  to  release  it 
suddenly  in  order  to  reproduce  the  exponentially  decaying  oscillation 
represented  by  equation  6.8.  The  quick  stop  method  is  another  means  of 
achieving  the  same  result.  The  mass  in  this  method  is  excited  by  a  harmonic 
force  that  is  first  tuned  onto  the  resonant  frequency  of  the  single  degree- 
of-freedom  system  and  then  suddenly  removed.  Tha  resulting  exponentially 
decaying  oscillation  can  also  be  represented,  over  most  of  the  decay,  by 
equation  6.8. 

6.2. 1.2  Impulsive  Loading 

The  velocity  of  the  mass  of  a  single  degree-of-freedom  system,  that  is 
subjected  to  an  impulse  I,  is  changed  suddenly  by  I/h  without  undergoing  any 
significant  displacement.  On  substituting  these  initial  conditions  into 
equations  6.6  and  6.7,  it  follows  that  the  resulting  displacement  of  the  mass 
is  given  by 


w(t)  =  I  h(t) 


(6.1i; 


whese 


h(t) 


Sin  w  ,t 

U 


(6.12; 


is  the  impulse  response  function  of  the  single  degree-of-freedom  system.  Thi: 
impulse  response  function  represents  an  exponentially  decaying  oscillation 
similar  to  that  in  equation  6.8.  For  an  impulse  I(t),  of  arbitrary  shape  and 
duration, t,  the  displacement  in  equation  6.11  becomes 


i(t-t)  h(-r)  dt 


(6.13) 


«!ier«  t  Is  another  tine  variable. 

If  sn  impulse,  of  duration,  t,  is  applied  at  the  base  of  the  spring, 
producing  a  base  displacement  of  Wg(t)»  the  relative  displacement, wR(t),  of 
the  mass  becomes 


.  f  -C«_(t-T) 

wR(t)  -  —  j  vg(T)  e  Sin  (u  {t-t})  dr 

d  •'o 


(6.14) 


where 


wR(t)  *  w(t)  -  Wg (t) 


(6.15) 


and  Vg(t)  is  the  acceleration  of  the  base.  Equations  6.13  and  6.14  both 
represent  exponentially  decaying  oscillations,  subsequent  to  the  initial 
disturbance. 

6.2. 1.3  Logarittoic  Decrement  Method 

Hie  method  used  in  extracting  the  natural  frequency  and  the  viscous 
damping  ratio  from  the  exponentially  decaying  oscillation  of  a  single  degree- 
of-freedos  system  is  known  as  the  logarithmic  decrement  method.  This  method, 
basically,  involves  measuring  the  Zero  to  peak  amplitudes  and  Wj  of  two 
adjacent  decay  peaks,  as  illustrated  in  Figure  6.1a-  The  log  decrement  6  is 
given  by 


6  =  in 


j 

-C-  t.  \ 

n  1  „  I 

|!il 

i  =  £n 

e  Cos  («d  tj  -  ^)  | 

[w2 1 

1  j 

1  -c>(trT) 

Cos  (ud  Uj+T)  -  i.) 

(6.16) 


where  in  indicates  a  natural  logarithm,  tj  corresponds  to  the  time  at  peak 
and  T  is  the  period  of  the  decaying  oscillation  given  by 


/  2 
■  Jh' 


(6.17) 


The  value  of  the  cosine  term  is  the  same  at  time  t.  and  time  t^  +  T,  i.e., 
one  period  later.  Therefore,  using  the  relationship  in  equation  6.17,  equa¬ 
tion  6.16  reduces  to 
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Since  t,,  for  most  structures,  is  less  chan  0.2,  /l-?^ 
nation,  the  following  relationship  is  obtained. 


~  1.  With  this  approxi- 


(6.19) 


In  practice,  it  is  more  accurate  to  measure  the  amplitude  after  an  elapse  of 
a  number  of  cycles,  for  example  n.  If  the  amplitude  after  H  cycles  is  wN+j » 


1  -  i  W1  1 
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and  the  viscous  damping  ratio  is  given  by 


(6.21) 


the  natural  circular  frequency  is  extracted  from  equation  6.17  and  the 
viscous  damping  ratio  from  equation  6.21. 

6 . 2 . 1 . 4  Multimodal  Response.  Circuit  Noise  and  Filtering  Effects 

A  sharp  impulse  contains  energy  over  a  wide  frequency  range  and  will, 
therefore,  excite  many  resonant  modes  simultaneously.  Even  displacing  and 
suddenly  releasing  the  structure  will  excite  more  than  one  mode.  Noise  will 
also  be  present  in  the  measurement  circuits,  producing  a  random  ripple  super¬ 
imposed  on  the  multimodal  decay  time  history.  Filtering  is  used  to  isolate 
the  mode  of  interest  and  to  reduce,  to  some  extent,  the  level  of  the  noise 
ripple.  The  filter  must,  however,  be  wide  enough  so  as  not  to  affect  the 
free  vibration  decay  in  the  selected  mode  [6.8,  6.9]. 

The  effect  of  such  a  filter  on  the  free  decay  can  be  illustrated  by 
considering  the  effect  of  an  ideal  rectangular  bandpass  filter  on  the  impulse 
response  function  (equation  6.12)  of  a  single  degree-of-freedoa  system.  After 
passing  through  such  a  filter,  the  resulting  impulse  response  function,  h(t,), 
can  be  represented  by  the  equation 


[Sin  2z  fo^-t,)  -  Sin  2r  f.(t-t.)} 
h(t)  - — - - - —  }  dt 

(  t_Cl 


(6.22) 
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where  and  f ^  are  the  bandpass  filter  upper  and  lower  frequency  limits, 
respectively .  The  effect  of  the  bandpass  filter  on  the  impulse  response 
function  is  illustrated  [6.9]  in  Figure  6.2,  for  the  following  parameters: 

fn  «  20  Hz  f2  =  36  Hz 

C  =  0.02  fj  =  25  Hz 

Leakage,  represented  by  the  waveform  below  t=0,  has  been  introduced  by  the 
filter.  The  impulse  response  function  is  similarly  affected  above  t*0.  This 
leakage  effect  extends  as  much  into  the  positive  time  region  as  it  does  into 
the  negative  time  region.  The  viscous  damping  ratio,  extracted  by  the  loga¬ 
rithmic  decrement  method  from  the  positive  decay  time  history  in  Figure  6.2, 
beyond  the  fifth  positive  peak,  could  be  lower  than  the  actual  damping  ratio 
by  as  much  as  thirty  percent.  Widening  the  filter  increases  both  the  noise 
level  and  the  possibility  of  multimodal  response.  A  free  decay  with  two 
modes,  such  as  illustrated  in  Figure  6.3,  cannot  be  analyzed  accurately  by 
the  basic  logarithmic  decrement  method. 

The  quick  stop  method  has  an  advantage  over  the  impulse  excitation  method 
since  all  of  the  excitation  energy  is  concentrated  at  a  discrete  frequency 
that  is  tuned  onto  the  resonant  frequency  of  the  mode  of  interest.  Thus  one 
sods  at-a-titae  is  excited.  Circuit  noise  can  be  minimized  by  the  use  of  band¬ 
pass  filters  subject  to  the  previously  discussed  limitations.  Even  with  this 
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Figure  6.3.  Tvpicax  aircraft  stick  pulse  excited 
free  decay  with  beating 


fora  of  excitation,  the  free  decay  can  be  contaminated  by  a  contribution  from 
an  adjacent  close  mode- 

The  effect  of  circuit  noise  on  the  decay  tine  history  can  also  be  mini¬ 
mized  by  the  use  of  a  least  squares  type  curve  fit  [6.10,  6.11]  of  test  data 
to  both  single  and  multimodal  free  vibration  theory.  Tnus,  both  of  the  above 
problem  areas  can  be  overcome.  The  implementation  of  these  least  squares 
curve  fit  theories  was  made  possible  by  the  development  of  analog  to  digital 
(A  to  D)  converters  over  two  decades  ago,  thereby  placing  the  burden  of  the 
analysis  on  the  computer. 

6.2.2  Freouencv  Domain  Analysis 


6.2.2, i  Forced  Vihra* ior  With  Viscous  Damping 

tf  the  mass  of  a  spr ing-mass-damper  system  is  excited  by  a  har-c 
F  Cos  -i i  the  equation  of  motion  can  be  expressed  by 


Mwft)  +  Cw(t)  +  Kw(c)  •  I'  Cor  <*t 


<6.2 U) 


whore-  F  Ih  tin*  amplitude  of  the  force  and  >.  1h  the  excitation  circular  fre¬ 
quency.  Equation  6.2'J  can  alno  be  exproHsed  in  complex  form  by 


w(t)  ■  ii(  iw)  F  e*wt 


(6.2/.) 


where 


H(iu) - -j - y - r  (6.25) 

M  -  ui  +  2i  m  J 

is  known  as  the  frequency  response  function  of  the  single  degrec-of-f reedom 
system  and  i  represents  the  square  root  of  minus  one.  The  resulting  displace¬ 
ment  to  the  harmonic  force,  obtained  by  taking  the  real  part  of  equation  6.24, 
can  be  expressed  by 


w(t)  ■  w  Cos  (u)t  -  4>) 
o 


(6.26) 


after  the  start-up  transients  have  decayed,  where  4)  is  the  phase  angle. 
After  substituting  equation  6.26  into  equation  6.211  the  resulting  zero-to- 
peak  amplitude,  wq,  of  the  displacement  becomes 


t 


(6.27) 


The  phase  angle  can  be  obtained  from  the  relationship 


It .  w 

Tan  ♦  -  -2 - j 


(6.28) 
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where  f  and  f  are  the  frequency  and  the  natural  frequency,  respectively.  The 
maximum  amplification  of  the  vibration  is  obtained  when  equation  6.27  is  a 
„aximum.  This  occurs  when 


fr  =  fnVl  -  2c2  (6.29) 

which  is  also  known  as  the  resonant  frequency.  For  small  damping  f^  5  fR. 

2 

Since  H  ^  =  K  is  the  static  stiffness,  equation  6.27  can  also  be 

n 

expressed  by 


(6.30) 


which  represents  the  nondimens ional  amplitude  the  vibration  or  the  oagnifi~ 
cation  factor.  It  has  the  value  of  unity  ..  zero  excitation  frequency  (f*Q). 
At  the  resonant  frequency,  the  nondioensional  vibration  amplitude  becomes 


w  K 
o 

F 


Q 


(6.31) 


In  the  above  equation.  Q  is  called  the  amplification  factor  or  the  quality 
factor.  This  factor  represents  the  ratio  of  the  dynamic  displacement  at 
resonance  to  the  static  displacement.  Typical  magnification  factors  are 
illustrated  in  Figure  6.4  for  a  viscous  damping  ratio  of  0.125  and  for  cri¬ 
tical  damping. 
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Figure  6.4.  Typical  magnification  factors  for  single  degree-of-f reedcm 
system  with  viscous  damping,  including  the  half  power 
points 


6. 2. 2. 2  Half  Power  Point  Method 


The  viscous  damping  ratio  can  be  calculated  from  the  response  curve  given 
by  equation  6.27,  using  the  half  power  point  method.  The  amplitude  of  the  dis¬ 
placement  at  resonance  is  given  by 


°  M  /  2t/f"-  c2  M  J  2c 


(6.32) 


The  amplitude  of  the  displacement  at  the  half  power,  or  three  dB  (decibel) 


points  is  /l/l  times  the  amplitude  at  resonance.  Therefore,  when  w  =  /if/ 

2  ° 

(M  4)  4c)  is  substituted  back  into  equation  6.27,  two  frequencies  are  obtained. 


fl  =  fn  (1"^ 


fn  (1+0 


(6.33) 
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In  equation  6.33,  f ,  is  the  frequency  of  the  lower  half  power  point  and  f ^  is 
that  of  the  higher  half  power  point.  The  frequency  bandwidth  df  at  the  half 
power  points  is 


df  “  f2  *  fl 


u  £ 


(6.34) 


and  the  viscous  damping  ratio  is  simply 


f2  "  * 1 
2f 


(6.35) 


This  procedure  for  measuring  the  damping  is  illustrated  in  Figure  6.4,  with 
the  magnification  factor  (MF)  given  by  equation  6.3G.  The  method  is  based  on 
the  fact  that  the  area  under  the  curve  within  the  half  power  point  bandwidth 
is  equal  to  half  of  the  total  area  under  the  curve. 

The  problems  with  this  method  are  illustrated  in  Figures  6.5  and  6.6  which 
depict  a  single  mode  response  of  a  Kevlar  honeycomb  panel  to  harmonic  acoustic 
excitation  and  a  two-mode  aircraft  wing  response,  respectively.  The  latter 
figure  corresponds  to  the  vibration  decay  shown  in  figure  6.3.  The  ' modal 
response"  in  Figure  6.5  represents  the  true  single  degree-of-free '-a  response 
whereas  the  "total  response"  is  usually  obtained  experimentally,  reflecting 
the  contribution  from  the  other  modes.  Errors  could  be  obtained  in  the  mea¬ 
sured  resonant  frequency  and  the  dating  when  the  total  response  curve  is  usea 
For  reasonably  close  modes  such  as  those  illustrated  in  Figure  6.^,  the  half 
power  points  cannot  be  resolved. 

6 . 2 . 2 . 3  Forced  Vibration  With  Hyste^etlc  D^ihging 

The  equation  of  motion  with  hys*eretic  damping,  corresponding  to 
equation  6.23  with  viscous  damping,  is 


3  <13  SAHQWSTH  f„  Hi  df  Hi 
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Figure  6.5.  Modulus  of  a  stiffened  R<evlsr  honeycoafc  panel 
vibration  response  so  discrete  fre^utncy 
aeons-: ic  excitation 
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Figure  6.6.  Modulus  of  a  typical  aircraft  vibration  response 
corresponding  to  th  free  decay  in  Figure  6.3 
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where  n/w  is  the  hysteretic  damping  coefficient.  The  displacement  can  again 
be  expressed  by  equation  6.26*  but  with  the  zero-to-peak  amplitude  given  by 
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o 


2  *ll/Z 

'  'M 


and  the  phase  angle  by 
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where  n  is  the  loss  factor  or  structural  damping  defined  by 


(6.37) 


(6.38) 


r,  (6.39) 

T.ie  phase  angle  remains  finite  at  zero  frequency  with  hysteretic  dating  but  is 
zero  with  viscous  damping  (equation  6.27).  Equation  6.36  can  also  be  expres¬ 
sed  in  echoplex  form  by  equation  6.26,  but  H(iu)  is  now  given  by 

H(1“>  ‘  ,['  *  ,  2\  <6-40> 

H  u  -  u  +  in  us 

\  n  «/ 


The  half  power  point  method  can  also  be  used  with  hysteretic  damping. 
In  this  instance,  the  loss  factor  is 


Also, 


Q  =  i  (6.42) 

t> .  2  -  2 . 4  The  Ken^edy-i*ancu  Method 

The  derivation  of  this  method  is  based  on  the  assumption  of  hysteretic 
damping.  On  using  the  complex  form  cf  the  equation  of  motion,  determined  by 
combining  equations  6.24  and  6.40,  the  complex  displacement  can  be  expressed  by 
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where 


and 


(6.44) 


(6.45) 


represent  the  real  and  imaginary  parts  of  the  displacement.  Now 
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Equation  6.47  represents  an 
on  the  complex  plane  with  a 
the  modal  diaaeter  which  is 


equation  of  a  circle,  centered  at  (0,  -  F/2Mn  to2) 

/  2\  '  n/ 

y/(m  <). 


diameter  =aual  to 


This  diameter  is 


equal  to  the  zerc-to-peak  amplitude  at  resonance. 


The  resonant  frequency  is  located  where  the  above  circle  intersects  the 
complex  axis,  away  from  the  origin.  Another  more  practical  method  for  estab¬ 
lishing  the  resonant  frequency,  that  also  works  well  with  multimodal  response, 
is  to  determine  where  the  rate  of  change  of  arc  lengthy  s,  along  the  circum¬ 
ference  rith  respect  to  the  frequency  (or  frequency  squared),  is  a  maximum. 
This  condition  is  represented  by  the  following  equation 


ds  m  _ 1 _ 

d(to2)  1/  2  2V  ,24 
M  j\wn  "  a  /  +  n  wn 

which  has  a  maximum  at  the  resonant  frequency,  where  a)  *  *4)  , 


(6.48) 


The  damping  can  be  obtained  from  the  half  power  points,  which  for  a 
single  degree-of-freedoa  system,  coincide  with  the  maximum  and  minimum  val¬ 
ues,  respectively,  of  R(oj)  ,  the  real  part  of  the  complex  displacement  given  by 
equation  6.44.  In  practice  the  full  circle  is  not  always  obtained.  Conse¬ 
quently,  it  is  more  practical  to  measure  the  angle  6  subtended  at  the  modal 
origin  A  by  the  arc  of  the  circle  between  the  resonant  frequency,  f^,  and 
another  frequency,  f,  on  eithe,  side  ox  the  resonant  frequency.  The  loss 
factor  is  defined  by 

2  (fn  "  f) 

n  =  - __  Cot  9  f  <  f  (6.49a) 
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f  >  f  (6.49b) 


At  the  half  power  points  6  *  45°. 

The  above  theory  is  also  valid  for  viscous  damping.  Because  of  the 
relationship  in  equation  6.29,  the  maximum  response  is  obtained  just  before 
the  circle  crosses  the  imaginary  axis.  The  viscous  damping  ratio  is  extrac¬ 
ted  from  the  circular  vector  loop  by  means  of  the  following  relationships: 

f  -  f 

4  -  -^c -  Cot  6  f  <  f  (6.50a) 

n  n 

and 

f  -  f 

4  -  — t— -  Cot  9  f  >  f  (6.50b) 

\i  n 

and  the  resonant  frequency  by  the  location  on  the  circle  where  ds/df  is  a 
maximum,  the  same  as  before. 

6. 2. 2. 5  Application  of  the  Kennedy-Pancu  Method 

A  resolved  components  indicator  is  usually  used  with  the  &-P  method  to 
measure  the  inphase  and  out-of-phase  vibration  response,  at  discrete  frequency 
increments,  relative  to  the  constant  level  harmonic  force.  The  resulting 
modal  circles,  obtained  from  these  data  when  plotted  on  the  complex  plane,  are 
called  vector  loops. 

Typical  results  obtained  with  the  K-P  method  are  illustrated  in  Fig¬ 
ure  6.7.  They  represent  the  measured  vibration  response,  in  the  fundamental 
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mode  of  a  stiffened  Kevlar  honeycomb  panel,  due  to  discrete  frequency  acoustic 
excitation.  The  modulus  of  this  vibration  response  is  illustrated  in  Fig¬ 
ure  6.5.  The  resonant  frequency  of  124.5  Hz  was  established  in  Figure  6.7a, 
by  measuring  ds/df  along  the  vector  loop  in  Figure  6.7b.  The  vicous  damping 
ratio  was  computed  (Table  6.1)  by  taking  the  average  of  two  damping  ratios 
calculated  with  angles  6^  and  6^  on  either  side  of  the  resonance,  as  illustra¬ 
ted  in  Figure  6.7b.  The  difference  in  the  measured  damping  values  indicates 
that  the  resonant  frequency  may  not  have  been  physically  located  at  its  cor¬ 
rect  position  on  the  vector  loop,  the  main  reason  for  selecting  an  angle  on 
both  sides  of  the  resonant  frequency. 

The  origin  of  the  modal  response  is  located  at  point  A  in  Figure  6.7b. 

The  distance  GA  represents  the  contribution  from  the  other  modes.  The  total 
response  is  measured  relative  to  the  origin  O.  The  two  curves  in  Figi.fe  6,5 
were  obtained  by  taking  the  modulus  of  the  response,  first  relative  tD  the  ori¬ 
gin  at  G  (the  total  response),  and  then  relative  to  A  (the  modal  response). 

The  shapes  are  obtained  by  measuring  the  modal  diameter  at  different 

locations  on  the  structure,  taking  account  of  the  phase.  Except  close  to 
nodal  lines,  all  the  modal  vectors  at  resonance  are  either  in  phase  or 
ISO  degrees  out-of-phaoe. 


TABLE  6.1.  CALCULATION  OK  THE  VISCOUS  DAMPING  RATIO 
USING  THE  K-P  METHOD 


The  K-P  method  can  also  be  used  to  extract  the  resonant  frequencies  and 
oasping  values  for  multimodal  response  such  as  illustrated  in  Figure  6.8. 

These  multimodal  vector  loops  were  obtained  by  taking  the  Fourier  Transform 
of  the  stick  pulse  excited  decay  in  Figure  6.3.  The  difference  between  the 
modal  and  total  response  is  illustrated  sore  clearly  in  this  figure  The 
damping  for  both  modes  can  still  be  extracted  from  these  vector  loops  by  means 
of  equations  6.45  or  6.46,  but  not  from  the  modulus  of  these  vector  loops, 
illustrated  in  Figure  6.6.  Modes  that  have  closer  resonant  frequencies  than 
those  shown  in  Figure  6.8  may  not  be  resolved  by  the  basic  K-P  method. 

The  accuracy  of  the  K-P  method  is  degraded  by  the  presence  of  both  noise 
in  the  measurement  cituuit  and  distortion  in  the  excitation  waveform.  The 
resolved  components  indicator  has  some  noise  rejection  capability  on  account 
of  the  averaging  time  used  in  the  instrument.  In  most  instances,  filtering 
is  also  required,  subject  to  the  limitations  discussed  in  Section  6.2- 1.4.  A 
high  as  possible  signel-to-noise  ratio  shculd  be  used  if  accurate  damping 
measurements  srs  to  he  obtained. 

The  main  disadvantages  cl  the  basic  K~?  method  are  that  it  is  very  li&a 
consuming  to  Apply  and  very  tedious  to  analyze  by  h3nd  if  sany  modes  are  pre¬ 
sent,  especially  when  measuring  mode  shapes  since  assay  seo-jureaent  locations 
are  involved.  The  results  are  also  subject  to  human  error,  especially 
if  the  vectc*  loops  are  distorted  by  spurious  noise.  These  problem  areas 
stimulated  the  development  of  curve  fitting  algorithms  ?6.12.  6, '.3,  6.14]  which 
can  extract  the  modal  parameters  interactively  while  minimising  the  effects  of 
measurement  circuit  noise  and  the  presence  of  racdote  noise  (or  distortion)  in 
the  excitation  signal  (6, *51.  This  latter  effect  produces  the  greatest  scat'' 
ter  in  the  test  data  at  the  resonance  peak,  as  illustrated  in  Figure  6,9c. 

6.3  DEV£lftF»l£NT  0?  THE  BASIC  KET«011S 

The  need  for  reducing  test  ti®c-  has  resulted  In  the  development  of  alter¬ 
nate  shorter  duration  osethods  for  exciting  structures.  These  include  the 
brftsd  band  rsndoa  excitation  ffe.Ifej,  the  rapid  sine  sweep  excitation  16.1? j  so 
the  impedance  head  haccer  tao  excitations  56.14).  The  random  excitation  has 


Figure  6.8.  Frequency  domain  representation  of  the  stick  pulse 
excited  decay  in  Figure  6.3 

been  around  fcr  a  long  tire  but  was  time  consuming  to  apply  since  the  cross 
correlation  function  had  to  be  determined  experimentally,  before  the  cross 
spectral  density  could  be  obtained  by  means  of  the  Fourier  Transform  [6.18]. 
With  the  advent  of  the  Fast  Fourier  Transform  <FFT)  (6.19,  6.20],  the  auto 
and  cross  spectral  densities  couid  be  calculated  directly  and  in  a  much 
shorter  time  than  before.  The  FFT  and  the  recent  advances  in  computer  tech¬ 
nology,  have  revolutionized  modal  testing  by  placing  the  larder-  of  da-'  reduc¬ 
tion  on  the  computer  while  simultaneously  permitting  an  increase  in  the  amount 
of  data  being  processed.  Methods  of  extracting  the  modal  frequencies  and  the 
damping  have  also  increased  in  number  due  to  the  increase  in  the  computational 
capability.  Some  of  these  methods  are  reviewed  briefly  in  the  following 
section. 
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6.3.1  Structural  Response  to  Random  Excitation 


6., 3. 1.1  Fourier  Transform  Based  Analysis 


The  autocorrelation  function  R^^(t)  of  the  response  y(t)  of  a  single 
degree-of-freedom  system  excited  by  broad  band  random  force  x(t)  is  given 
by  [6.16,  6.18,  6.21] 


Ryy(T)  =  Lim  T-*»  2^ 


r  t 

2T  J  y  ^ C 


)  y(t+x)  dt 


-?unT  / 
irS  e  / 

xx  |„  .  C 

- - - ^ -  |CoS  U, T  +  - 

•  \  JTT2 


Sin  a),T 

a 


(6.51) 


where  Sxx  is  the  constant  power  spectral  density  of  the  excitation.  The  dis¬ 
placement  y(t),  which  is  the  same  as  the  displacement  w(t)  in  the  previous 
section,  is  used  .;ere  for  convenience.  The  power  spectral  density  Syy((o) 
the  displacement  is  given  by  the  Fourier  Transform  of  the  correlation  funtion. 
Therefore 


S  (to) 

yy 


/co 

R  (x)  e  i( 

yy 


[/  2  2\2 

l\n  / 


,  ,_2  2  2 

+  4?  (On  to 


=  jH(i«)r  sv 


(6.52) 


wheie  jH(ito) |  is  the  modulus  of  equation  6.25.  The  cross  correlation  function 
between  the  random  force  x(t)  and  the  corresponding  response  y(t)  of  a  single 
degree-of-freedom  system  is  given  by  [6.16,  6.21] 
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R  (t) 
xy 


=  Lin  T-*» 


e  f  }  x(t)  y(t+x)  dt 


2~S  -uj  Ct 

XX  n 

57 -  e  Sin  “jT 

a 


elsewhere 


(6.53) 


and  the  cross  spectral  density  S^Cu)  by 


S  (w) 

xy 


r 

2tt  J 


„  ,  .  -1WT  , 

R  (t)  e  dt 
xy 


«  H(iu)  S_ 


(6.54) 


The  above  spectra  are  double-sided  spectra  in  which  half  of  the  energy 

is  contained  in  the  negative  frequencies.  Single-sided,  positive-frequency 

cross  and  power  spectral  densities,  denoted  by  G  (u>)  and  G  (w),  respectively, 

xy  yy 

are  used  in  practice.  These  single-sided  spectra  are  related  to  the  cor¬ 
responding  double-sided  spectra  by 


G  (u>)  =  2  S  (w) 
xy  xy 


(6.55) 


G  (u)  =  2  S  (u) 

yy  yy 


(6.56) 


Also,  the  above  spectra  can  be  expressed  in  terms  of  the  frequency,  f,  as 
opposed  to  the  circular  frequency,  j,  by 


-V  G«v<-> 


(6.57) 
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On  examining  the  above  equations,  it  is  seen  that  equations  6.51  end  6.53 
are  very  similar  to  equations  6.8  and  6.12,  respectively,  except  for  multipli¬ 
cation  by  different  constant  terms.  Thus,  the  free  decay  analysis  procedures 
can  be  used  to  extract  modal  parameters  from  these  equations.  Similarly, 
equation  6.52  corresponds  to  the  square  of  equation  6.27,  enabling  the  damping 
to  be  extracted  by  the  half  power  point  method,  while  equation  6.54  corresponds 
to  equation  6.24,  enabling  damping  to  be  extracted  by  the  K-P  analysis. 

The  measurement  of  the  cross  and  power  spectral  densities  usually 
requires  a  long  record  length  in  order  to  achieve  the  required  statistical 
accuracy.  The  percentage  error  in  measuring  the  power  spectral  density  with 
a  confidence  level  of  90  percent  is  given  [6.16]  in  Table  6.2  as  a  function 
of  the  statistical  degrees-of-freedom, k.  The  relationships  used  in  the 
Blackman  and  Tuckey  (B-T)  analysis  for  establishing  the  power  spectral  density 
analysis  parameters,  including  the  definition  ot  the  statistical  degrees-of- 
freedom,  are  summarized  in  Table  6.3.  The  error  in  the  power  spectral  density 

A 

is  a  function  of  the  analysis  bandwidth,  Af,  and  the  record  let.gth,  T  (=NAt). 


TABLE  6.2.  ERROR  IN  MEASURING  PSD  FOR  90%  CONFIDENCE  LIMITS  AS  A 
FUNCTION  OF  THE  STATISTICAL  DEGREES-OF-FREEDOM 


Statistical  Degrees-of-Freedom, 

k 

±  Percent  Error  in  PSD 

10 

65 

20 

43 

30 

40 

40 

35 

50 

32 

100 

23 

200 

16 

400 

11 

1000 

7 

TABLE  6.3.  BLACKMAN  AND  TUCKEY  ANALYSIS  PARAMETERS  FOR  DETERMINING 
POWER  SPECTRAL  DENSITY  (PSD) 


N  =  total  number  of  samples  in  record 
T  =  record  length  (seconds) 

At  =  time  spacing  of  samples  (seconds) 

Af  =  frequency  resolution  in  PSD  (Hz) 

f  =  highest  frequency  in  PSD  or  half  of  the  Nyquist  frequency  (Hz) 
=  maximum  correlation  time  delay  (seconds) 
m  =  maximum  number  of  time  delays 
k  s  number  of  statistical  degrees-of-freedom 
Sampling  rate  =  2f 

m 

Record  length  *  NAt 


£»  *  2k  or  “  *  w 


Af  =  -B  =  — —  =  -L 

m  2mAt  2t 


t  f  . 

m _ m  _  1 

At  “  Af  2Af At 


=  9.1  N 


^  _  2N  _  2 (NAt)  _  2  Record  length 
M  ”  Max  time  delay 
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The  smaller  the  analysis  bandwidth  the  greater  the  error,  or  the  greater  the 
record  length  for  the  same  error  [6.22].  This  relationship  is  usually  expressed 
in  the  form 


Af  T  ~  — jj-  (6.59) 

e 

where  the  record  length  and  analysis  bandwidth  are  measured  in  seconds  and 
Hertz,  respectively,  and  e  is  the  plus  or  minus  fractional  error  in  the  power 
spectral  density,  which  corresponds  closely  with  the  error  in  Table  6.2.  On 
using  the  relationships  in  Table  6.3,  and  equation  6.59,  it  follows  that 

Af  T  *  Af  NAt  -  |  *  -ij  (6.60) 

m  e 

a 

A  value  for  Af  T  of  around  100  is  typically  used  in  power  spectral  density 
analysis.  This  value  represents  400  statistical  degrees-of-freedom  corres¬ 
ponding  to  an  error  of  ten  to  eleven  percent  at  the  ninety  percent  confidence 
level.  Even  at  this  level  of  accuracy,  a  visible  error,  in  the  form  of  a 
random  ripple  superimposed  on  the  true  power  spectral  density,  is  obtained 
which  may  degrade  the  accuracy  of  any  damping  measurement.  The  above  analysis 
parameters  are  essentially  the  same  for  cross  spectral  analysis,  except  that 
two  channels  of  data,  one  for  the  force  and  the  other  for  the  response,  need 
to  be  recorded  simultaneously. 

It  is  necessary,  when  extracting  damping  data,  to  use  an  analysis  band¬ 
width  that  is  sufficiently  small  to  resolve  the  3  dB  points  In  the  power 
spectral  density  analysis  or  to  provide  the  necessary  number  of  frequency 
points  for  establishing  the  vector  loops  in  the  cross  spectral  analysis.  The 
criteria  for  measuring  the  damping  with  sufficient  accuracy  is  given  by  [6.17]. 

f  TC  >  1  (6.61) 

no  — 
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t  /  ,• )■ 


where  f^,  £,  and  are  the  natural  frequency,  the  viscous  damping  ratio  and 
the  maximum  correlation  time  delay,  respectively.  This  relationship  corres¬ 
ponds  to  the  requirement  [6.23]  in  spectral  analysis  that  the  analysis  band¬ 
width,  Af,  has  to  be  equal  to  or  less  than  a  quarter  of  the  3  dB  bandwidth, 
df.  Therefore 


(6,62) 


Equation  6.61  also  translates  into  a  requirement  for  the  dynamic  range  to  be 
equal  to  or  greater  than  55  dB  when  determining  the  auto  and  cross  correlation 
functions. 


6.3. 1.2  The  Fast  Fourier  Transform  Analysis 

The  cross  spectral  density  can  also  be  obtained,  by  means  of  the  FFT, 
based  on  the  following  equation  [6.20,  6.22,  6.24] 


S 

xy 


(03) 


Lim  T-*“ 


*1 


„  —  ——  x*(ius,T)  y  (io3,T) 
K  j=l  T  i  j 


(6.63) 


* 

where  Xj(i(i>,T)  and  y_j(iu,T)  represent  the  jth  Fourier  spectra  of  the  force 
Xj(t)  and  the  response  y. (t) ,  respectively,  measured  over  the  same  time  seg¬ 
ment  j,  each  duration  T;  the  asterisk  denotes  a  complex  conjugate;  and  the 
summation  is  taken  over  K  spectra  in  order  to  obtain  convergence  [6.24].  The 
Fourier  spectra  x.(i&),T)  and  y,(iu,T)  are  calculated  first  by  means  of  the 


J  Xj(t)  e"ia)t  dt  (6.64) 

o 


FFT  using  the  relationships 


x3(i“’T)  ‘  2i 
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T 

iSi"’T)  mhJ 


y^(t)  e  dt 


(6.65) 


for  each  successive  segment  of  data,  the  complex  conjugate  is  then  taken  of 
the  force  spectrum  and  the  resulting  spectra  substituted  back  into  equation 
6.63. 

The  cross  correlation  function  is  obtained  by  taking  the  inverse  Fourier 
transform  of  equation  6.63,  that  is 


JllOr 

S  (to)  e  '  dco 
xy 


(6.66) 


However  some  prior  manipulation  of  the  data  is  required  t‘6.19]  before  the 
cross  correlation  function  can  be  obtained  from  equation  6.66  by  means  of  the 
FFT  analysis.  Filtering  errors  such  as  discussed  in  Section  6.2. 1.4  may  also 
be  possible  when  taking  the  inverse  FFT. 


The  power  spectral  density  and  the  auto  correlation  function  are  obtained 
in  the  same  way  as  the  cross  spectral  density  and  the  cross  correlation  func¬ 
tion,  except  that  the  force  x^ (t)  and  the  subscript  x  in  equations  6.63  and 
6.66  are  now  replaced  by  the  response  y^(t)  and  the  subscript  y,  respectively. 


The  relationships  used  in  establishing  the  analysis  parameters  for  the 
FFT  based  spectral  analysis  are  summarized  in  Table  6.4.  Since  the  statisti¬ 
cal  degrees-of-freedom,  k,  are  approximately  equal  to  four  times  the  number 
of  ensemble  averages,  K,  in  the  FFT  analysis,  100  ensemble  averages  are 
required  to  achieve  the  same  statistical  accuracy  as  given  by  equation  6.59 
for  an  error  of  10  to  11  percent,  for  the  same  total  record  length 

A 

(T  s  KLit).  The  number  of  frequency  points  in  the  single  sided  FFT  spectra 
is  equal  to  L/2,  not  counting  the  zero  frequency  point.  For  accurate  mea¬ 
surement  of  the  damping-,  the  requirement  in  equation  6.62  must  also  be  set  by 
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TABLE  6.4.  FFT  ANALYSIS  PARAMETERS  FOR  DETERMINING 
POWER  SPECTRAL  DENSITY  (PSD) 


N  =  total  number  of  samples  in  total  record 


T  =  duration  of  data  block  (seconds) 


L  =  number  of  samples  in  data  block  (256,  512,  1024,  2048,  2  ) 


At  =  time  spacing  of  samples  (seconds) 


Af  =  frequency  resolution  in  PSL  (Hz) 


f  =  highest  frequency  in  PST  (H2) 


K  “  number  of  ensemble  averages 


=  maximum  correlation  time  delay 


k  *  number  of  statistical  degrees-of-freedom 


Sampling  rate  *  2f 


Record  length  *  NAt  ®  K  LAt 


K  =  N/L 


T  =  (one  half  of  a  data  block) 

m  / 


m  1 


L  2t 


k  -  2(-^M  -  l)  =  2  (2K-1) 


the  FFT  spectral  analysis.  The  basis  relationship  between  the  B-T  and  the 
FFT  analyses  is 


Af  »  (6.67) 

Z  i 

m 


where  if  is  the  FFT  analysis  bandwidth  in  Hertz  and  is  the  correlation 
function  maximum  time  delay  in  seconds,  in  the  B-T  analysis. 


was  or'.ginally  developed  for  use  with  rapid  sine  sweep  testing  since  the  auto 
correlation  function  of  the  impulse  response  function  is  the  same  as  the  auto 
correlation  function  of  a  single  degree -of-freedom  system  in  equation  6,51 
[6.26],  Therefore,  this  method  is  also  applicable  to  the  autocorrelation 
function  obtained  with  random  excitation.  It  is  a  powerful  method  for  extrac¬ 
ting  modal  parameters  by  means  of  the  K-p  analysis  (Figure  6.9),  without  the 
need  for  measuring  the  excitation.  The  excitation  spectrum  level  has  to  be 
reasonably  constant  in  the  vicinity  cf  the  modal  response  peaks  to  obtain 
accurate  damping  data.  The  method  can,  for  example,  be  used  to  measure  the 
structural  response  to  turbulent  boundary  layer  [6.27]  without  having  to  mea¬ 
sure  the  turbulent  boundary  layer  power  spectral  density. 


Weighting  of  the  autocorrelation  and  cross  correlation  functions,  with  a 
known  exponential  weighting  function  [6.28],  before  taking  the  Fourier  trans¬ 
form,  provides  a  means  of  improving  the  quality  of  the  measured  damping  data 
by,  essentially,  increasing  the  dynamic  range.  If,  for  example,  the  cross  cor¬ 
relation  function  in  equation  6.53  is  multiplied  by  an  exponential  function 

~onV 

e  ,  it  becomes 

2r  S  -w 

R  (t)  =*  e  n  Sin  u.t  (6.70) 

xy  M  ^  d 


The  damping  has,  in  effect,  been  increased  from  ;  to  The  added  damping 

can  be  subtracted  from  the  total  damping  ^+5.  to  obtain  the  actual  damping 
C,  after  the  total  damping  is  extracted  from  the  cross  spectral  density  by  the 
K-P  analysis.  Thu  limitation  of  this  method  is  that  the  actual  damping  must  be 
significantly  greater  than  the  error  in  the  measured  total  damping.  Also,  the 


vector  loops  of  close  modes  tend  to  coalesce  if 


damping  is  made  too 


Che  total 


6. 3. '.6  The  Laplace  Transform 

The  Laplace  transform  has  some  distinct  advantages  over  the  Fourier 
transform  in  determining  dynamic  response  of  structures.  For  example,  the 
Laplace  transform  of  the  cross  correlation  function  between  the  response  at 
two  points  on  a  structure,  due  to  a  force  applied  at  another  location,  pro¬ 
duces  the  frequency  response  function  of  the  structure  multiplied  by  the  mode 
shape  function  (6.29).  Phase  information  is  retained  between  the  two  points 
on  the  structure  which  enable  mode  shapes  to  be  identified,  in  addition  to 
obtaining  the  resonant  frequencies  and  damping  ratios  from  the  frequency 
response  function.  The  Laplace  transform  of  the  differential  equations  of 
motion  for  a  multi-degree  of  freedom  system  has  formed  the  basis  for  the 
development  of  a  digital  modal  analysis  test  system  [6.14,  6.30,  6.31 J  for 
structures. 

The  basic  characteristics  of  the  Laplace  transform  used  in  studying 
structural  response  [6.30]  can  be  illustrated  by  considering  the  equation  of 
motion  for  a  single  degree-of-freedom  system  given  by 

My(t)  +  Cv ( t )  +  Ky ( t )  =  x(t)  (6.71) 

where  y(t)  is  the  response  of  the  system  to  a  random  (or  transient)  force 
x(t)  and  M,  C  and  K  are  the  mass,  damping  coefficient  and  stiffness,  respec¬ 
tively,  of  the  system.  With  all  initial  conditions  assumed  to  be  zero,  the 
Laplace  transform  representation  of  equation  6.71  is 

3(s)  y(s)  =  x (s)  (6.72) 


where 


B(s)  =  Ms2  +  Cs  +  K  (6.73) 

and  s  is  the  complex  Laplace  variable,  while  y(s)  and  x(s)  are  the  Laplace 
transforms  of  y(t)  and  x(t),  respectively.  Alternatively, 


H(s)  x(s) 


(6-74) 


y(s)  = 


where  H(s)  is  the  transfer  func-rion  given  by 


H(s) 


1/M 


s 


(6.75) 


me  transfer  function  can  also  be  expressed  in  the  following  torn 


H 


(s> 


(6.76) 


where 


p  *  -c  +  i- 
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-i 


2M-U-0 


(6.77) 


and ,  .  and 
n 

respectively 
sents  a  cost 
tion.  Whn. 
poles  are  ca 


;  are  the  natural  circular  frequency 
.  The  asterisk  denotes  a  coot  lex  co 
lex  residue  and  p  is  the  root  or  the 
the  single  degree-of-f reedos  svstes 
splex  numbers  and  occur  in  coaples  e 


and  viscous  damping  ratio, 
n jugate.  The  term,  a.  repre- 
pole  of  the  transfer  func- 
is  subcritical Iv  daspec.  the 
onjugate  pairs.  A  pair  of 
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such  pcles  is  illustrated  [6.30]  in  Figure  6.10,  occurring  at  s  =  -1  ±i5» 
Fourier  transform  is  a  special  :ase  of  the  Laplace  transform  as  illustrated 
in  Figure  6.10.  The  inverse  Laplace  transform  of  the  transfer  function 
(equation  6.76)  produces  the  impulse  response  function  of  the  single  degree 
of-freedom  system. 

The  natural  frequency  and  the  viscous  damping  ratio  are  obtained  from 

1  f  2  —  2]^^ 

fn=if  +  W|  <6* 

and 


C  =■ 
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Figure  6.10.  Real  part  of  a  transfer 
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In  the  case  of  multimodal  response,  equation  6.71  is  replaced  by  a  matrix 
equation.  The  transfer  matrix  [H (s) ]  is  obtained  [6.30]  by  inverting  the  sys¬ 
tem  matrix  iB(s)}.  Therefore,  an  n-dimensional  system. 


'h. 


*.(s)  .  •  .  h,  (s) 

.1  m 


[H(s) ]  = 


h^  (s) 


Lhnl(s)  * 


h  (s) 
nnv 


(6.80) 


where  h^ (s)  is  the  i,jth  complex  transfer  function  of  the  system.  The 
above  transfer  matrix  contains  all  of  the  information  necessary  to  completely 
specify  the  dynamic  response  of  the  structure  [6.30].  Furthermore,  the  mass, 
the  stiffness  and  the  damping  matrices  can  be  recovered  once  the  transfer 
matrix  has  been  determined.  The  structural  response  obtained  by  this  means 
can  be  presented  in  the  form  of  vector  loops  that  have  been  enhanced  by  means 
of  a  curve  fitting  algorithm  to  minimize  signal  to  noise  errors.  The  resolu¬ 
tion  requirements  for  accurate  damping  measurements  are  the  same  as  those 
given  by  equation  6.62. 

6 . 3 . 1 . 7  The  Random  Decrement  Method 

The  random  decrement  or  randomdec  method  [6.32,  6.33]  provides  another 
means  of  extracting  modal  data  from  the  time  history  of  the  response.  It 
basically  involves  obtaining  a  digitized  time  history  of  the  response,  such 
as  illustrated  in  Figure  6.11,  to  random  excitation.  A  free  vibration  decay 
type  randomdec.  signature  is  obtained  by  first  shifting  or  shifting  and 
inverting  the  time  history  in  the  manner  illustrated  in  Figures  11a  and  b, 
respectively.  This  results  in  a  number  of  ensembles  that  are  then  averaged. 
The  frequency  and  damping  data  are  extracted  by  the  log  decrement  method  or  by 
means  of  the  least  squares  curve  fit  method  for  a  one  mode,  two  mode  ( 6 . 34 ]  or 
multimodal  response,  using  one  measurement  location  at-a-time.  Noise  rejec¬ 
tion  is  obtained  through  ensemble  averaging.  Generally  a  large  number  of 
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Figure  6.11.  Randomdec  signature  analysis  procedures 


ensemble  averages  are  required  to  achieve  tne  necessary  accuracy  for 
measuring  the  damping. 


6 . 3 . 1 . 8  Ibrahim  Time  Domain  Method 

The  randomdec  method  has  been  extended  [6.35]  to  permit  the  analysis  of 
multimodal  response  based  on  simultaneous  use  of  multiple  measurement  loca¬ 
tions.  The  basis  of  the  approach  [6.36]  can  be  outlined  b>  considering  the 
equation  of  motion  for  a  multi-degree-of-freedom  pystem  that  is  evcited  by 
random  force  and  given  by 

[M]  (y(t) }  +  [C]  (y(t) )  +  [K]  {y(t}}  «  (x(t)}  (6.81) 


where  [M] ,  [C]  and  [K]  are  the  mass,  damping  and  stiffness  matrices,  respec¬ 
tively,  and  (y(t)}  and  (x(t)}  are  the  random  response  and  force  vectors, 
respectively.  The  time  t  in  the  above  equation  is  now  replaced  by  t^  +  t 
where  the  t/s  are  selected  according  to  the  triggering  method  used  in  start¬ 
ing  the  randomdec  computations.  Each  ensemble  is  represented  by  a  value  of 
j,  where  j  =  1,2,3,...,  up  to  a. total  of  N  ensembles.  After  summing  and 
averaging  these  ensembles,  the  resulting  equation  becomes 


[M]  {Y(-O)  +  [C]  (Y(t)}  +  [K]  { Y  (t  ) } 

N 

=  {x(tj  +  t)}  (6.S2) 

j=l 


The  tj's  were  selected  in  a  manner  such  that  the  averaged  response  {Y(t}} 
remains  finite  while  the  right  hand  term  in  equation  6.72  goes  to  zero,  since 
the  random  force  is  assumed  to  be  stationary.  Equation  6.82  now  becomes 


[M]  {Y(t )  }  +  [C]  { Y (t > }  +  [K]  (Y(t)  }  =  0 
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(6.83) 


which  represents  the  characteristic  equation  for  multimodal  free  vibration 
response.  This  characteristic  equation  is  then  expressed  in  the  form  of  ar. 
eigenvalue  problem  which  includes  the  inversion  of  a  matrix  developed  from 
measured  response  data.  This  type  of  inversion  may  introduce  errors  into  the 
analysis  since  it  can  be  shown  that  the  fractional  error  in  the  inverse  of  a 
number  containing  spurious  no.se,  is  equal  to  minus  the  inverse  of  the  dynamic 
range.  It  is  therefore  suspected  that  this  method  may  be  subjected  to  the 
same  55  .B  dynamic  range  requirement  for  the  randomdec  signatures  as  dis¬ 
cussed  in  Section  6. 3. 1.1. 


It  is  stated  in  Reference  [6.36]  that  the  force  does  not  have  to  be 
white  noise  or  broad  band  random.  However,  it  can  be  shown  theoretically 
that  the  effect  of  the  forcing  function  shape  is  already  included  in  the 
response  T(t).  The  filter  effect  in  Figure  6.2  was  actually  obtained  by 
means  of  a  band  limited  rapid  sine  sweep  excitation.  The  result  is  basically 
the  same  whether  the  response  of  the  structure  to  a  broad  band  excitation  is 
filtered  after  the  application  of  the  excitation  or  if  filtered  excitation  is 
applied  to  the  structure.  Therefore,  it  is  concluded  that  for  accurate  mea¬ 
surement  of  the  damping,  the  force  spectrum  should  be  reasonably  constant  over 
the  region  encompassing  the  structural  resonant  peaks. 


6.3.2  Fourier  and  Laplace  Analysis  of  Transient  Response 


6.3.2. 1  Rapid  Sine  Sweep  Excitation  Method 

The  rapid  sine  or  frequency  sweep  technique  was  developed  [6.17]  for 
rapid  measurement  of  structural  response  while  maintaining  control  over  the 
excitation  force.  The  constant  level  sinusoidal  force  x(t)  is  varied  very 
rapidly  but  linearly  with  frequency  (Figure  6.12a)  between  an  initial  fre¬ 
quency  fj  and  a  final  frequency  f?.  This  form  of  excitation  represents  a 
controlled  impulse  with  approximately  an  equal  energy  distribution  with  fre¬ 
quency  between  the  above  frequency  limits  (Figure  6.12b).  The  deterministic 
excitaton  is  given  by  the  relationship. 


x(t)  =  x  Sin  (at  +  bl) 
o 


O-t-T 


(6.84) 
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Figure  6.12.  Typical  rapid  sine  sweep 
waveform  end  spectrum 


where 


a  =  *(f2  -  f^/T 
b  -  2v 


(6.85) 


The  frequency  response  function  (equation  6.25)  of  a  single  degree-of- 
freedom  system  excited  by  an  impulsive  force  x(t),  such  as  the  rapid  sine 
sweep,  is  simply 


H(iw) 


=  y  (**»>. 

x(ij) 


(6.86) 


where  x{iw)  and  y(iu.)  are  the  Fourier  transform  of  the  force  x(t)  and  the 
response  y(t),  respectively,  given  by 


x ( ica)  =  ~  j  x(t)  e‘iujt  dc  (6.07) 


rm 

y(iw)  =  J  y(t)  e  dt  (6.38) 

~'—CO 

The  modal  frequency  and  damping  can  be  extracted  from  equation  6.86  by  means 
of  the  K-P  analysis.  The  process  is  also  valid  for  multimodal  response. 

The  vector  loops  obtained  by  means  of  equation  6.86  are  usually  distorted 
by  the  presence  of  spurious  noise.  The  signal  to  noise  ratio  (S/N)  can  be 
improved  by  ensemble  avenging  of  successive  test  data.  If  the  spurious  noise 
is  random  gaussian  then  the  improvement  that  can  be  achieved  in  the  signal  to 
noise  ratio  is  given  by  the  relationship  [6.37] 


Improved 


(6.89) 


where  K  is  the  number  of  ensemble  averages.  If  the  noise  is  not  gaussian  the 
number  of  averages  should  be  increased  by  3.5  times  the  number  given  by  equa¬ 
tion  6.89.  The  signal  to  noise  ratio  can  also  be  improved  by  first  obtaining 
the  autocorrelation  function,  R^,(t),  of  the  response  y(t)  and  then  taking 
the  single  sided  Fourier  transform  of  the  autocorrelation  function,  as  dis¬ 
cussed  in  Section  6.3. 1.4.  This  procedure  was  used  in  obtaining  the  funda¬ 
mental  mode  response  of  a  Kevlar  honeycomb  panel  to  rapid  sine  sweep  acoustic 
excitation  in  Figure  6.9.  A  least  squares  curve  fit  analysis  was  still  neces¬ 
sary  to  extract  the  modal  parameters  since  some  spurious  noi«.e  effects  remained. 


There  is  also  a  resolution  problem  with  close  modes  [6.38]  with  the 
resolution  limits  defined  approximately  by  the  criterion 


•Ar1  £  0.19  +  0.0031  (DR)  20<DR<60  (6.90) 

lAfj 


where  DR  is  the  dynamic  range  measured  in  dB,  f  and  5  are  the  natural 
frequency  and  viscous  damping  ratio  of  the  longest  decaying  mode,  respectively, 
and  Af  is  the  difference  between  the  resonant  fequencies  of  the  two  close 
modes.  The  term  on  the  right  of  equation  6.90  becomes  0.37  for  the  55  dB 
dynamic  range  criterion  in  eauation  6.61,  that  is  also  required  for  accurate 
damping  measurement.  A  c'^rehensive  summary  of  the  rapid  sine  sweep  testing 
technique  and  other  potential  problem  areas  is  given  in  Reference  [6.38]. 

6. 3. 2. 2  Impedance  Head  Hammer  Tap  Method 

The  impedance  head  hammer  tap  t  st  method  was  developed  [6.30,  6.31]  for 
use  in  conjunction  with  the  Laplace  transform  based  digital  modal  analysis 
system  discussed  in  Section  6.3. 1.6.  This  method  of  testing  provides  a  sim¬ 
ple  and  rapid  means  of  obtaining  meast  red  resonant  frequency  and  damping  data 
from  a  broad  range  of  structures,  since  special  test  fixtures  are  generally 
not  required.  Mode  shapes,  such  as  those  illustrated  in  Figure  6.13  for  an 
integrally  stiffened  graphite/epoxy  panel  [6.39],  require  some  added  effort 
in  defining  the  tap  locations  on  the  structure  and  storing  their  coordinates 
in  the  computer.  Also,  a  number  of  hammer  taps  are,  generally,  used  per  tap 
location  in  order  to  improve  the  signal  to  noise  ratio  (see  equation  6.6S). 

Th i  zoom  algorithm  can  be  used  to  obtain  the  required  frequency  resolution. 

The  hammer  tap  represents  an  "uncontrolled"  impulse.  Consequently,  the 
hammer  contains  a  force  gage  to  measure  the  impulse  force.  The  response  of 
the  structure  is  measured  either  by  an  accelerometer  or  a  noncontacting  dis¬ 
placement  transducer  [6.39]  located  on  the  structure  where  significant 
response  is  obtained  from  all  of  the  modes  of  interest.  The  force  and  the 
response  are  measured  simultaneously  for  each  tap.  The  upper  frequency  limit 
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Figure  6.13.  Typical  measured  mode  shapes 
cf  an  integrally  stiffened 
graphite/epoxy  panel 


of  energy  imparted  to  the  structure  depends  on  the  hardness  (6.40]  of  the 
hammer  tip  (Figure  6.14)  and  the  dynamic  characteristics  of  the  structure 
[6.41].  The  highest  frequency  limit  is  obtained  with  a  hard  haisaer  tip 
impacting  on  a  very  stiff  structure.  For  example,  the  hammer  force  spectrum 
has  a  much  lower  energy  content  when  an  integrally  stiffened  graphite/epoxy 
panel  is  impacted  at  the  panel  center  (Figure  6.15)  than  when  it  is  impacted 
over  the  stiffener  flange. 

An  indication  as  to  the  accuracy  of  the  measured  response  data  can  be 

2 

obtained  by  computing  the  coherence  function  y  defined  by  [6.22] 


G  (f)i 
1  yx  ' 

G  (£)  G  (f) 

XX  vv 


0<y<l 


(6.91) 
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Figure  6.14.  Force  spectra  produced  with 
various  hananer  tip  materials 


Figure  6.15.  Hammer  force  spectra  from  tapping  at  panel 
center  and  over  stiffener  flange 
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where  G  (f)  is  the  cross  spectral  densitv  between  the  force  x(t)  and  the 
xy 

response  y(t)  and,  G  (f)  and  G  (£)  are  the  power  spectral  densities  of  the 

xx  yy 

force  and  the  response,  respectively.  The  closer  the  coherence  function  is 
to  unity  the  more  accurate  the  response  data.  Typical  coherence  functions 
obtained  with  a  noncontacting  displacement  transducer  and  an  accelerometer, 
with  impedance  head  hammer  taps  applied  over  the  stiffener  flange  of  an  inte¬ 
grally  stiffened  graphite/epoxy  panel,  are  illustrated  in  Figure  6.16.  The 
accelerometer  provides  better  data  at  higher  frequencies  whereas  the  displace¬ 
ment  transducer  is  very  accurate  down  to  dc.  The  coherence  obtained  with  the 
displacement  transducer,  by  tapping  at  the  center  of  the  panel,  started  to 
deteriorate  at  200  Hz.  In  spite  of  this  deterioration,  it  was  possible  to 
measure  the  mode  shapes  v’p  to  a  frequency  just  below  500  Hz  (Figure  6.13). 

The  corresponding  damping  data  shown  in  Figure  6.17,  however,  exhibited  a  rela¬ 
tively  large  scatter  at  the  higher  frequencies.  Generally,  the  same  dynamic 
range  requirements  as  discussed  in  Section  6.3. 1.1  are  also  required  for  this 
test  method,  to  obtain  accurate  damping  measurements.  The  dynamic  range  can¬ 
not  be  increased  by  increasing  the  energy  level  of  the  impact  since  damage 
could  be  produced  in  the  structure.  It  is  also  difficult  to  identify  the 
modes  when  the  damping  of  the  structure  is  increased  significantly  such  as 
obtained  when  a  panel  is  approaching  buckling  [6.42].  The  higher  order  panel 
modes  of  complex  structures,  such  as  the  mode  at  397.8  Hz  in  Figure  6.13,  can 
also  reach  the  data  point  limit  in  some  of  the  current  analysis  systems. 

Seventy  two  tap  locations  were  used  in  deriving  the  mode  shapes  in  Figure  6.13. 
This  test  method  is  ve-y  useful  in  determining  the  structural  response  modes 
primarily  in  the  lower  frequency  range.  Other  forms  of  excitation  that  pro¬ 
vide  a  controlled  force  over  a  wider  frequency  range,  need  to  be  used  for 
investigating  structural  response  at  higher  frequencies. 


6.3.3  NGiuxnear  Response  and  Electrodynamic  Shakers 

All  of  the  methods  discussed  in  Section  6.3  are  based  on  the  assumption 
of  linear  structural  response.  Consequently,  significant  errors  in  the  resonant 
frequencies  and  damping  radios  can  be  obtained  when  the  structural  response  is 
highly  nonlinear  [6.42].  fhls  result  is  supported  by  experimental  evidence 
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Figure  6.17.  Measured  viscous  damping  ratio  for  integrally  stiffened 
graphite/epoxy  panels 

in  References  6.39  and  6.44.  The  Fourier  and  Laplace  transforms  utilize  an 
averaging  process  with  respect  to  time.  Consequently,  nonlinear  effects, 
which  are  a  function  of  amplitude,  are  smeared  by  this  averaging  process  as 
illustrated  [6.39]  in  Figure  6.18.  The  integrally  stiffened  graphite/epoxy 
panel  exhibited  a  stiffening  spring  type  nonlinear  behavior  at  the  higher 
excitation  levels  characteristic  of  large  amplitude  panel  response.  The  half 
power  point  "damping"  measurement  obtained  from  the  nonlinear  vibration  spectra 
are  meaningless.  No  correlation  was  obtained  in  the  least  squares  type  curve 
fit  of  dynamic  strain  response  data  to  theory  when  such  half  power  point 
"damping"  values  were  used  [6.44]  in  the  correlation.  Other  evidence  [6.39] 
suggests  that  damping  values  measured  in  the  linear  response  region  at  lew 
excitation  levels  are  also  applicable  at  the  large  panel  response  amplitudes. 
Fric.ion  damping,  which  may  increase  the  damping  with  amplitude,  was  not  pre¬ 
sent  in  the  these  panels  since  the  panels  were  fabricated  with  cocured 
integral  stiffeners. 
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Figure  6. IS.  Typical  linear  and  nonlinear  strain  power  spectral 
densities  for  an  integrally  stiffened  graphite/ 
epoxy  panel  subjected  to  random  acoustic  loading 

The  sine  dwell  is  considered  to  be  the  best  method  for  assuring  nonlinear 
structural  response  since  changes  in  the  resonant  frequencies  of  the  aides  with 
force  level  or  vibration  amplitude  can  be  readily  detected.  The  damping  can 
be  measured  from  the  free  decay  generated  by  the  quick  stop  method.  The  decay 
rate  will  vary  as  a  function  of  amplitude  if  nonlinear  damping  is  encountered. 
This  metnod  is  applied  on  a  mode  by  mode  basis  and  is,  therefore,  very  time 
consuming . 

If  electrodynaaic  shakers  are  used  to  excite  the  structure,  the  doping 
of  the  structure  may  be  increased  by  the  back  EMF  within  the  shaker  (6. 38]. 
Quick  release  couplings  should  be  used  when  making  free  decay  type  damping 
measurements  with  electrodynamic  shakers.  Alternatively,  the  back  EMF  can  be 
minimized  by  making  the  e lect rod y nasi c  shaker  essential?**  a  constant  current 
device.  This  change  requires  the  use  of,  naatonaucting  saddle  within  the 
shaker  together  with  a  high  Impedance  power  ampiitier. 
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The  Galileo  Spacecraft  Development  Test  Model  [6.45]  provided  an  oppor¬ 
tunity  to  evaluate  most  of  the  current  vibration  data  analysis  methods  [6.46] 
as  part  of  the  modal  survey  effort  conducted  to  verify  the  analytical  dynamic 
model  of  the  spacecraft.  The  spacecraft  has  a  three-dimensional  vibration 
response  and  a  high  modal  density,  with  approximately  thirty  modes  concen¬ 
trated  in  the  frequency  region  between  10  and  45  Hz.  The  vibration  response 
of  the  spacecraft  is  basically  nonlinear  [6.47].  One  electrodynamic  shaker 
was  used  in  the  majority  of  the  tests,  3  and  4  shakers  were  used  in  the  two 
multi-shaker  random  tests  and  up  to  8  shakers  were  used  in  the  sine  dwell 
tests.  In  general,  all  of  the  significant  modes  were  identified  by  these 
methods.  The  variation  in  each  of  the  modal  frequencies,  as  measured  by  the 
various  methods,  fell  within  a  10  percent  scatter  band.  The  measured  damping, 
however,  exhibited  a  considerably  greater  scatter.  These  test  methods  are 
discussed  in  more  detail  in  References  [6.46]  to  [6.50]. 

6 . 4  CORRECTION  OF  SMOOTHING  ERRORS  IN  DAMPING  OBTAINED  FROM  SPECTRAL  ANALYSIS 

6.4.1  Introduction 

The  use  of  the  periodic  Fourier  transform,  to  analyse  nonperiodic  random 
and  transient  vibration  data,  introduces  leakage  into  the  resulting  structural 
response  spectra.  This  leakage  takes  the  form  of  spurious  side  lobes  [6.51] 
which  have  the  appearance  of  and  may  be  mistaken  for  actual  modes,  producing 
significant  errors  when  multimodal  curve  fitting  algorithms  are  used  to 
extract  the  modal  parameters.  These  spurious  side  lobes  can  be  suppressed 
by  the  use  of  smoothing  functions  at  the  expense  of  increasing  the  resolution 
(truncation  [6.51]  or  bias  [6.22])  error.  The  resolution  error  reduces  the 
level  of  the  spectral  response  peaks  at  resonance  while  increasing  the  magni¬ 
tude  of  the  damping  extracted  from  these  response  peaks.  Since  the  smoothing 
function  and  data  analysis  parameters,  such  as  the  analysis  bandwidth,  are 
axwavs  preselected  in  any  data  analysis,  their  effect  on  the  single  degree" 
of-freedom  system  can  be  established  theoretically  and  correction  curves 
developed  to  compensate  for  their  effect  on  the  extracted  modal  damping.  This 
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approach  has  been  used  for  the  rectangular,  Bartlett  and  Hanning  smoothing 
(or  weighting  functions  [6.18])  in  References  [6.51],  [6.52]  and  [6.15], 
respectively  (see  Figure  6.19). 

Generally,  a  low  resolution  error  is  desirable  for  measuring  modal 
damping.  The  unsmoothed  data,  synonymous  with  rectangular  smoothing,  pro¬ 
duces  the  lowest  resolution  error,  but  also  the  highest  side  lobes.  Hanning 
smoothing  has  relatively  high  side  lobe  suppression  capability  while  produc¬ 
ing  a  slightly  larger  resolution  error.  As  a  consequence,  Hanning  smoothing 
is  often  used  as  a  compromise  in  modal  analysis.  The  above  trend  is  continued 
with  Bartlett  smoothing. 


Figure  6.19.  Rectangular,  Hanning  and 
Bartlett  smoothing  or 
weighting  functions  and 
the  corresponding 
spectral  windows 
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In  general,  the  effect  of  the  smoothing  on  the  resonant  vibration  response 
spectrum  is  a  function  of  the  analysis  bandwidth,  the  resonant  frequency  and 
tha  damping  ratio.  Therefore,  the  effect  of  smoothing  cannot  be  compensated 
for  by  a  constant  factor,  such  as  derived  from  the  spectral  analysis  of  a 
discrete  frequency  signal,  before  the  analysis  is  performed  since  tne  modal 
parameters  are  usually  not  known  beforehand.  In  the  problem  of  extracting 
known  discrete  frequencies  from  within  random  background  noise,  the  suppres¬ 
sion  of  the  side  lobes  is  of  paramount  importance  while  the  resolution  band¬ 
width  is  much  less  important.  The  reverse  is  true  for  modal  analysis. 


In  order  to  obtain  accurate  damping  data,  the  effects  of  smoothing  on  the 
modal  parameters  must  be  understood  and  means  of  correcting  for  their  effect 
established.  The  limitation  imposed  on  che  use  of  curve  fit  algorithms  by  the 
smoothing  must  also  be  established  since  the  data  extracted  often  include 
parameters  other  than  the  resonant  frequencies  and  damping  ratios.  The 
purpose  in  this  section  is  to  address  these  problem  areas  for  the  three 
weighting  functions  discussed  above  when  used  with  the  Blackman  and  Tuckey 
[6.18]  spectral  analyses.  The  errors  introduced  by  the  FFT  spectral  analyses 
are  dependent  on  the  way  the  smoothing  is  applied  within  the  analysis  compu¬ 
ter.  The  basic  theory  has  been  developed  [6.53]  but  remains  to  be  verified 
against  test  data. 


6.4.2  Basic  Smoothing  Theory 

The  basic  smoothing  theory  [6.51]  is  applicable  to  the  spectral  analysis 
of  structural  response  to  both  random  and  transient  excitation.  The  basic 
approach  involves  calculating  the  cross  correlation  function  before  taking 
the  Fourier  transform.  The  cross  correlation  function  in  practice  is  of 
finite  length,  terminated  after  a  maximum  time  delay  x  .  The  expression  for 
the  true  cross  spectral  density  in  equation  6.54  is  now  replaced  by  an  esti¬ 
mated  cross  spectral  density  at  circular  frequency  that  is  given 

by 
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where  D(t)  is  the  smoothing  or  weighting  function  given  by 


D(t)  =  1 


for  -  T  <T<T 

m  m 


=  0  elsewhere 


for  rectangular  smoothing. 


D(x)  =  ~  U  +  Cos 

\  Tm/ 


for  -  T  <T<T 
m  m 


elsewhere 


for  Hanning  smoothing,  and 
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for  Bartlett  smoothing. 

The  cross  correlation  function  is  also  given  by  the  inverse  Fourier  trans¬ 
form  of  the  true  cross  spectra  (equation  6.66).  On  substituting  this  expression 
for  the  correlation  function  into  equation  6.92,  the  estimated  cross  spectral 
density  becomes 


=  }  <*(“r")  sxy(u;)  ^ 


(6.96) 


where  the  spectral  window  Q(wj-w)  is 


Q(u^-w) 


-h  J 


D(-)  e 


-it  (u)j-us) 


(6.97) 


The  weighting  functions  in  equations  6.93  through  6.95  and  the  corresponding 
spectral  windows  are  illustrated  in  Figure  6.19.  The  basic  theory  is  equally 
applicable  to  the  estimated  power  spectral  density  P  (w.)  by  simply  replacing 

XX  X 

the  cross  correlation  function  R  (t)  in  equation  6.96  with  the  auto  correla- 

xy 

tion  function  R  (t) .  The  estimated  Fourier  spectrum  yfitu.  ,T)  of  the  finite 

yy  ^ 

response  y(t)  of  a  single  degree-of-freedom  system  to  an  impulse  is  given  by 


ydt^.T)  = 


ff 

_ OO  ^  A 


-i(m.-us)t 

D(t)  e  dt  y(iu)  du> 


(6.98) 


-  f  Q(ufi 

^  —  CD 


w)  y(iuj)  dw 


where  the  duration  of  the  response  is  T,  y(iw)  is  the  true  Fourier  spectrum, 
the  smoothing  function  D(t)  is  the  same  as  D(t)  in  equations  6.93  through  6.95 
and  the  spectral  window  is 


fT  -i(w.-w)t 

Q(uj--s)  =  jz  /  D(t)  e  dt 


(6.99) 


The  lower  limit  of  the  integral  in  equation  (6.97)  is  also  zero  when  applied 
to  the  cross  spectral  density,  since  the  cross  correlation  function  exists 
only  in  positive  time  (equation  6.53).  The  same  is  also  true  for  the  single 
sided  Fourier  transform  of  the  autocorrelation  function.  Therefore,  all 
Fourier  transform  based  spectral  analyses  are  prone  to  smoothing  error. 
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The  expression  for  che  estimated  cross  spectral  density  for  a  single 
degree-of-f reedc-.  system  that  is  excited  by  broad  band  random  noise  becomes 


,  -  !s  f .. 

’U1)  M  /  / 


QCwj-w) 


— r  dui 


(6.100) 


—to  +  2icw 


and  the  estimated  power  spectral  density  P^C-w,) 


Q(u>,-U)) 


P  (a,)  = 


yy  ;i 


/  2  2\  ,  ,  2  2  ; 

I  +  ^  un“ 


(6.101) 


Also,  the  estimated  frequency  response  function  H(im,T)  obtained  from  transient 
analysis  (see  equation  6.86)  is  now 


H(iw,T)  =  AlA 

X(liu) 


A 


(t)  h(t)  dt 


(6.102) 


where  h(t)  is  the  impulse  function  of  the  single  degree-of-freedom  system. 


Equation  6.100  and  6.102  can  be  solved  by  contour  integration  and  by 
direct  integration,  respectively,  and  produce  identical  results  fjr  the  esti¬ 
mated  frequency  response  function.  An  approximate  sclution  can  be  obtained 
to  equation  6.101  from  the  imaginary  part  [6.53]  of  equation  6  100,  or  the 
estimated  power  spectral  density  can  be  obtained  by  direct  integration  of 
equation  6.^2,  with  subscript  x  replaced  by  v.  On  dividing  the  estimated 
cross  and  power  spectral  densities  by  the  corresponding  true  cross  and  power 
spectral  densities,  respectively,  the  same  resolution  error  is  obtained  [6.15] 
at  resonance.  The  normalized  resolution  error  for  the  resonance  peaks  is 


(l+0.5t  sing) 


(6. 103a) 


P  (u  )  P  (u  ) 

=  yy  n  =  i  _  e 

S  (ui  )  S  (u  ) 

xy  n'  yy  n' 


-a 


for  rectangular  smoothing  [6.51] 
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2a  +  tt  (1-e  ) 


2  2 
a  +  Ti 


for  Hanning  smoothing  (6.15]  and 


=  1 


(6.103c) 


for  Bartlett  smoothing  [6.52],  where 


a  =  u  "  c, 
n  m 


=  2i,i 


n  m 


(6.104) 


The  normalised  estimated  spectra  at  resonance  are  illustrated  in  Figure  6.20 
for  the  three  smoothing  functions.  It  is  seen  that  no  error  is  obtained  in 
the  unsmoothed  spectra  when  the  criterion  in  equation  6.61  is  satisfied.  This 
condition  applies  equally  to  FFT  analysis  on  using  equation  6.67  with  the 
relationship  in  equation  6.61.  The  error  remains  finite  for  the  other  smooth¬ 
ing  functions. 
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Figure  6.20.  Smoothing  error  in  the 
normalized  power  and 
cross  spectral  peaks 
at  resonance 


The  effect  of  Hanning  smoothing  on  the  normalized  cross  and  power  spectral 
densities  of  a  single  degree  of  freedom  system  are  illustrated  [6.23]  in 
Figures  6.21  and  6.22  respectively. 


6.4.3  Methods  for  Correcting  Smoothing  Affected  Dampin 
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Figure  6.21.  Effect  of  Hanning  smoothing 
on  che  cross  spectrum  of  a 
single  degree-of-freedora 
system 
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Figure  6.22.  Effect  of  Hanning 
smoothing  on 
normalized  power 
spectral  density 


resonance.  This  parameter  produced  curves  that  became  asymptotic  and 
consequently  impractical  to  use.  Instead,  the  estimated  viscous  damping  ratio 
C*  given  by 


(6.105) 


was  used  to  develcp  the  correction  curves  {6.15,  6.23].  The  above  expression 
reduces  to  the  correct  damping  for  unsmoothed  spectra  given  by  equation  6.50a 
since  near  resonance 


(6.106) 


CotO 


2p 

ds 


and 


f  -  f 
n 


(6.10?) 


If  the  cross  spectral  density  in  equation  6.69  is  expressed  by 


P  (w)  =  X(u)  +  iYCta) 

xy 


(6.108) 


then,  by  using  the  same  approach  as  in  Reference  [6.51],  it  is  shown  in  Refer¬ 
ence  [6.15]  th3t  at  resonance 


2  dX\w)  /d2V(to) 

a  da  /.  2 
n  /  d  <3 


(6.109) 


The  expressions  for  obtained  with  rectangular,  Hanning  and  Bartlett 
snoothing  are 
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for  y  >  20r, 


(6.111) 
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t  .  1^,5 


and 


r  * 
> 


(6.112) 


respectively,  using  the  small  damping  assumptions.  In  the  above  equations  £ 
is  the  correct  viscous  damping  ratio,  a  and  3  are  given  by  equation  6.104  and 


Y  =  f  t  C 
n  2 


(6.113) 


The  correction  curves  derived  from  equations  6.110  through  6.112  are 
illustrated  in  Figures  6.22  through  6.24,  respectively,  as  a  function  of  the 
analysis  bandwidth  4f  (  “  1/(2t  ))  divided  by  the  resonant  frequency.  The 

13 

correct  damping  can  also  be  extracted  from  equations  6.21  through  6.23  by 
means  of  an  iteration  procedure  {6. 23].  Similar  correction  curves  based  on 
the  estimated  3  dB  damping  from  the  corresponding  smoothed  power  spectral 
densities  are  illustrated  in  Figures  6.25  to  6.27.  These  curves  were 
obtained  by  numerical  means  from  the  smoothed  power  spectral  densities. 

6.4.4  Effect  of  Smoothing  on  Curve  Fitting 

The  ability  of  current  curve  fitting  algorithms  to  fit  many  modes  simul¬ 
taneously  is  advantageous  for  speeding  up  the  data  analysis,  but  may  produce 
erroneous  results  when  smoothing  errors  are  present  in  the  vector  loops.  The 
effect  of  smoothing  on  curve  fitting  of  vector  loops  can  be  evaluated  by  con¬ 
sidering  the  variati  n  of  the  local  radius  of  curvature  along  the  vector 
loops  near  rescnanc"  with  normalized  frequency,  as  illustrated  in  Figure  6.28a. 
The  radius  does  vary  significantly.  Furthermore,  equations  6.50a  and  b,  used  in 
extracting  the  model  damping  from  circular  vector  loops,  are  not  valid  in  the 
presence  of  smoothing  (see  equations  6.110  to  6.112).  The  variation  in  the 
rate  of  change  of  arc  length  with  normalized  frequency,  illustrated  in  Fig¬ 
ure  6.28o  as  a  function  of  the  normalized  frequency,  compensates  for  the 
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igure  6.23.  Damping  correction  curves 
for  Hanning  smoothing 
affected  cross  spectral 
density 
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Figure  6.24.  Piping correction  curves  for  Barrlerc  smoothing 
affected  cross  spectral  density 
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Figure  6.25.  Da„pi,:g  correction  curves  unsnoothed  p<wr 


Figure  6.26.  Damping  correction  curves 
for  Hanning  smoothing 
affected  pover  spectral 
density 
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change  in  curvature  when  used  in  equation  6. 105.  This  compensating  effect  is 
illustrated  in  Figure  6.28c  where  the  variation  in  the  measured  (estimated) 
damping  5*  is  shown  as  a  function  of  the  frequency  increment  d f /f n  between  two 
equidistant  frequency  points  on  either  side  of  resonance.  A  good  estimate  of 
5*  can  be  obtained  with  rectangular  smoothing  using  the  curve  between  the  two 
3  dB  points.  The  estimated  damping  ratio  '*  for  the  other  smoothing  functions 
can  only  be  established  by  the  use  of  the  curve  around  resonance.  The  correct 


value  for  5*  is  obtained  at  df/f  =  0  in  Figure  6.28c. 

n 
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The  amount  of  the  unsmoothed  vector  loop  that  can  be  included  in  the 
curve  fit  depends  on  how  closely  the  analysis  meets  the  criteria  in  equa¬ 
tion  6.61  or  6.62.  For  the  vector  loop  used  to  derive  the  curves  in  Fig¬ 
ure  6.28,  the  parameter  f  t  ;  =  0.3  is  ofcviouslv  too  small  a  value.  For  the 

n  m 

curve  fit  in  Figure  6.9c,  the  parameter  f^T^t  is  equal  to  0-779,  based  both  on 
the  data  in  Table  6.1  and  the  value  for  \  of  0.225  in  Figure  6.9b.  This  value 
for  corresponded  to  the  point  where  the  autocorrelation  function  disappeared 
into  the  noise.  Replacing  the  correlation  function  bevond  this  point  with 

added  zeros  may  improve  the  signal  to  noise  ratio  slightly,  but  will  not  change 

* 

the  smoothing  effect.  The  curve  fit  in  Reference  [6.15]  extracted  the  follow¬ 
ing  parameters  from  the  noise  polluted  vector  loop  in  Figure  6.9c: 


4*  =  0.0313 


and 


f  *  124.5  Hz 
n 


Even  with  these  values,  the  parameter  fit*  is  equal  to  0.877.  indicating  the 

presence  of  a  smoothing  error.  Therefore,  using  the  above  value  for  C*  and 

£f/f  *  1/(2  x  0.225  x  124.5)  =  0.0179  in  Figure  6.22,  the  corrected  viscous 
n 

damping  ratio  of  L  =  0.028  is  obtained.  This  damping  ratio  is  in  good  agree¬ 
ment  with  that  in  Table  6.1,  measured  by  the  basic  K-P  method. 


In  conclusion,  it  is  recommanded  that  only  cbe  imsmoothed  data  should  be 
used  In  the  curve  fit  and  that  the  criteria  ir  equations  0.61  or  6.62  must  be 
met  for  accurate  damping  measurement.  A  5  percent  error  in  the  vector  loop 
diameter  will  result  if  the  criterion  is  relaxed  to 


0.05 


(6.114) 
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This  relaxed  criterion  is  also  expected  to  provide  reasonable  estimates  of  the 

damping  provided  the  damping  values  are  corrected  for  the  smoothing  effect. 

For  even  lower  values  of  f  t  c  than  in  equation  6.114,  the  curve  fit  should  be 

n  tn  .  - 

applied  on  a  mode-by-mode  basis  using  the  curve  only  between  the  3  dB  points 
and  again  correcting  the  extracted  damping  ratio  for  smoothing  error. 

A  good  procedure  for  determining  whether  smoothing  errors  are  present  in 
the  response  spet  '.urn  is  to  obtain  an  unsmoothed  spectrum  such  as  illustrated 
in  Figure  6.29b.  Then  obtain  a  Hanning  smoothed  spectrum  to  identify  the 
actual  modes  (Figure  6.29c).  Finally  obtain  a  third  unsmoothed  spectrum, 
doubling  the  resolution.  If  the  spectral  peaks  are  of  the  same  magnitude  for 
the  two  unsmoothed  spectra,  then  the  smoothing  error  will  not  be  present  in 
the  data.  If  the  resonant  peaks  increase  in  magnitude  when  the  resolution  is 
increased,  then  a  smoothing  error  is  present  in  the  original  unsmoothed  spec¬ 
trum  and,  possibly,  in  the  higher  resolution  spectrum.  Continuation  of  this 
process  is  limited  by  the  reduction  in  the  frequency  range  encountered  when 
the  resolution  is  increased. 

6.4.5  Evaluation  of  the  Smoothing  Theory 

The  accuracy  of  the  previously  developed  methods  for  correcting  smoothing 
affected  damping  was  evaluated  [6.23]  by  comparing  the  results  obtained  from  a 
stick  pulse  excited  free  decay  by  means  of  the  exponential  and  least  squares 
curve  fit  methods,  with  those  obtained  from  the  smoothed  Fourier  spectra  of  the 
decay.  The  single  node  aircraft  wing  decay  Is  illustrated  in  Figure  6.30. 

The  Fourier  spectra  obtained  with  1  second  and  5  seconds  of  the  free  decay 
are  illustrated  in  Figures  6.31  and  6.32  for  the  unsmoothed  and  the  Bartlett 
smoothed  spectra,  respectively.  The  spurious  side  lobes  are  visible  for  the 
unsmoothed  spectra  in  Figure  6.31,  The  oval  shape  of  the  vector  loops  in 
Figure  6.31  is  typical  of  the  smoothing  effect.  This  oval  shape  also  intro¬ 
duces  errors  when  using  multimodel  curve  fitting  techniques.  The  vector 
loops  can  be  restored  to  circles  by  the  use  of  exp  -antial  weighting  as  illus¬ 
trated  In  Figure  6.33. 
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The  damping  data  obtained  by  the  various  methods  are  sucsnarized  in 
Table  6,5.  The  actual  viscous  damping  ratio  of  the  mode  is  around  0.038.  The 
raw  damping  extracted  from  the  smoothing  affected  spectra  exceed  the  actual 
damping  by  significant  amounts.  The  corrected  damping,  obtained  from  the 
unsnsoothed  (or  rectangular  smoothed)  and  Hanning  smoothed  spectra,  are  in  rea¬ 
sonable  agreement  with  the  actual  damping.  The  corrected  damping  is  slightly 
higher  from  the  Bartlett  smoothed  spectra.  The  correction  method  for  the 
unsmocthea  spectra  provided  the  best  result  for  the  one  second  decay  time.  Also, 
curve  fitting  between  the  3  dB  points  on  the  unsmoothed  vector  loop  appeared  to 
be  more  accurate  than  using  the  data  around  resonance  [6.23]  due  probably  to  the 
presence  of  some  noise  in  the  free  decay.  This  result  is  supported  by  the 
data  in  Figure  6.28. 

The  unsmoothed  spectra,  when  used  ip.  conjunction  with  the  method  for  cor¬ 
recting  the  damping  described  in  the  previous  section  and  a  single  mode  par¬ 
tial  curve  fit,  offers  the  best  method  for  extracting  reasonably  accurate 
damping  data  from  smoothing  affected  spectra.  The  smoothing  error  can>  gen¬ 
erally,  be  expected  to  occur  in  the  spectral  analysis  of  structural  response 
modes  with  low  damping. 


TABLE  6.5.  COMPARISON  OF  VISCOUS  DAMPINC  RATIO  DETERMINED  BY  VARIOUS  METHODS 
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SECTION 


DAMPING  IN  STRUCTURAL  MATERIALS  AND  STRUCTURES 

7.1  INTRODUCTION 

The  vibration  amplitude  at  resonance  is  limited  only  by  the  damping  in 
the  structure.  Consequently ,  prior  knowledge  of  the  damping  levels  within 
the  various  aerospace  structural  materials  and  in  the  lightweight  aerospace 
structures  made  from  these  materials,  would  be  a  great  benefit  to  the  design 
process.  Lightweight  structures  are  emphasized  since  viscoelastic  damping 
can  have  the  greatest  beneficial  impact  on  the  design  of  these  structures. 

The  purpose  here  is  to  review  briefly  both  the  damping  mechanisms  (Section  7..'.) 
and  the  damping  levels  (Section  7.3)  present  in  these  structures.  Because  of 
the  increased  use  ol  structures  in  space,  the  differences  between  the  damping 
in  the  earth  and  space  environments  need  to  be  discussed. 

In  this  docunent,  damping  is  presented  in  terms  of  the  viscous  damping 
ratio  The  viscous  damping  ratio  can  be  converted  to  loss  factor  or 
structural  damping,  denoted  by  r|»  by  means  of  equation  7.1. 

D  -  2C  (7.1) 

7.2  BASIC  DAMPING  MECHANISMS  IN  STRUCTURES 

Most  of  the  damping  mechanisms  [7.1]  are  present  in  stiffened  panel  type 
aircraft  structures.  Consequently,  these  types  of  structures  represent  a 
good  starting  point  for  the  review.  The  damping  in  these  lightweight  struc¬ 
tures  is  due  to  energy  loss  through  acoustic  radiation  [7.2,  7.3],  transmis¬ 
sion  of  the  vibration  to  the  surrounding  structure  [7.4],  gas  pumping  [7.5] 
and  joint  friction  [7,6,  7.7]  at  the  fastener  lines,  and  internal  material 
damping  [7.8],  Obviously,  acoustic  radiation  and  gas  pumping  loss  mechanisms 
do  not  occur  in  the  space  enviroraner..  Unmanned  spacecraft  and  satellites 
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are,  generally,  constructed  with  a  central  structure  that  supports  a  number 
of  bolted-on  appendages,  some  of  them  deployable  in  space.  Consequently,  the 
major  source  of  damping  .in  these  structures  is  due  to  friction  [7.9]  gen¬ 
erally  within  the  bolted  joints,  apart  from  any  added  active  or  passive 
damping.  The  vibration  of  the  appendages  could  also  produce  some  acoustic 
radiation  damping  during  ground  vibration  tests  [7.9]  and  launch. 

7.2.1  Acoustic  Radiation 

Acoustic  radiation  from  stiffened  aircraft  panel  type  structures,  has 
been  investigated  for  more  than  two  decades  and  has.  consequently,  been  the 
subject  of  very  many  papers.  The  simplest  of  the  theories,  for  predicting 
radiation  damping,  is  given  ir.  Reference  [7.3]  for  both  simply  supported  and 
clamped  single  panels  mounted  in  an  infinite  baffle.  Based  on  this  work, 
acoustic  radiation  damping  was,  generally,  considered  to  be  very  small  in 
riveted  skin-stiffener  type  aircraft  panels  [7.3]. 

The  acoustic  radiation  damping  is  proportional  to  panel  area  [7.3]. 
Consequently,  if  the  panels  are  made  large  enough,  acoustic  radiation  should 
become  the  dominant  damping  mechanism.  This  approach  was  used  in  a  carefully 
designed  experimental  study  [7.10]  in  which  stiffened  graphite/epoxy  and 
Kevlar  honeycomb  panels  were  mounted  singly  in  a  very  large  baffle  test 
facility  [7.11].  Each  panel  was  installed  in  a  test  frame  with  countersunk 
fasteners.  Jointing  compound  was  used  to  minimize  the  effect  of  gas  pumping. 
The  test  frame,  containing  a  honeycomb  panel,  was  mounted  in  the  test  aper¬ 
ture  within  the  baffle  in  a  manner  designed  to  eliminate  the  loss  of  vibra¬ 
tion  energy  to  t'^e  surrounding  structure.  The  measured  viscous  damping 
ratios  fur  these  composite  honeycomb  panels  fell  into  mode-by-mode  groups 
(Figure  7.1).  These  damping  data  proved  to  be  repeatable  within  10  percent, 
on  reassembly  of  the  test  facility  from  year-to-year.  The  friction  damping 
at  the  fastener  line  was  shown  to  be  small,  much  smaller  than  originally 
expected.  The  material  damping  was  shown  to  be  significant  in  only  the 
Kevlar  honeycomb  panels.  As  a  consequence,  it  was  concluded  that  the  domi¬ 
nant  contribution  to  the  damping  is  from  the  acoustic  radiation.  The  theory 


Figure  7.1.  Composite  honeycomb  panel  damping 
measured  in  a  large  baffle  test 
facility. 


7-3 


in  Reference  [7.3]  was  modified  [7.10]  for  application  to  larger  panels  and 
to  include  the  effects  of  stiffener  flexibility.  -  Since  the  acoustic  radiation 
damping  is  highest  in  the  fundamental  mode  [7.3],  the  modified  acoustic  radi¬ 
ation  theory  was  used  to  predict  the  damping  in  this  mode.  Material  damping 
was  added  to  the  predicted  damping  only  for  the  Kevlar  honeycomb  panels.  A 
comparison  of  the  measured  and  predicted  damping  in  the  fundamental  mode  of 
the  composite  hon^  comb  panels  is  illustrated  in  Figure  7,2.  The  theory  was 
also  applied  to  the  fundamental  mode  of  the  aluminum  honeycomb  panels  [7.12] 
with  clamped  edges.  The  results  of  this  comparison  are  illustrated  in  Fig¬ 
ure  7.3  In  general,  the  correlation  appears  to  be  reasonable  for  all  of 
these  honeycomb  panels,  when  considering  the  simplicity  of  the  analysis. 

Energy  losses,  due  to  friction  and  gas  pumping,  are  nonexistent  in 
integrally  stiffened  panels.  Since  the  material  damping  is  small  in 


Figure  7.2.  Comparison  of  theoi etically  predicted  and  measured  vioccus 
damping  ratios  for  fundamental  mode  of  stiffened  composite 
honeycomb  panels. 
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Figure  7.3.  Comparison  of  theoretically  predicted  and  measured  viscous 
damping  ratios  for  fundamental  mode  of  stiffened  aluminum 
honeycomb  panels. 


graphite/epoxy  composites,  it  is  concluded  that  the  damping  in  integrally 
stiffened  graphite/epoxy  panels  must  be  due,  primarily,  to  acoustic  radia¬ 
tion.  This  conclusion  was  verified  [7,13,  7.34]  by  applying  the  modified 
double-sided  acoustic  radiation  theory  to  an  integrally  blade-stiffened 
mini-sandwich  panel  with  a  large  center  bay  i?.13],  using  a  sinusoidal  approx 
imation  to  measured  mode  shapes.  Reasonably  good  correlation  (Figure  7.4) 
was  obtained  with  measured  damping  data  for  the  fundamental  and  the  higher 
order  pane.1  modes.  The  cancellation  effant  [7.3,  7.4],  is  seen  to  reduce 
the  damping  in  the  higher  order  panel  modes  quite  dramatically  (Figure  7.4). 

The  acoustic  cancellation  effect  is  also  present  in  panel  arrays  such 
as  the  three-bay  integrally  J-stiffened  graphite/epoxy  panels  described  in 
Reference  [7.13].  The  cancellation  affect  reduced  the  damping  in  the  funda¬ 
mental  mode  of  this  three-bay  panel  to  a  level  {7. 1 3]  that  was  an  order  r.f 


Figure  7.4.  Comparison  of  theoretically  predicted  and  measured  viscous 
damping  ratios  of  blade  stiffened  mini-sandwich  graphite/ 
epoxy  panel. 


magnitude  less  than  that  measured  on  the  mini-sandwich  panel  with  the  large 
center  bay.  The  adjacent  bays  were  vibrating  out-of-phase  in  the  funda¬ 
mental  mode.  T5ie  center  bay  was  just  a  little  larger  than  the  two  outer 
bays.  The  acoustic  radiation  damping  ratio,  predicted  bv  assuming  equal  bay 
sices,  was  almost  two  and  a  half  times  the  measured  damping  ratio,  indicating 
the  importance  of  using  the  correct  mode  shapes.  The  cancellation  effect  is 
also  obtained  in  fastener  attached  panel  arrays  in  which  the  out-of-phase 
vibration  of  adjacent  bays  is  fully  correlated  across  the  stringers.  The 
correlation  between  the  vibration  of  two  panels  across  a  heavy  frame  is,  gen¬ 
erally,  very  low  [7.15],  This  result  allowed  the  panel  array  between  two 
frames  to  be  considered  separately.  When  the  correlation  between  two  adja¬ 
cent  panels  across  a  stringer  is  also  very  low,  such  as  obtained  with  uneven 
stringer  spacing  or  with  turbulent  boundary  layer  excitation  [7.16],  the 
individual  panels  can  be  treated  as  vibrating  alone.  The  sound  radiated  by 
such  a  panel  array  is  equal  to  the  sisa  of  the  found  radirted  by  each  panel  in 
the  array  vibrating  alone  [7.17j. 


Acoustic  edge  conditions  also  have  a  significant  effect  on  the  damping 
in  stiffened  panels.  The  viscous  damping  ratio  in  the  fundamental  mode  of 
the  above  composite  honeycomb  panels  dropped  down  to  a  value  around  0.0035 
when  removed  from  the  baffle  [7.10,  7.11],  but  remained  in  the  same  order  of 
magnitude,  as  measured  in  the  baffle,  for  some  of  the  higher  frequency  modes. 
The  viscous  damping  ratio  in  the  fundamental  mode  of  a  fastener  attached 
stiffened  aluminum  panel  [7.18'  was  reduced  by  forty  percent  to  a  value 
around  0.006  (Figure  7.5)  when  tested  later  in  the  unbaffled  condition.  Tl)e 
viscous  damping  ratio  of  0.9085.  measured  for  the  stringer  bending  mode  of 
a  wire-  suspended  unbaffled  riveted  panel  array  [7.19]  "gave  almost  the  same 
results"  in  vacuum.  All  of  the  bays  vibrate  in  phase  in  the  stringer  bend¬ 
ing  mode.  These  results  indicate  that  most,  but  not  all,  of  the  acoustic 
radiation  damping  in  the  lower  frequency  panel  modes  is  eliminated  by  the 
removal  of  tne  baffle. 

The  damping  in  stiffened  aluminum  panels  remained  unaffected  by  signifi¬ 
cant  axial  tension  load  [7.18],  but  increased  with  c  .ession  load  on 
approaching  panel  buckling.  A  similar  increase  in  damping  was  obtained  in 
integral!’  stiffened  graphite/epoxy  panels  on  approaching  shear  buckling 
[7.20],  It  is  suspected  that  this  increase  in  damping  may  be  related  to  an 
increase  in  acoustic  radiation. 


Acoustic  radiation  damping,  sometimes  called  air  damping,  is  present  to 
varying  oegree  in  most  structures,  depending  on  the  structural  and  acoustic 
edge  conditions.  The  acoustic  radiation  damping  is  lowest  in  uhe  free-free 
beams  [7.21,  7.22,  7.23,  7.24]  and  panels  [7.11],  since  the  particles  of  air 
have  to  travel  laterally  from  the  high  pressure  regions  to  the  low  pressure 
regions  proaucea  by  these  beams  and  panels  during  each  vibration  cycle.  This 
lateral  motion  or  the  air  particles  is  accomplished  with  a  minimum  of  energv 
loss.  Typical  in-air  and  in-vacuum  viscous  damping  ratios  for  tru.  first  two 
modes  of  free-free  graphite-epoxy  beams  -  7.22]  are  illustrated  in  Figure  7.6. 
The  average  contribution  from  acoustic  radiation  to  the  viscous  damping  ratio 
ot  these  composite  beams  is  approximately  0,00017.  An  even  lower  value  was 
aeasurec  m  the  tests  described  in  Reference  [7. 23).  The  variation  of  this 
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7.5.  Variation  of  the  fundamental  mode  viscous  damp: 
ratio  of  stiffened  aluminum  panels  with  axial 
inplane  load. 
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Figure  7.6.  Comparison  of  graphite/epoxv  free~free  beam 
damping  measured  in  air  and  in  vacuum. 
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acoustic  radiation  damping  with  amplitude  is  not  expected  to  be  very  large. 

The  very  low  acoustic  radiation  damping  is  one  reason  why  the  free-free  beam 
vibration  tests  are  used  to  provide  a  quick  measure  of  the  material  damping 
in  aerospace  structural  materials. 

The  acoustic  radiation  or  air  damping  in  cantilever  beams  can  be  quite 
significant  [7.25,  7.26,  7.27],  since  the  air  particles  have  to  flew  from  one 
side  of  the  beam  to  the  other.  The  energy  loss  is  also  expected  to  be  ampli¬ 
tude  dependent  since  the  path  length  Traveled  by  the  <u.r  particles  increases 
with  the  amplitude.  In  fact,  the  acoustic  radiation  damping  increases  propor¬ 
tionally  with  velocity  at  low  vibration  amplitudes  and  with  velocity  squared 
at  high  vibration  amplitudes  [7.25].  At  low  amplitudes,  it  is  also  a  function 
of  the  cantilever  beam  length  to  thickness  ratio  [7.25]  as  illustrated  in 
Figure  7.7.  Air  damping  is  also  a  function  of  the  surface  area  for  canti¬ 
lever  plates  [7.26].  Thus,  care  must  be  taken  when  using  cantilever  beams 
to  measure  material  damping. 

In  conclusion,  acoustic  radiation  is  the  dominant  source  of  damping  in 
stiffened  aluminum  and  composite  honeycomb  panels  as  well  as  integrally 
stiffened  composite  panels.  The  damping  in  fastener  attached  skin-stiffener 
type  aircraft  panels  is  due  primarily  to  a  combination  of  acoustic  radiation 
and  friction  damping  at  the  fastener  lines. 


friction  Da 


7.2.2. 1  General  Aerospace  Structures 

F'iction  or  Coulomb  draping  is  generated  by  slippage  between 
ing  sui faces.  The  draping  force  is,  generally,  assumed  to  be  ecus 


LCiersl  OS 


ind  the  normal  force,  but 


independent  of  the  velocity.  In  an  experiment,  described  in  Reference  [7.28 
the  equivalent  coefficient  of  sliding  friction  was  shown  to  be  independent  o 
both  frequency  and  maximum  velocity,  but  dependent  on  the  normal  force,  as 


illustrated  in  rieure  ..6.  me  equivalent 


t  rietior. 


.'as  determined  from  the  area  of  the 


igular  measured  force  -  s; 
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VISCOUS  DAMPING  RATIO 
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Figure  7.8.  Variation  of  equivalent  friction  coefficient  during 
sinusoidal  motion  with  normal  load,  frequency  and 
maximum  re’ative  velocity. 

loops.  The  energy  loss  per  cycle,  and  therefore,  the  coefficient  of  friction, 
can  change  with  time  as  the  contacting  surfaces  become  smooth  with  wear  {7.29]. 
A  review  of  dry  friction  damping  technology  and  the  basic  analytical  models 
used  to  represent  dry  friction  is  also  contained  in  Reference  [7,28]. 

In  bolted  joints,  a  threshold  force  level  m-’St  be  exceeded  before  slip¬ 
page  can  fake  place,  in  some  mult i- jo i nted  str  es,  for  example,  com¬ 
plete  aeroplanes,  more  and  more  joints  begin  to  a I tp  with  a  progressively 
increasing  excitation  level,  producing  b< th  an  increase  in  the  measured 
damping  and  a  reduction  in  the  resonant  frequencies  of  the  modes,  as  a  func¬ 
tion  of  the  excitation  level.  The  damping  in  structures  can,  in  fact,  be 
optimized  by  controlling  the  interface  slip  in  joints  17.10,  7.31,  7.32],  In 
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unmanr.-d  spacecraft,  the  nonlinear  behavior  of  joints  can  be  even  more  complex 
[7  ,  ,  as  illustrated  in  Figure  7.9  for  the  high  gain  antenna  on  the  Galileo 

spacecraft.  The  level  of  the  damping  in  unmanned  spacecraft  and  satellites 
has  been  established  [7-34,  7.35]  during  modal  testing  on  the  ground  (Fig¬ 
ures  7.10  and  7.11).  Limited  damping  data  measured  nn  a  spinning  satellite 
in  orbit  [7.34]  indicate  that  similar  damping  levels  are  also  encountered  in 
orbit,  as  illustrated  In  Figure  7.10.  These  results  indicate  that  friction 
damping  is  the  major  source  of  damping  both  on  the  ground  and  in  orbit.  Addi¬ 
tional  sources  of  information  for  measured  spacecraft  modal  damping  are  con¬ 
tained  in  Reference  [7.36]. 

The  damping  of  vehicles  used  in  launching  the  above  spacecraft  is  also 
important  for  use  in  launch  loads  analysis.  Such  a  damping  schedule  [7.34] 
is  illustrated  in  Figure  7.12  for  the  Titan  Launch  Vehicle.  The  equivalent 
viscous  damping  ratios  were  also  measured  [7.37]  on  the  space  shuttle  ascent 
vehicle  during  Stage  i.  Stage  2  and  Orbiter  ground  vibration  tests.  Stage  1 
test  involved  the  ascent  vehicle  consisting  of  the  Orbiter,  the  external  tank 
and  the  two  solid  propellant  motors  while  Stage  2  test  involved  only  the 
Orbiter  and  the  external  tank.  The  measured  damping  ratio  during  launch, 
ranged  between  0.016  to  0.024,  with  an  average  value  around  0.021.  These 
data  were  in  reasonable  agreement  with  the  average  value  of  0.017  (Figure  7.13) 


Figure  7.9.  Variation  of  the  Galileo  spacecraft 
high  gain  antenna  frequencies  with 
amplitude. 
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Comparison  of  typical  damping  levels  measured  on  the 
ground  and  in  orbit. 
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Figure  7.11.  Typical  damping  levels  measured  during 
Galileo  spacecraft  modal  tests. 


Figure  7.12.  Damping  schedule  for  Titan  launch  vehicle. 
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Figure  7.13.  Equivalent  viscous  damping  ratios  (damping  factors) 
measured  during  space  shuttle  ascent  vehicle 
Stage  1  vibration  tests. 


measured  during  the  Stage  1  test.  The  average  damping  ratios,  measured  during 
the  Stage  2  and  Orbiter  ground  vibration  tests,  were  0.021  and  0.032,  respec¬ 
tively.  Generally,  the  lower  levels  of  the  measured  damping  are  used  in  the 
design  of  control  systems  (Figure  7.13)  for  these  vehicles. 

C? ip-on  joints  [7.38,  7.39]  may  also  be  used  on  large  space  structures 
such  as  the  space  station.  Flexibility  in  these  joints  will  provide  friction 
damping  for  these  structures.  Mod. Is  for  representing  the  friction  energy 
dissipated  in  these  joints  are  currently  being  developed  [7.40).  However,  if 
high  pointing  accuracies  are  required,  the  supporting  structure  may  have  to  be 
fabricated  with  rigid  joints.  The  resulting  damping  in  the  structure  will  be 
due  entirely  to  material  damping.  In  this  event,  the  use  of  active  and  pass- 
i'.e  damping  will  be  required  to  suppress  any  excessive  vibration  levels,  since 
the  material  damping  is  usually  very  small  In  roost  aerosnace  structural 
materials. 
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Friction  damping  has  been  used  to  suppress  resonant  vibrations  in  other 
fields  of  engineering  such  as  in  shock  and  vibration  icolation  by  means  of 
multistranded  cable  vibration  isolators  [7.40]  and  in  turbine  engines  [7.41, 
7.42],  to  name  a  few.  Welded  (or  integral)  components  such  as  compressor 
blades,  turbine  blades,  compressor  guide  vanes  and  inlet  guide  vanes,  have  a 
tendency  to  develop  cracks  from  excessive  vibration  levels,  due  to  the  very 
low  inherent  (material)  damping  in  such  components.  The  measured  viscous 
damping  ratios,  obtained  from  an  integrally  machined  turbine  stage  [7.41], 
were  found  to  fall  between  0.00032  to  0.00062,  which  is  comparable  to  the 
level  of  the  material  damping.  Indications  are  [7.41,  7.42]  that  friction 
damping  produced  by  root  slip,  could  increase  the  blade  damping  by  an  equiva¬ 
lent  viscous  damping  ratio  of  around  0.001.  This  level  of  damping  is  quite 
small  but  still  significantly  greater  than  the  measured  damping  in  the  inte¬ 
grally  machined  turbine  stage.  The  blade  damping  does  increase  with  the 
vibration  amplitude  [7.41,  7.42],  but  decreases  again  with  increased  centrifugal 
force  [7.42 }. 

7 .2.2.2  Stiffened  Panel  Structures 

Friction  damping,  at  the  fastener  lines  of  stiffened  panels,  was  first 
investigated  many  years  ago  [7.6,  /. 7]  and  continues  to  be  a  source  of  inter¬ 
est  in  more  recent  years  [7.1,  7.19J.  The  earlier  studies  revealed  a  compli¬ 
cated  behavior  depending  on  the  load  amplitude  at  the  joint.  In  a  more  recent 
study  [7.19],  the  damping  of  a  wire  suspended  unbaffled  panel  array,  vibrating 
in  the  stringer  bending  mode,  was  overestimated  by  a  factor  of  three  based  on 
the  friction  damping  measured  in  simple  crossed  double  cantilever  coupon  tests, 
in  a  vacuum.  The  measured  friction  related  joint  dissipation  coefficient, 
which  is  proportional  to  the  loss  factor,  was  found  to  be  constant  with  the 
joint  load  amplitude  [7.19], 

The  model  assumed  a  tension-compression  type  loading  on  the  fastener.  A 
recent  dynamic  panel  edge  theory  [7.10,  7.43],  indicates  that  the  fastener  is 
subjected,  basically,  to  a  tension-tension  type  loading,  during  the  reverse 
bending  cycle  of  the  panel,  in  both  the  stringer  torsion  and  bending  modes. 

A  net  positive-positive  bending  moment  is  also  acting  on  the  fastener  during 


the  same  panel  bending  cycle  in  the  stringer  torsion  mode,  assuming  that  a 
sagging  panel  bending  moment  is  positive.  The  above  behavior  is  due  to  the 
local  deformation  produced  in  the  panel  during  the  reverse  bending  cycle  when 
bending  over  and  away  from  the  stiffener  flange  takes  place.  These  deformations 
combine  to  produce  a  panel  upper-surface  fastener-line  strain,  normal  to  the 
panel  edge,  that  is  purely  compressive  during  the  panel  reverse  bending  cycle. 
The  validity  of  the  above  theory  has  been  verified  by  stress  coat  patterns 
in  the  vicinity  of  the  fastener  line  [7.44]  and  by  the  correlation  achieved 
between  the  predicted  rms  strains  and  those  measured  on  both  aluminum  honey¬ 
comb  [7.12,  7.45,  7.46],  and  composite  honeycomb  [7.10]  panels.  The  lower 
surface  of  the  panel  makes  line  contact  with  the  adjacent  stiffener  flange 
edges  alternately  during  the  stringer  torsion  mode  and  simultaneous  contact 
during  half  of  the  panel  bending  cycle  in  the  stringer  bending  model.  Since 
the  crossed  double  cantilever  coupon  made  line  contact  along  four  edges  during 
half  of  the  panel  bending  cycle,  as  acknowledged  in  Reference  [7.19],  the  pre¬ 
dicted  panel  array  friction  damping  based  or  the  coupon  data,  should  be  much 
lower. 

The  results,  in  Figure  7.8,  show  that  the  sliding  friction  coefficient 
is  independent  of  frequency  and  velocity.  The  results  in  Reference  [7.19] 
indicate  that  the  loss  factor  is  independent  of  the  load  amplitude  at  the 
fastener  line,  at  least  for  skin-stiffener  type  panels.  It  is,  therefore, 
reasonable  to  conclude  that  the  friction  damping  at  the  fastener  line  of 
stiffened  panels  is  indeed  a  constant,  dependent  only  on  the  number  of  fas¬ 
teners  along  the  panel  periphery  [7.47]. 

7.2.3  Gas  Pumping  at  the  Fastener  Lines 

The  damping  in  the  crossed  double  cantilever  coupon  [7.19]  was  increased 
by  a  factor  of  two  when  tested  in  air.  This  increase  was  attiibuted  to  air 
or  gas  pumping  in  the  joint  region.  Gas  pumping  [7.1,  7,5]  is  also  encoun¬ 
tered  in  fastener  attached  stiffened  panel  type  structures  vibrating  in  air. 

The  damping  is  due  to  the  local  displacement  of  air  produced  by  the  relative 
motion  between  the  stiffener  flange  and  the  panel  during  the  vibration  cycle. 
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The  mechanism  of  gas  pumping  at  the  fastener  lines  is,  thus,  well  understood 
and  its  contribution  to  the  panel  damping  generally  predictable  (7.2,  7.5]. 

The  gas  pumping  contributes  to  the  panel  damping  generally  at  the  higher  panel 
frequencies. 

7.2.4  Material  Damping 

The  energy  dissipated  internally  within  a  material  is  known  as  material 
damping.  Knowledge  of  che  damping  in  aerospace  structural  materials  has 
taken  on  a  greater  importance  because  of  the  increased  activity  in  space. 

A  considerable  amount  of  information  is  available  on  the  internal  damping  in 
metals.  Some  of  the  internal  mechanisms  responsible  for  producing  the  mate¬ 
rial  damping  in  metals  have  been  identified.  More  attention  is  currently 
being  focused  on  the  damping  in  composite  materials.  Investigation  into  the 
material  damping  in  composites  started  in  the  late  l^GOs.  The  effort  has 
expanded  since  that  time,  to  include  newer  materials  such  as  metal  matrix 
composites.  Of  interest  are  the  effects  of  the  high  stiffness  fibers  and 
whiskers  on  the  material  damping  of  the  matrix  metal.  The  resin,  che  type  of 
fiber  and  che  fiber  orientation  can  also  affect  the  material  damping  of 
polymer  matrix  composites.  In  general,  the  material  damping  is  very  low  in 
both  aerospace  metals  and  most  uniaxial  composites.  The  low  level  of  the 
damping  also  places  great  demands  on  the  test  methods  used  to  measure  such 
data. 


This  section  contains  a  brief  introduction  to  the*basic  theoretical 
representation  of  the  material  damping,  a  brief  discussion  on  the  camping 
mechanisms  in  metals,  and  a  summary  of  typical  measured  material  damping 
levels  in  both  metals  and  composites.  The  more  recent  test  methods  used  in 
obtaining  the  damping  data  are  also  discussed.  Ir.  general,  the  trend  has 
■seen  to  use  resonant  testing  under  near  vacuum  conditions,  after  first  demon¬ 
strating  that  the  damping  due  to  the  fixture  is  small  compared  to  the  measured 
material  damping.  Both  because  of  its  very  low  material  damping  and  the  theo¬ 
retical  predictability  of  this  damping,  aluminum  alloy  has  become  the  standard 
material  for  calibrating  such  test  facilities. 
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7.2. 4.1  Theoretical  3asis  for  Material  Damping 


Ho  material  is  perfectly  elastic.  When  the  material  is  cycled  under 
load,  a  hysteresis  loop  is  obtained  when  the  resulting  stress,  0 »  is  plotted 
against  the  strain,  The  area  enclosed  within  the  hysteresis  loop  repre¬ 
sents  the  energy  dissipated  per  cycle  by  the  material.  This  can  be  expressed, 
in  terms  of  the  instantaneous  stress,  c,  and  strain,  c,  by 


(7.2) 


where  D  is  the  specific  damping  energy  per  unit  volume.  It  provides  a  measure 
of  the  capability  of  a  given  homogeneous  material  to  dissipate  energy  under 
cyclic  loading.  In  the  low  to  intermediate  stress  range,  the  specific  damping 
energy  is  assumed  to  obey  the  simple  relationship  [7.4] 

D  =  J  -n  (7.3) 


for  many  materials,  where  J  is  a  constant  and  n  takes  on  a  value  between  0.5 
and  2.5.  Both  J  and  n  are  determined  experimentally.  The  above  model  for  the 
material  damping  is  linear  when  n  -  2.  Other  linear  models  for  the  material 
damping  are  discussed  in  Reference  [7.49]. 

It  is  more  convenient  to  represent  the  energy  dissipated  in  a 
sional  form  by  relating  the  energy,  Dg,  dissipated  in  a  volume,  v, 

material  to  the  maximum  strain  energy,  J  ,  stored  in  the  material. 

*  s 

Section  2.0, 


nondimen- 
of  the 
Since,  from 


D 

s 


(7.4) 


and 


v 
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(7.5) 


Che  loss  faccor  h  is  given  by 


=  D  / 2~U 
s  s 


(7.6) 


and  the  viscous  damping  ratio  (equation  7.1)  by 


=  D  /kr. U 
s  s 


(7.7) 


In  equations  7.4  and  7.5,  e  is  the  strain  rate,  .<  is  the  circular  frequency  and. 

o  and  e  are  the  maximum  (zero  to  peak)  stress  and  strain  amplitudes,  respec- 
o  o 

tively.  The  material  damping  is  often  expressed  in  terms  of  the  specific 
damping  capacity,  a-,  given  by 


f  =  Ds/Us 


(7.8) 


7. 2. 4. 2  Material  Damping  Mechanisms  in  Metals 

There  are  many  linear  and  nonlinear  internal  damping  mechanisms  in  metals 
(7.48,  7.50,  7.51,  7.521.  A  linear  damping  involves  a  hysteretic  stress- 
strain  loop  that  is  basically  elliptical  in  form,  with  the  energy  dissipation 
proportional  to  the  square  of  the  strain.  The  linear  damping  is  produced  by 
a  relaxation  mechanism  involving  thermal  processes  within  the  material.  The 
viscous  damping  ratio,  for  materials  exhibiting  these  characteristics,  is 
generally  dependent  on  frequency  and  temperature  but  not  stress  amplitude. 

For  example,  the  major  contribution  to  the  material  damping  of  aluminum  beams 
undergoing  flexure  at  room  temperature,  is  due  to  heat  flow  from  the  warmer 
compression  fibers  to  the  cooler  tension  fibers.  The  viscous  damping  ratio 
due  to  this  linear  relaxation  mechanism  can  be  calculated  from  the  relationship 


i  +  (f/fRr 


where 


T  =  temperature 

o  =  thermal  expansion  coefficient 
c  3  specific  heat 
E  3  Young's  modulus 
fg  =  relaxation  frequency 
f  3  measurement  frequency 

The  relaxation  frequency,  derived  from  the  work  described  in  Reference  [7.50], 
is  given  by 


f 


R 


(7.10) 


where  K  is  the  thermal  conductivity  and  h  is  the  beam  thickness.  A  comparison 
between  the  predicted  and  measured  [7.26,  7.53]  damping  is  illustrated  ir. 
Figure  7.14.  Additional  comparisons  between  the  predicted  and  measured  alumi¬ 
num  material  data  are  given  in  References  [7.24]  and  [7.28], 


Nonlinear  damping  in  metals  is  the  result  of  the  following  mechanisms: 


(i)  Deformation  of  inclusions  such  as  graphite  flakes  in  hard  metal 
matrices  associated  with  composition  alloys,  in  which  the  dissi¬ 
pation  of  energy  takes  place  within  and  along  the  boundaries  of 
the  inclusion. 


(ii) 


Magnetomechanical  effect  in  Ferromagnetic  alloys,  involving  the 
dissipation  of  energy  during  domain  wall  movements  as  a  result 
of  an  externally  applied  stress  or  magnetic  field. 


(it 


Dislocation  movements  at  high  stress  amplitudes  in  metals  such  as 

A  linear  damping  mechanism  is  obtained 


magnesium  and  its  alloys, 
at  low  stress  amplitudes. 


RATH)  Of  SPECIMEN  NATURAL  FREQUENCY 
TO  RELAXATION  FREQUENCY 


Figure  7.14.  Comparison  of  predicted  and  measured  material 
damping  in  aluminum. 

(iv)  Two  phase  boundary  movement  in  metals  such  as  anti ferromagnetic 
and  thermoelastic  martensitic  alloys. 

The  damping,  in  most  but  not  all  of  the  metals  with  nonlinear  damping 
mechanisms,  tends  to  vary  with  the  dynamic  stress  amplitude.  The  damping  in 
metals  exhibiting  the  fourth  type  of  nonlinear  damping  mechanisms  described 
above,  tends  also  to  vary  with  temperature,  whereas  the  damping  is  constant 
with  temperature  for  the  metals  in  the  other  three  categories.  The  damping 
levels  in  metals  with  both  linear  and  nonlinear  aamping  mechanisms  are  sum¬ 
marized  in  the  following  section. 

7 . 2 . 4 . 3  Material  Damping  Levels  in  Metals  and  Other  Materials 

The  measured  material  damping  in  aluminum  and  its  alloys  is  very  low 
(Figure  7.14)  ranging  between  a  viscous  damping  ratio  of  0.00005  and  0.0012 
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with  the  possibility  of  even  lower  levels  at  higher  frequencies.  Other 
aerospace  metals  such  as  alloy  steel  have  a  slightly  higher  material  damping. 
Typical  material  damping  values  for  a  number  of  structural  materials,  are 
listed  in  Table  7.1  based  on  data  from  Reference  [7.51].  The  damping  mechan- 
sisms  for  a  range  of  materials  [7.52]  are  listed  in  Tables  7.2  and  7.1  while 
the  corresponding  variations  in  the  viscous  damping  ratios  with  zerc-to-peak 
stress  amplitude  are  illustrated  in  Figures  7.15  sad  7.16,  respectively.  The 
data  in  these  figures  have  been  adapted  from  Reference  [7,52],  A  compre¬ 
hensive  summary  of  the  material  damping  in  both  metallic  and  nom&etallic 
materials  is  contained  in  Reference  [7.55],  in  non-reinfcrced  plastics  in 
Reference  [7.56]  and  for  highly  damped  metals  in  Reference  [7.51].  The  damp¬ 
ing  mechanism  in  these  highly  damped  metals,  called  'lidamcts,'-  arc  summarized 
in  Table  7.4  while  the  composition  of  the  metals  are  summarized  in  Table  7.5. 
The  data  in  Reference  [7.51]  include  variation  of  the  damping  with  temperature, 
dynamic  strain  amplitude,  static  strain  and  frequency.  For  quick  reference 
purposes,  the  viscous  damping  ratios  measured  at  a  stress  level  equal  to  one 
tenth  of  the  yield  stress,  are  illustrated  in  Figure  7.17  together  with  the 
data  for  aluminum  and  steel  for  comparison. 


7 . 2 . 4 . 4  Material  Damping  in  Composites 

The  earliest  measurements  of  the  material  damping  in  composites  were  made 
usually  in  air  using  either  cantilever  [7.57,  7.53]  or  free-free  beam  flexure 
specimens.  The  free-free  beams  were  supported  at  the  outermost  nodal  lines 
either  by  two  polyurethane  foam  knife  edges  [7.23]  or  fay  two  vertical  strings 
[7.11,  7.24,  7.58,  7.59,  7.60].  Free- free  [7.59,  7.60]  and  damped  [7.22, 

7.23]  beam  specimens  were  also  tested  in  torsion  to  obtain  the  shea*  damping. 
The  damping  devices  used  with  the  cantilever  specimens  [7.58],  the  foam  knife 


edges 


[7.24] 


and  the  air  (acoustic  radiation)  damping  [7.24,  7.58)  a] 


con¬ 


tributed  to  the  damping  of  the  specimens,  in  addition  to  the  material  damping. 
As  previously  mentioned,  the  air  damping  can  be  especially  significant  in 
single  and  double  cantilever  test  specimens,  a  result  that  encouraged  test.ng 
under  near  vacuum  conditions  (7.58,  7.61,  7.621.  Although  the  air  damping  is 
lowest  In  the  free-free  beams  (Figure  7.6),  this  dumping  can  vary  from  lest 
specimen  to  test  specimen  [7.61].  Nevertheless,  free-free  beam  tests  in  a i *■ 


/ -C-i 


-,V>o , 


%  %  %  V  v  %  v  V  * 


TABLE  7.1.  TYPICAL  VISCOUS  DAMPING  RATIOS  FOR  STRUCTURAL  MATERIALS 
AT  SMALL  AMPLITUDES  AND  ROOM  TEMPERATURE  IN  THE  AUDIO 
FREQUENCY  RANGE 


Material 

Viscous  Dasping  Ratio 

Aluminum 

0.00005 

Brass,  bronze 

<0.0005 

Brick 

0.005  -  0.01 

Concrete 

Light 

0.0075 

Porous 

0.0075 

Dense 

0.005  -  0.025 

Copper 

0.001 

Cork 

0.065  -  0.085 

Glass 

0.0003  -  0.001 

Gypsum  board 

0.003  -  0.015 

Lead 

0.00025  -  0.001 

Magnesium 

0.00005 

Masonry  blocks 

0.0025  -  0.0035 

Oak,  fir 

0.004  -  0.005 

Plaster 

0.0025 

Plexiglass,  Lucite 

0.01  -  0.02 

Plywood 

0.005  -  0.0065 

Sand,  dry 

0.3  -  0.6 

Steel,  iron 

0.00005  -  0.0003 

Tir, 

0.001 

Wood  fiberboard 

0.005  -  0.015 

Zinc 

0 . 000 I 5 

TABLE  7.2.  IDENTIFICATION  AND  DAMPING  MECHANISMS  FOR  MATERIALS 
IN  FIGURE  7.15 


TABLE  7.2  (continued) 


Sample 

Number 

Material 

Damping  Mechanism 

14 

Ti  -  3.9%  Al,  4.3%  Mr., 

0.1%  C  annealed 

High  Temperature 

Damping  (600CF) 

15 

Sandvik  Steel  Fe  - 
1%  Cr,  0.2%  Si, 

1%  C,  0.26%  Mn, 

0.24%  Mo,  quenched 
tempered 

Not  available 

16 

Free  cutting  brass 

Cu  -  35%  Zn,  3%  Pb 

Not  available 

17 

Al  -  5.5%  Cu, 

0.5%  Pb,  0.5%  Bi 

Not  available 

13 

Al  -  4%  Cu,  0.5%  Mg, 

0.5%  Mn 

Not  available 

19 

Naval  brass 

Cu  -  39%  Zn,  1%  Sn 

Not  available 

STRESS  AmiTUOt  -  PS 


Variation  of  the  viscous  damping  ratio  with  stress 
amplitude  for  materials  listed  in  Table  7.2. 


TABLE  7.3.  IDENTIFICATION  FOR  MATERIALS  IN  FIGURE  7.16  HAVING 
MAGNETOHECHAN ICAL  DAMPING  MECHANISM 


Sample 

Number 

Material 

1 

Fe  -  3.3Z  Si,  anneal  5.5  hr 
at  1200°C 

IS 

Sample  I 

Saturation  Magnetic  Field 

2 

Pure  Nickel 

2S 

Sample  2 

Saturation  Magnetic  Field 

3 

NIVCO 

73.52  Co,  22.52  Ni,  1.82  Ti, 

1.1%  Zr 

4 

403  Steel  Alloy 

Fe  -  122  Cr,  52  HI 

5 

Mild  Steel 

0.282  C,  0.22  Si,  0.79%  Mn, 

0.122  Cu,  0.142  Ni,  0.12  Cr, 
annealed  18  hre  at  625  C 

5S 

Sample  5 

Saturation  Magnetic  Field 

6 

Carbon  Steel 

0.422  C,  0.322  Si. 

0.997  Mn,  0.092  Ni, 

0.062  Cr,  normalised 

6S 

Sample  6 

Saturation  Magnetic  Field 

VscCOUS  DAMIRS  RATIO 
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V&  i.ition  of  £  he  viscous  draping  r;«t>c  with  stress 
irapsitude  for  msterials  listed  in  Table  7.3. 
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CLASSIFICATION  OF  HIGH  DAMPING  METALS 


Type 

Damping  Mechanism 

Alloy  System 

Example 

(i)  Natural 
Composite 

Viscous  or  plas^i''  flow 
across  phase  boundaries 
between  matrix  and  the 
second  phase. 

Fe-C-Si 

Gray  cast  iron. 
Rolled  nodular 
iron. 

(ii)  Ferromagnetic 
Alloys 

Magneto-mechanical 
static  hysteresis  due 
to  irreversible  move¬ 
ment  of  ferromagnetic 
domain  walls 

Fe  and  Ni 

re-Cr 

Te-Cr-Al 

Fe  or  Ni- 

alloys 

Co-Ni-Ti 

T.D.  Nickel 

12%  Cr-steel 

Silentalloy 

Gentalloy 

Vacrosil 

NIVCO 

(ill)  Alloys  Based 
on  Disloca¬ 
tion 

Damping 

Static  hysteresis  du'j 
to  the  movement  of  dis¬ 
location  loops, 

>reaking  away  from 
pinning  points. 

Mg 

Mg-Q.6%  Zr 
MG-Mg  Ni 

2 

KlXI-alloy 

{iv)  Alloys  with 
Movable  Twin- 
or  Phase 
Boundaries 

Movement  of  twin 
boundaries  martensite- 
martensite  boundaries 
and  boundaries  between 
martensite  and  the 
matrix-phase 

Mn-Cu 

Mn-Cu-Al 

Cu-Zn-Al 

Cu-Al-Ni 

Ti-Ni 

Co-Fe 

Sonoston 

Incramute 

Proteus 

NiCinol 

_ 

TABLE  7.5.  SUMMARY  OF  ALLOYS  TESTED  WITH  TYPE  OF 
DAMPING  MECHANISM 


Alloy  System 
and  (Type) 


Pe-C-Si  (I) 

Fe-Cr-Mo  (II) 

Fe-allov  (II) 

Mg  (pure)  (III) 

Hg-Zn-  (III) 

Rare  Earth 

Mg-Zn-Cu-Mn  (III) 

Mn-Cu  (IV) 

Ti-Ni  (IV) 
Cu-Zn-Al  (IV) 

Cu-Zn-Al -Ni  (IV) 


Composition 


Fs  - 

3*3,  5% 

c 

~ 

2*2,  5% 

Si 

Fe  - 

?  2%  Cr 

-  3 

Fe  - 

23%  Cr 

-  3 

Mg 

Code 

S499-1 

Code 

S 7 30-6 

54%  Mn  -  37% 

Cu 

3%  Fe  -  2%  Ni 

Ti  - 

51  at  % 

Ni 

Cu  - 

13-V2U 

Zn 

- 

2^  8% 

A1 

Cu  - 

1  3*2 1  % 

Zn 

2*  8% 

A1 

O'-  2%  Ni 

Name 


Cast  Iron 

Gentalloy 

Vacrosil 

Magnesium 

S499-1 

S730-6 

Sonoston 

Nitinol 

Proteus 

Proteus 


Figure  7.17.  Viscous  damping  ratio  for  various  alloys  at  a  stress 
level  equal  to  one  tenth  of  the  yield  stress  as  a 
function  of  the  elastic  modulus. 


provided  some  of  the  earliest  indications  of  the  low  level  of  damping  present 
in  the  unidirectional  composites.  Similar  damping  measurements  have  also  been 
performed  on  free-free  graphite/epoxy  and  Kevlar  honeycomb  panels  that  were 
also  supported  by  two  strings  (7.11].  These  and  other  test  methods  are  dis¬ 
cussed  in  more  detail  in  Section  7. 2. 4. 5. 


Problems  were  also  encountered  in  fabricating  the  graphite/epoxy  test 
specimens  on  account  of  the  resin  rich  prepreg  available  at  the  time.  As  a 
consequence,  the  early  composite  test  specimens  tended  both  to  be  resin  rich 
and  to  have  a  high  void  content.  The  importance  of  fiber  volume  on  the  damp¬ 
ing  (7.23]  of  composites  (Figure  7.18).  in  audition  to  the  noduius,  was 
recognized  early  in  the  damning  studies,  although  the  variation  of  the  damping 
with  fiber  volume  (Figure  7.19)  aid  not  always  yield  the  expected  results 
[7.63].  Some  problems  were  encountered  in  the  adhesion  between  the  resin  and 
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Figure  7.19.  Comparison  of  viscous  damping  ratios,  as  a  function 
of  fiber  vcliaae,  measured  in  early  beam  flexure 
tests. 

fiber  {7.61,  7.63]  that  were  later  solved  by  the  use  of  suitable  fiber  surf * -e 
treatments.  The  lack  of  adhesion  could  increase  the  damping  through  friction. 

On  the  positive  side,  it  was  recognized  early  that  shear  effects  could 
be  encountered  more  easily  in  composites  than  in  metals  on  account  of  the  high 
Young's  modulus  to  shear  modulus  ratio  possible  in  the  composites.  The  test 
beams  are  required  to  have  a  length  to  thickness  ratio  of  100  or  more  {7.61, 
7.64]  to  minimize  the  shear  effect  just  in  the  fundamental  mode.  This  ratio 
has  to  be  even  greater  if,  for  example,  the  first  three  modes  are  to  be, 
essentially,  free  of  shear  effects.  Alternatively,  both  the  damping  {7.61) 
and  the  modulus  (7.64]  need  to  be  corrected  for  the  shear  effect,  if  the  abov_ 
requirement  is  violated  or  if  even  higher  modes  are  included  in  the  develop¬ 
ment  of  the  damping  data.  A  theoretically  derived  correction  factor  for  the 
Young’s  modulus  is  illustrated  in  Figure  7.20  as  a  function  of  both  the  mode 
nieaber  and  the  ratio  of  the  axial  Young's  modulus  to  the  shear  modulus  (E/G). 
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MODE  NUMBER 

Figure  7.20.  Theoretical  correction  factor  for  the  Young's  modulus 
obtained  from  measured  flexural  beam  resonant 
frequencies  as  a  function  of  mode  number. 

The  earliest  research  also  focused  on  developing  the  ability  to  predict 
both  the  axial,  shear  and  flexural  damping  of  unidirectional  composites  based 
on  the  material  daspingof  the  resin  [7.61,  7.65,  7.66].  Toe  fibers  were 
assumed  to  provide  no  damping  in  this  analysis.  Thus  the  material  damping  of 
composites  is  dependent  on  the  damping  of  the  resin,  used  in  the  fabrication, 
the  lowest  damping  being  obtained  in  composite  beams  with  axial  fibers.  The 
early  theories  predicted  the  form  but  not  the  level  of  the  material  damping 
in  the  composites.  Modifications  (7.67.  7.68]  to  these  theories  produced 
methods  that  predict  the  material  damping  of  cross  ply  composite  beams  [7.67] 
and  beams  with  even  sore  complex  fiber  orientations  S7.68J  with  good  accuracy. 
The  typical  agreement  achieved  between  theory  and  test  data  [7.68],  is  illu¬ 
strated  in  Figure  7.21. 
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Comparison  of  predicted  and  measured  Young’s  modulus  and  viscous  damping  ratio  as  a 
function  of  the  outer  ply  fiber  orientation. 


Analytical  methods  have  also  been  developed  [7.69,  7.70,  7.71,  7.72]  for 

predicting  the  modulus  and  damping  in  discontinuous  or  chopped  aligned  fiber 

composites.  The  correlation  achieved  between  these  methods  and  measured  data 

is  reasonable  [7.71,  7.72].  This  correlation  can  be  improved  by  including 

fiber  damping  in  the  theory  [7.71].  The  characteristics  of  the  discontinuous 

fiber  composites  are  illustrated  in  Figure  7.22  which  includes  the  variations, 

with  fiber  aspect  ratio,  of  the  loss  modulus,  E^',  and  the  storage  modulus, 

E^.,  of  the  composite,  expressed  in  terms  of  the  corresponding  loss  modulus, 

E",  and  storage  modulus,  E' ,  of  the  matrix  material.  The  composite  is 
am 

assumed  to  have  a  fiber  volume,  v^,  of  fifty  percent  while  the  fiber  is 
assumed  to  have  no  damping  in  the  above  figure.  The  loss  and  storage  moduli 
are  the  real  and  imaginary  part  of  the  composite  complex  Young’s  modulus, 
respectively.  The  viscous  damping  ratio  of  the  composite  is  given  by  E^/2E^. 
There  appears  to  be  an  optimum  value  for  the  damping  in  the  composite, 
obtained  at  the  expease  of  a  reduced  stiffness.  This  behavior  [7.71]  is 
similar  to  that  observed  in  a  layered  viscoelastic  damping  treatment  [7.73]. 

In  fact  the  material  damping  of  a  composite  plate  has  also  been  increased 
significantly  [7.22]  by  the  use  of  randomly  distributed  discontinuous  fiber 
composite  material  in  the  outer  layers,  providing  an  effect  similar  to  that 
observed  in  extensional  and  constrained  layer  viscoelastic  damping  treatments. 

Fiberglass  Composites  —  The  earliest  damping  tests  concentrated  on  glass 
fiber  composites.  The  measured  damping  data  obtained  from  these  and  later 
tests  are  susssarized  in  Table  7.6.  The  measured  viscous  damping  ratio  for 
axially  fiber  reinforcea  beams  range  from  a  low  of  0.00051,  measured  i»'  vacuis 
with  free-free  beams  [7.58],  to  a  high  of  0.0016,  measured  in  air  with  double 
cantilever  beams  [7.59],  using  the  third  mode  to  reduce  the  air  damping  effect 
(Figure  7.23).  The  difference  between  the  measured  aluminum  beam  damping  in 
the  third  mode  (Figure  7.23)  and  that  indicated  by  the  Zener  curve  in  Fig¬ 
ure  7.14  is  approximately  0.0004.  This  result  suggests  that  the  actual 
material  damping  is  closer  to  0.0012  in  the  third  mode,  which  is  comparable 
to  other  test  data  measured  at  comparable  fiber  volixae  fractions.  Similar 
double  cantilever  beams  that  were  tested  in  vacuum ,  but  at  a  higher  dynamic 
strain  level  [7.58],  yielded  a  viscous  damping  ratio  of  approximately  0.0008. 
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SUMMARY  OF  MEASURED  FIBERGLASS  COMPOSITE  MATERIAL  DAMPING  (Sheet  4  of  4) 


7-43 


VISCOUS  DAMPING  RATIO 


ISOTROPIC 

FIBER  ORIENTATION  -0  DEGREES 


Figure  7.23.  Variation  of  damping  v;ith  uniaxial  fiber  orientation 
relative  to  beam  axis  for  Scotchply  1002  measured  by 
double  cantilever  beam  tests  in  air. 
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Figure  7,24.  Variation  of  storage  modulus  and  damping  with 
for  chopped  E-glass/polyester  composites. 
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This  result  indicates  that  the  damping  could  contribute  as  ouch  as  0.0003  to 
the  viscous  damping  ratio  of  the  beams. 

In  general,  the  material  damping  is  highly  dependent  on  the  fiber  volume 
fraction,  v^,  of  the  composite.  The  fiber  volume  fraction  for  the  beams  with 
the  0.00051  viscous  damping  ratio  was  estimated  from  the  dynamic  modulus  to 
be  around  0.72.  This  fiber  volume  is  higher  than  normally  used.  A  more 
common  value  is  around  0.50.  At  this  volume  fraction,  the  viscous  damping 
ratio  is  around  0.0007  [7.67,  7.68]  at  the  lower  frequencies  (50  Hz).  The 
viscous  damping  ratio  increases  with  frequency,  reaching  a  value  of  0.0013 
at  430  Hz  [7.67].  However,  the  data  in  Reference  '[7.59]  indicate  viscous 
damping  ratios  of  0.0009  and  0.0016  at  frequencies  of  900  Hz  and  5000  Hz, 
respectively.  The  viscous  damping  ratio  remains  constant  with  amplitude  or 
surface  stress  level  up  to  the  damage  level  in  the  composite  [7.74].  The 
dating  is  increased  by  the  damage.  A  significant  increase  in  the  damping 
can  be  obtained  by  using  other  than  axial  fiber  orientations  at  the  expense 
of  reduced  composite  stiffness.  The  damping  is  controlled  by  the  damping  in 
the  resin.  This  result  is  also  true  for  chopped  fiber  composites  (Figure  7.24) 
[7.67].  The  damping  for  these  composite  materials  is  constant  with  frequency. 
However,  when  this  damping  is  measured  in  air.  It  increases  with  frequency 
[7.76]. 

Graphite-Epoxy  and  Graphite-Polyester  Composites  —  The  polyester  resins 
used  in  fabricating  some  of  the  earliest  test  beams  have  given  way  to  epoxy 
resins.  The  damping  data  for  graphite  fiber  reinforced  composites  made  with 
both  resin  systems  are  summarized  in  Table  7.7.  In  general,  the  damping  of 
axially  reinforced  composites  made  with  polyester  resin  [7.23,  7.63]  tended  to 
be  higher  than  those  made  with  epoxy  resins  (Figure  7,19).  The  viscous  damp¬ 
ing  ratio  for  the  graphite/polyester  composites  varies  typically  from  0.0009 
to  0.0012,  corresponding  to  fiber  volumes  of  62  to  50  percent,  respectively, 
at  ambient  temperature.  The  viscous  damping  ratio  for  axially  reinforced 
graphite  fiber  composites  made  with  epoxy  resins  tends  to  be  between  C. 00024 
[7.78]  to  0,00068  [7.22,  7.63,  7.75,  7.77]  for  fiber  volumes  above  50  percent 
although  viscous  damping  ratios  as  low  as  0.00012  have  been  measured  [7.61]. 
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TABLE  7.7.  SUMMARY  OF  MEASURED  GRAPHITE-EPOXY  AND  POLYESTER  COMPOSITE  MATERIAL  DAMPING  (Sheet 
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The  damping  in  these  composites  is  constant  with  both  frequency  [7.22,  7.29] 
and  surface  dynamic  stress  level  [7.29].  The  damping  increases  substantially 
when  other  fiber  orientations  are  included  [7.22.  7.29,  7.75,  7.77,  7.78]  at 
the  expense  of  reduced  stiffness  as  illustrated  Lr.  jure  7.25(b).  Increased 
shear  damping  effect  [7.61]  is  present  in  the  higher  flexural  modes, 

which  is  responsible  for  the  increase  in  the  damping  with  frequency  observed 
in  Figure  7.25(a),  starting  with  the  second  mode.  As  a  corsequence,  data  for 
the  first  mode  only  are  included  in  Table  7.7  and  in  Figure  7.25(b). 

The  variation  of  the  damping  with  temperature  of  both  the  epoxy  resin 
and  the  graphite /epoxy  beams  is  illustrated  in  Figures  7.26(a)  and  (b), 
respectively.  The  resin,  being  a  polymer,  behaves  in  a  similar  manner  with 
temperature  as  the  damping  materials,  previously  discussed  in  Section  2,  with 
the  peak  damping  occurring  in  this  instance  at  0°C  (Figure  7.26(a)).  The 
axially  reinforced  beam  damping  remains  essentially  constant  over  the  tempera¬ 
ture  range  shown  in  Figure  7.26(b).  However,  the  damping  in  the  beams  with 
±45°  and  90°  fiber  orientations  basically  follows  the  shape  of  the  resin 
damping  curve.  All  fiber  reinforced  polymeric  composite  materials  are 
expected  to  behave  in  a  similar  manner. 

The  damping  in  the  resin  determines  the  damping  in  the  uniaxial  composite 
[7.61,  7.65].  The  effect  of  resin  damping  on  the  damping  of  the  axially  fiber 
reinforced  composite  can  be  observed  in  the  data  in  Table  7.7  from  Refer¬ 
ence  [7.78],  although  damping  data  were  not  available  for  the  Normco  5208  and 
5213  epoxies.  The  5208  epoxy  appears  to  have  the  greater  damping.  The  effect 
of  resin  damping  can  be  seen  more  clearly  in  Table  7.8  in  damping  studies 
[7.72]  performed  with  chopped  fibers  although  the  resins  were  not  identified. 

A  significant  increase  in  composite  material,  damping  can  be  obtained  by  the 
use  of  a  highly  damped  resin. 

Chopped  fibers  17.22,  7.72,  7.79]  provide  another  means  of  increasing 
the  material  damping  in  composites.  The  data  indicating  the  increase  in 
damping  possible  by  the  use  of  chopped  fibers  and  combinations  of  continuous, 
chopped  random  fibers  [7.22]  are  illustrated  in  Table  7.9  and  Figures  7.27 
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VISCOUS  DAMPING  RATIO 


FREQUENCY  -  Hz  FREQUENCY  -  Hz 

fa)  VARIATION  OF  DAMPING  AND  YOUNG'S  MODULUS 
WITH  FREQUENCY  FOR  FIRST  SIX  MODES  [7.751  • 


FIBER  ORIENTATION  -  ±a°  FIBER  ORIENTATION  -  ±a° 

lb)  VARIATION  OF  DAMPING  AND  YOUNG'S  MODULUS  WITH 
FIBER  ORIENTATION  IN  THE  FIRST  MODE  (7.75) 


Figure  7.25.  Measured  Young  s  modulus  and  damping  for  graphite/epoxy 
composite  at  ambient  temperature. 
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TABLE  7.8,  EFFECT  OF  RESIN  DAMPING  ON  THE  DAMPING  OF  CHOPPED  ALIGNED 


GRAPHITE  FIBER  COMPOSITE 


Material 

Resin 

Chopped  Fiber  Composite 
(V  f  =  0.6) 

Identified  by 
Resin  Number 

Only  [7.72] 

Modulus 

MSI 

Viscous 

oping 

'  i  LO,  $ 

Modulus 

MSI 

Viscous 
Damping 
Ratio,  r 

1 

0.144 

0.075 

13.25 

0.004 

5 

0.475 

0.0035 

17.62 

0.00025 

6 

0.249 

0.075 

16.69 

0.005 

TABLE  7.9.  DAMPING  IN  DISCONTINUOUS  ALIGNED  AND  RANDOM  TIBER 
GRAPHITE/EPOXY  COMPOSITES 


Young’s  Modulus 

MSI 

Viscous  Damping 
Ratio,  £ 

1st  Mode 

- 1 

2nd  Mode 

r~ 

1st  Mode 

2nd  Mode 

12.5 

12.8 

0.00043 

0.00062 

12.8 

12.9 

0.00039 

0.00044 

1.12 

1.11 

0.0038 

0.0034 

1.28 

’  .3 

0.0042 

0.0047 

13.9 

13.9 

0.0003 

0.00084 

14.9 

15.4 

0.00025 

0.00043 

9.5 

9.6 

0.0006 

0.00095 

2.97 

3. 1 

0.0019 

0.0023 

1.96 

1.97 

G.0023 

0.0023 

Continuous  Type  A  Fiber 
Chopped  Aligned  Type  A  Fiber 
Random  HT-2  Fiber 
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and  7.28.  The  increase  in  damping  is  obtained  at  the  expense  of  reduced 
stiffness. 

3oron/Epoxy  Composites  —  The  increased  damping  data  on  boron/epoxy 
composites  [7.60,  7.62,  7.75]  is  summarized  in  Table  7.10.  In  general  good 
agreement  has  been  obtained  by  the  various  researchers  on  the  damping  in  the 
boron/epoxy  composites.  The  damping  of  the  axially  fiber  reinforced  com¬ 
posite  is  around  0.0006.  The  measured  modulus  in  Reference  [7.62]  falls  with 
frequency  while  the  damping  increases  with  frequency.  This  behavior  is 
attributed  to  the  previously  discuss.  ^near  effect  in  the.  higher  modes.  The 
variation  of  the  damping  and  modulus  with  fiber  orientation  [7.75]  is  illu¬ 
strated  in  Figure  7.29(a).  The  damping  of  the  axially  reinforced  composite 
appears  to  change  slightly  with  temperature  whereas  the  damping  for  the  ±45° 
and  90°  fiber  orientations  takes  on  the  form  of  the  resin  damping  (Fig¬ 
ure  7.29(b)). 

Kevlar/Epoxy  Composites  —  The  damping  data  [7.10,  7.75,  7.79]  on  Kevlar/ 
epoxy  is  summarized  in  Table  7.11.  Initial  damping  measurements  were  made  on 
free-free  Kevlar  cloth  Style  181/epoxy  honeycomb  panels  17.11]  with  a  ±45° 
fiber  orientation  in  the  face  sheets.  The  damping  data,  included  in  Fig¬ 
ure  7.30,  indicated  a  higher  damping  for  the  panel  with  the  thicker  honeycomb 
co) a.  Core  shear  was  not  a  factor.  As  a  consequence  some  Kevlar/epoxy  uni¬ 
axial  and  cloth  beams  were  tested  in  1974  to  see  if  the  cloth  affected  the 
damping.  The  results  [7.10]  are  summarized  in  Figure  7.30  and  average  values 
included  in  Table  7.11.  There  is  reasonably  good  correlation  between  the 
cloth  beams  and  one  of  the  honeycomb  panels.  The  reason  for  the  higher  damp¬ 
ing  in  the  other  free-free  honeycomb  panels  remains  unknown. 

In  general,  there  is  good  agreement  between  the  measured  damping  of  the 
axial  fiber  reinforced  Keviax  composites,  from  the  limited  sources,  with  a 
value  around  0.006  being  typical.  The  damping  value  of  0.0044  recorded  in 
Reference  [7.80]  appears  to  be  on  the  low  side  as  compared  to  the  other  data. 
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Figure  7.28.  Graphite/epoxy  composite  Young’s  modulus  and  viscous 
damping  ratio  as  a  function  of  frequency  for 
difference  fiber  lengths. 
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TABLE  7.10.  SUMMARY  OF  MEASURED  BORON/EPOXY  COMPOSITE  MATERIAL  DAMPING 
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TABLE  7.11.  SUMMARY  OF  MEASURED  KEVLAR/EPOXY  MATERIAL  DAMP IMG 
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Figure  7,31. 


Kevlar/epoxy  Young's  modulus  aud  viscous  damping  ratio 
as  a  function  of  frequency  and  fiber  length. 


Metal  Matrix  Composites  —  The  measured  damping  data  on  metal  matrix 
composites  is  summarized  in  Table  7.12.  Boron/aluminum,  the  first  metal 
matrix  composite,  appears  to  have  a  viscous  damping  ratio  around  0.00038 
[7.75].  The  most  comprehensive  damping  data  to  date,  on  later  types  of  metal 
matrix  composites,  is  contained  in  References  [7.81]  and  [7.82],  the  former 
addressing  the  variation  of  the  damping  with  frequency  (Figures  7.32  to  7.34) 
and  the  latter  dealing  with  variation  of  damping  with  surface  stresses  at 
ambient,  200°F  and  400°F  temperatures.  The  highest  damping  was  measured  in 
the  graphite/aluminum  and  graphite/magnesiura  composites  with  viscous  damping 
ratios  of  0.00086  and  0.00067,  respectively.  The  damping  appears  to  be 
constant  with  frequency.  The  damping  in  the  FP/aluminum  and  FP /magnesium 
composites  also  appears  to  be  constant  with  frequency,  with  viscous  damping 
ratios  of  around  0.00045.  Some  measurement  problems  were  encountered  at 
higher  frequencies  [7.81]  which  may  account  for  the  subsequent  rise  in  damping 
above  1000  Hz  for  these  materials  The  FP  in  these  metal  matrix  composites 
is  Al^O^  fiber.  The  damping  in  the  silicon  carbide  reinforced  aluminum 
composites  continues  to  fall  off  with  frequency  similar  to  the  Zener  curve 
with  values  as  lew  as  0.0002  arc-und  6000  Hz  and  as  high  as  0.001  around  10  Hz. 
The  graphite /AZ916-T  [7.77]  composites  also  exhibited  a  low  damping  with  a 
viscous  damping  ratio  of  0.0004.  The  graphite/AZ916-Mg  [7.77]  had  a  higher 
viscous  damping  ratio  of  0.001  consistent  with  that  expected  from  the  Zener 
curve  for  magnesium,  as  illustrated  in  Figure  7.35,  The  damping  data  in 
Reference  [7.83]  for  various  metal  matrix  composites  appears  to  be  high.  This 
conclusion  is  supported  by  the  comparison  with  the  damping  measured  in  Refer¬ 
ence  [7.77]  for  P10Q/AZ916-Mg  composite.  There  appears  to  be  a  factor  of  six 
difference.  The  damping  of  the  aluminum  beam  also  appears  to  be  high. 

7. 2. 4. 5  Current  Methods  for  Measuring  Material  Damping 

The  basic  methods  currently  used  for  measuring  the  material  damping  in 
both  metals  and  composites,  in  the  low  to  intermediate  audio  frequency  range, 
involve  resonant  testing  of  thin  beam  type  test  specimens,  either  in  flexure 
or  torsion.  Longitudinal  resonant  vibration  testing  is  generally  used  in  the 
highest  audio  frequency  range  while  nonresonant  testing  is  used  in  the  lowest 
frequency  range,  down  to  almost  zero  frequency.  Many  of  the  test  methods  are 

7-66 


n  ■  n  *  5 


TABLE  7.12.  SUMMARY  OF  MEASURED  METAL  MATRIX  COMPOSITE  MATERIAL  DAMPING  (Sheet 
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Figure  7.32.  Variation  of  damping  Kith  frequency  of  graphite  reinforced  aluminum  and  magnesium  matrix 
composites. 
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Vigure  7.3/*,  Variation  of  damping  with  frequency  of  silicon  carbide  reinforced  aluminum  matrix  composites. 
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Damping  of  metal  matrix  specimens  versus  frequency 
superimposed  on  the  Zener  curye  for  AZ916 
magnesium. 


discussed  in  References  f 7.841,  [7.35]  and  [7.36].  The  basic  resonant 
frequency  equation  for  many  of  the  test  specimens  and  the  methods  for  correct' 
ing  these  equations  for  added  masses ,  magnetic  drive  effects  and  some  test 
fixture  effects  are  summarized  in  Reference  [7.84]. 

Tne  material  damping  in  aluminum  has  been  well  established  by  experiment 
(Figure  7.14)  and  is,  in  general,  in  good  agreement  with  the  theoretically 
predicted  damping  (equation  7.9).  Consequently,  aluminum  has  [7.87]  become 
the  standard  reference  material  for  evaluating  and,  indeed,  calibrating  test 
methods  used  in  measuring  material  damping. 

Nonresonant  Testing  —  The  main  problem  with  nonresonant  testing  is  that 
specified  test  fixtures  [7.51]  have  to  be  developed  to  introduce  the  loads  into 
the  test  specimen  without  any  friction  or  damping  losses.,  especially  when 
testing  very  stiff  metals.  These  problems  are  less  severe  when  testing  the 
much  softer  polymer  type  materials  [7.84].  The  above  test  fixtures  ofte,: 
require  the  use  of  complex  specimen  shapes  17.51]  that  can  be  expensive  ~o 
manufacture,  at  least  in  comparison  to  the  more  common  beam  type  specimens. 

The  advantages  are  a  highly  controlled  force  level,  and  the  ability  to  ^etsura 
the  material  damping  as  a  function  of  stress  amplitude,  especially  in  the 
presence  of  a  static  load.  Thus,  the  widest  possible  loading  combinations  c<.n 
be  used  in  the  tests,  albeit  over  a  small  frequency  range. 

Free-Free  Resonant  Flexured  and  Torsional  Testing  —  The  free-free  beam 
represents  one  of  the  most  commonly  used  test  methods  for  measuring  the  mate¬ 
rial  damping.  The  free-free  beam  test  method  requires  only  a  minimal  test 
fixture,  but  is  usually  restricted  to  the  lower  dynamic  strain  region  by  the 
availability  of  only  a  limited  input  force  level.  This  test  method  has 
recently  been  extended  into  the  higher  dynamic  flexural  strain  region  by  the 
development  of  a  controlled  impulse  launch  mechanism  for  the  specimen. 

In  the  simplest  form  of  the  free-free  beam  flexural  test  (7.24],  the 
specimen  is  suspended  at  the  modal  lines  by  two  long  vertical  nylon  strings  as 
illustrated  in  Figure  7.36a.  The  specimen  has  a  length  to  thickness  ratio 
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typically  around  250  to  minimize  the  effect  of  transverse  shear  on  the 
resonant  frequencies  and,  in  composite  beams,  on  the  damping  of  the  lowest 
flexural  modes.  The  excitation  is  provided  through  air  coupling  by  a  plate 
mounted  parallel  to  the  test  specimen  and  attached  tc  an  elect rodynamic 
shaker.  The  response  of  the  specimen  is  measured  by  a  noncontacting  optical 
vibration  transducer  (OVT)  [7.24].  The  harmonic  excitation  is  first  tuned 
onto  the  resonant  mode  of  interest  and  the  power  to  the  shaker  is  then  open 
circuited.  The  resulting  single  mode  free  decay  response  of  the  beam  is 
recorded  either  on  a  strip  chart  by  means  of  an  ink  jet  oscillograph  (Fig¬ 
ure  7.36(b)),  or  on  magnetic  tape  for  subsequent  analysis  on  the  computer. 
Since  the  excitation  is  normal  to  the  support  direction,  and  since  noncon¬ 
tacting  excitation  and  response  transducer  are  used,  all  extraneous  sources 
of  damping,  except  for  acoustic  radiation  (air  damping),  have  been  eliminated 
The  beam  is  tested  in  its  manufactured  state  without  any  added  mass.  Conse¬ 
quently,  the  error  in  calculating  the  flexural  modulus  from  the  beam  geometry 
density  and  measured  resonant  frequency  is  also  expected  to  be  a  minimum, 
however,  this  test  method  can  only  be  used  in  air  due  to  the  nature  of  the 
excitation. 


Magnetic  transducers  have  also  been  used  [7.58,  7.60, 
excite  free-free  beam  specimens  in  material  damping  tests, 
can  be  used  down  to  near  vacuum  conditions  irigure  /.37)  [ 
small  magnetic  steel  targets  to  be  bonded  onto  the  center  i 
the  end  of  the  beam,  on  one  side  for  flexural  tests  and  on 
corners  for  torsional  tests  [7.60,  7.34].  Optical  [7.62]  i 
["’.84]  can  be  used  fo  measure  the  beam  vibration  response, 
require  thin  steel  or  aluminum  foil  targets  to  be  bonded  oi 
Except  for  some  possible  magnetic  effect  [7.84],  the  added 
effect  the  material  damping  of  the  beam,  but  must  be  accoui 
extracting  the  flexural  Young's  modulus  from  the  test  cats 


7.62,  7.84]  to 
These  transducers 
7.62],  but  require 
o *  the  beam,  or  to 
opposite  sides  and 
or  proximity  probes 
The  probes  also 
nto  the  specimen, 
masses  do  not 
nted  for,  when 
.  It  is,  generally 


recommended  [7.84]  that  the  added  mass  be  less  than 
beam  weight.  Lightweight  coil  and  magnet  drives  [7 
used  in  the  measurement  of  the  m-steria.  damping  in 
In  free-free  composite  honeycomb  panels  :  ?  .  1 1 J ,  as 


3  percent  of  the  totui 
.22,  7.23]  nave  a 1  so  been 
f  ree- f  cee  beams  [7.231  and 
illustrated  in  Figure  7.3S 
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7.37.  A  method  for  measuring  material  damping  under  near  vacuum 
conditions  with  a  free-free  resonant  beam. 
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This  for n»  of  magnetic  drive  provides  a  negligible  contribution  to  the  material 
damping  in  air  and  can  also  be  used  under  near  vacuum  conditions. 

The  free-free  test  beams  can  also  be  mounted  horizontally  [7.58,  7.62, 
7.84]  supported  at  the  nodal  lines  by  two  cetton  or  nylon  string  loops  or  by 
two  thin  steel  wires  [7.84],  or  even  mounted  on  two  polyurethane  roam  wedges 
[7.23].  Care  must  be  taken  to  locate  these  supports  exactly  at  the  nodal 
lines  since  any  relative  motion  between  the  supports  and  the  specimen  can 
generate  friction  damping  [7.84,  7.231.  This  type  of  support  can  aiso  intro¬ 
duce  rigid  body  raoder  into  the  beam  response  [7.84],  with  frequencies  high 
enough  to  be  mistaken  for  a  flexural  mode. 

The  final  form  of  free-free  flexural  bean  test  involves  the  use  of 
impulsive  type  excitation.  The  most  interesting  test  method  [7.88]  involves 
the  use  of  a  spring-cocked  launcher,  as  illustrated  in  Figure  7.3S.  The 
specimen  is  simultaneously  excited  and  lofted  into  a  vertical  free-fall  tra¬ 
jectory,  that  lasts  about  1  second,  by  the  above  launcher.  This  launcher 


permits,  within  limits,  the  elastic  dyadic  stress  amplitude  to  be  varied 
while  maintaining  the  same  rigid  body  laimch  velocity.  Dynamic  stress  levels 
as  high  as  20  KS1  have  been  measured  in  some  specimens  {7.29}.  The  dynamic 
response  is  measured  by  two  axial  strain  gages  located  in  opposite  sides  at 
the  canter  of  the  test  beam.  The  thin  lead  wires  are  supported,  in  part,  by  a 
wire  carrier  which  follows  the  vertical  trajectory  of  the  beam  (Figure  7.39) 
under  computer  control.  The  contribution  to  the  material  damping  from  the 
lead  wires  is  very  small,  as  demonstrated  by  the  good  agreement  obtained 
[7.88]  with  other  test  data  and  with  the  theoretically  predicted  relaxation 
damping  to  aluminum  alloy.  This  test  method  overcomes  the  problem  of  support 
damping  and  acoustic  radiation  damping,  the  latter  through  enclosure  in  a 
vacuisa  chamber  to  simulate  near  vacuum  test  conditions. 

The  impulse  head  hamper  tap  method  can  also  be  used  to  measure  the 
damping  of  larger  free-free  test  specimens  that  are  supported  by  nylon  string. 
The  resulting  rigid  body  motion  may  take  the  specimen  beyond  the  measuring 
limits  of  noncontacting  transducer.  The  use  of  a  lightweight  accelerometer 
raises  the  question  of  lead  wire  damping.  Unless  a  remote  ha^er  tap  mech¬ 
anism  is  used,  this  method  is  also  restricted  to  testing  in  air. 

Flexural  and  Torsional  Resonant  Testing  with  Fixed  Supports  —  The  test 
specimens  in  resonant  flexural  tests  can  be  a  single  cantilever  beam  [7.25, 
7.26,  7.84]  that  is  mounted  in  a  rigid  test  fixture  and  excited  by  a  magnetic 
transducer,  a  double  cantilever  beam  [7.27,  7.57,  7.58,  7.62,  7 - 67 j  (Fig¬ 
ure  7.40)  that  is  bolted  to  an  electrodynaaic  shaker  or  a  single  cantilever 
beam  that  is  attached  to  a  cantilevered  mass  [7.81],  which  is  in  turn, 
attached  to  an  electrodynaaic  shaker  (Figure  7.41).  A  typical  test  set-up 
[7.62i,  used  with  a  double  cantilever  beam,  is  illustrated  in  Figure  7.42. 

A  tip  mass  can  be  added  [7.81 j  to  permit  testing  at  lover  frequencies.  The 
electrodynam? c  shaker  provides  sufficient  force  to  produce  significant  dynamic 
stress  levels  in  the  cantilever  test  specimens.  In  the  resonant  torsional 
tests,  either  one  end  or  both  ends  of  either  a  square  [7.23],  or  a  rectangular 
[7.29,  7.84]  test  specimen  can  be  clamped  in  a  fixture.  The  test  specimens 
can  be  excited  at  the  free  end  by  two  magnetic  transducers  [7.84]  located  at 
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METAL  TEST  SPECIMEN  17.26] 


TEST  SPECIMEN  INSTRUMENTATION  17.67] 


COMPOSITE  TEST  SPECIMEN  (7.67] 


Figure  7. AO.  Typical  double  cantilever  test  specimens  used  in 
measuring  material  damping. 
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Figure  7.41.  Experimental  arrangement  for  resonant  dwell  tests. 


Figure  7.42.  Forced  vibration  test  setup  used  for  frequency  sweep  tests. 
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two  opposite  corners,  or  at  the  center,  v^'.h  two  coil  and  magnet  drive  [7.22, 
7.23]  positioned  to  provide  a  torque  to  L..e  clamped- clamped  specimen  (Fig¬ 
ure  7.43).  A  torsional  pendulum  [7.84]  is  used  to  test  at  lower  frequencies. 

The  cantilever  beam  suffers  from  frictional  losses  at  the  root,  requiring 
the  use  of  special  machined  test  specimens  [7.27,  7.67,  7.81],  for  high  stiff¬ 
ness  metals  and  composites,  such  as  illustrated  in  Figure  7.40  and  7.41. 
Similar  test  specimens  are  also  us 'd  in  measuring  the  damping  and  Young's 
modulus  properties  of  viscoelastic  damping  materials  as  previously  discussed 
in  Section  2.3.1  of  this  volume.  The  clamping  is  not  so  critical  for  tor¬ 
sional  test  specimens  because  of  the  relatively  low  torsional  stiffness  of  the 
test  specimens.  The  cantilever  beam  is  also  subjected  to  significant  damping 
from  acoustic  radiation  as  previously  discussed.  Consequently,  the  cantilever 
beam  test  method  should  be  used  under  near  vacuum  conditions  when  measuring 
the  material  damping.  The  errors  encountered  in  the  above  test  methods  and 
means  of  estimating  these  errors  are  discussed  in  more  detail  in  Refer¬ 
ence  [7.84]. 


REFERENCE  17.22) 
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Figure  7.43.  Driving  arrangement  for  shear  tests. 
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More  recently,  impulse  test  methods  nave  been  developed  [7,79.  7.80]  that 
utilize  remotely  controlled  hammer  tap  mechanisms  with  cantilever  beams  under 
near  vacuum  conditions.  Results,  comparable  to  those  from  forced  vibration 
tests,  have  been  obtained  [7.79]. 

Longitudinal  Resonance  Testing  —  The  longitudinal  resonance  testing  is 
generally  used  to  measure  the  damping  in  the  high  frequency  range,  typically 
above  2000  Hz  [7.59,  7.75].  The  short  [7.84]  or  long  [7.59]  rectangular 
specimen  is  excited  at  one  end  with  a  magnetic  or  piezoelectric  transducer, 
or  a  small  explosive  charge  [7.59].  The  response  is  measured  at  the  other 
end  by  lightweight  accelerometer,  proximity  probe,  or  condenser  microphone. 

The  damping  is  obtained  from  the  free  decay  of  each  longitudinal  resonant 
mode  on  termination  of  the  harmonic  excitation  [7.84].  The  Young's  modulus 
extracted  by  this  method  has  to  be  corrected  for  j  7 . 84 ]  the  added  end  masses 
and,  in  the  higher  modes,  for  the  lateral  inertia  rel -#tvd  to  the  Poisson's 
ratio  effect. 

Resonance  Testing  Under  Combined  Loads  —  Three  resonant  *  cs  methods  have 
recently  been  developed  to  measure  the  damping  of  materials  or  combined 
loading.  The  first  two  methods  [7.72]  [7.8Sj.  involvj  the  ^pliration  of 
combined  dynamic' loads  to  the  test  specimen,  while  the  third  metnod  [7.42] 
involves  the  application  of  only  a  static  tension  load  with  a  dynamic  bending 
load. 


In  the  test  method  described  in  Reference  [7.89],  the  combined  dynamic 
bending  and  torsion  loads  3re  applied  simultaneously  to  a  hollow  cylindrical 
test  specimen  by  means  of  four  magnetic  drives  mounted  on  an  inertia  bar  that 
is  clamped  to  the  end  of  the  test  specimen  (Figure  7.44).  The  magnetic  drives 
excite  the  specimen  in  a  coupled  bending-torsion  mode.  The  mode  shape  can  be 
varied  such  that  any  combined  loading  condition,  between  all  bending,  no 
torsion  and  no  bending,  all  torsion,  can  be  obtained.  Damping  data  for  six 
highly  damped  metals,  two  alloys  of  manganese-copper  and  four  grades  of  cast 
iron,  were  determined  from  energy  input  during  steady  state  vibration.  Prior 
combined  loads  test  methods  are  also  discussed  in  this  reference. 
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A  test  apparatus.  Figure  7.45,  is  being  developed  [7.72],  for  measuring 
the  damping  properties  of  rods  also  under  combined  dynamic  torsion  and  bending 
loads.  The  rods  in  this  test  method  can  be  pretwisted  and/or  pretensioned. 
Oscillatory  torque  and  bending  forces  are  applied  through  a  central  inertia 
bar  by  two  concentric  coil  and  magnet  drives. 


The  final  test  method  [7.411  is  designed  to  measure  the  damping  of 
turbine  blades  under  a  simulated  centrifugal  force.  The  test  specimen  consists 
of  a  pair  of  turbine  blades  that  are  welded  at  the  tips  (Figure  7.46)  and 
installed  in  the  loading  frame  by  the  fir  tree  roots.  The  axial  load  is 
applied  by  pressured  load  cells.  The  whole  test  fixture  is  enclosed  in  an 
environmental  chamber.  The  specimen  is  excited,  in  both  the  lateral  and 
tangential  directions,  by  a  remote  striker.  The  damping  is  determined  from 
the  free  decay  by  means  of  the  computer  aided  data  acquisition  system  illu¬ 
strated  in  Figure  7.47. 
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Figure  7,45.  Combined  loading  apparatus  [7.72]. 


Figure  7.46.  Principle  of  blade  test  rig  [7.41]. 
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Figure  7.47.  Computer  aided  data  acquisition  system. 
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7.3  DAMPING  LEVELS  IN  AEROSPACE  STRUCTURES 


The  damping  levels,  primarily  in  lightweight  aerospace  structures,  are 
reviewed  in  this  section.  The  most  ccmrnon  type  of  structure  consists  of 
riveted  multi-bay  stringer-and-f rame-stir fened  aluminum  panels  [7.J2,  7.15, 
7.50,  7.91,  7.92,  7.93]  and  single  bay  stiffened  aluminum  honeycomb  panels 
[7.12,  7.90,  7.91]  used  primarily  in  secondary  aircraft  structures.  Damp¬ 
ing  data  are  also  available  for  stiffened  curved  panels  [7.90],  corrugated 
and  beaded  panels  [7.94,  7.95,  7.96],  integrally  machined  panels  in  built-up 
structures  [7.90,  7.91],  chemically  milled  panels  [7.90],  bonded  skin- 
stringer  multi-bay  aluminum  panels  [7.97,  7.98],  bonded  [7.^9]  and  inte¬ 
grally  stiffened  [7.13,  7.1^0]  composite  multi-bay  panels,  stiffened  composite 
honeycomb  panels  [7.10,  7.11,  7.101]  fastener  attached  composite  [7.102]  and 
aluminum  [7.92,  7.103]  box  structures,  weldbond  panels  and  composite  rudders 
[7.104],  and  trailing  edge  wedges  [7.90,  7.91].  The  damping  data  for  the  above 
structures  have  been  obtained  mostly  during  sonic  fatigue  tests.  Damping  mea¬ 
surements  have  also  been  made  on  stiffened  fuselage  shell  structure  [7.106] 
and  stiffened  cylinders,  with  and  without  the  acoustic  trim  [7.107],  in  con¬ 
nection  with  interior  noise  studies.  Data  on  the  effects  of  fluid  loading  on 
the  damping  of  shells  [7.108]  and  stiffened  panel  type  structures  [7.109]  are 
available.  Damping  also  plays  an  important  part  in  the  design  of  structures 
as  diverse  as  engine  components  [7.110,  7.111]  and  circuit  boards  [7.112]  in 
electronic  boxes  to  name  a  few.  Damping  levels  in  spacecraft  vary  from  space- 
craf t-to-spacecraf t.  Typical  spacecraft  damping  levels  have  been  previously 
discussed  -in  Section  7.2.2. 1  and  will  not  be  included  in  this  section. 

The  damping  data  are  usually  presented  in  the  form  of  a  graph  of  viscous 
damping  ratio  as  a  function  of  frequency,  for  each  structural  configuration, 
plotted  on  a  log-log  graph  such  as  illustrated  in  Figure  7.48  for  skin- 
stringer  panels.  On  account  of  the  past  emphasis  on  predominant  single 
fundamental  mode  response  in  acoustic  fatigue  studies,  most  of  the  damping 
data  recorded  in  literature  for  skin--stringer  and  other  stiffened  panel  type 
structures  is  only  for  Che  fundamental  moae.  Some  higher  mode  damping  data 
may  also  be  included  in  the  above  damping  frequency  plots. 
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Figure  7.48-  Heasur;d  viscous  damping  ratios  for  flat 
skin-stringer  panels 


Some  damping  measurements  have  been  made  at  high  dynamic  strain  levels 
[7.95,  7.113]  where  nonlinear  panel  response  is  encountered.  When  the  3  dB 
bandwidth  method  is  used  to  extract  the  damping  data  from  the  power  spectral 
•density  of  the  panel  strain  response,  obtained  during  high  level  random 
excitation  tests,  higher  than  actual  damping  values  are  obtained  [7.113], 

These  damping  values  do  not  correlate  with  the  root  mean  square  (ras)  strain 
levels,  measured  during  the  same  random  excitation  tests,  when  attempting  to 
curve  fit  test  data  to  simplified  theory  [7.114],  In  previous  studies  [7.12], 
reasonable  correlation  was  obtained  between  the  measured  rms  strains  and 
damping  values  obtained  at  low  excitation  levels,  in  spite  of  the  simplicity 
of  the  theory  used  in  the  curve  fit.  The  measured  damping  values  are  degraded 
by  poor  signal-to-noise  ratios,  providing  a  further  temptation  for  using 
higher  excitation  levels.  The  analysis  bandwidth  used  in  the  spectral  analy¬ 
sis  of  the  strain  response  must  also  be  sufficiently  narrow  to  avoid  smoothing 
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errors,  as  discussed  in  more  detail  in  Section  6.  Acoustic  edge  conditions 
can  also  affect  the  damping  measurements,  as  can  the  method  of  mounting  the 
panels  in  the  test  facility.  It  is.  therefore,  not  surprising  chat  the 
measured  damping  data  are  characterized  by  a  large  scatter  such  as  illus¬ 
trated  in  Figure  7.48. 

The  one-over-the-frequency  type  variation,  assumed  in  the  least  squares 
linear  curve  fit  to  the  test  data  in  Figure  7.48  and,  indeed,  to  the  test  data 
for  other  panels  [7.90],  as  illustrated  in  Figure  7.49,  is  based  on  the  varia¬ 
tions  of  the  viscous  damping  ratio  with  resonant  frequency  that  is  predicted  by 
the  single  degree-of-freedom  system  response  theory  [7.90].  The  author  of 
Reference  [7.90]  joked,  when  presenting  the  original  damping  data  for  these 
structures,  that  there  is  an  equal  justification  for  drawing  a  horizontal  line 
through  the  damping  data.  This  comment  was  received  with  appreciative  laughter. 
Little  did  he  know  how  close  to  the  truth  he  came. 

The  damping  data  for  stiffened  aluminum  and  composite  honeycomb  panels 
is  discussed  first  in  the  following  section  since  some  recent  work  [7.10, 

7.47}  has  thrown  a  considerable  amount  of  light  on  the  nature  of  the  damping 
in  these  structures.  Honeycomb  panels  have  the  advantage  over  skin-stringer 
panel  arrays  in  being  tested  one  panel  at-a-time,  on  account  of  their  rela¬ 
tively  large  size.  The  modes  are  usually  well  separated  and  clearly  defined. 
Consequently  it  is  much  easier  to  see  modal  trends  with  these  panels  than 
with  stiffened  multi-bay  type  panels. 

7.3. i  Damping  in  Stiffened  Aluminum  and  Composite  Honeycomb  Panels 

Most  of  the  available  damping  data  for  aluminum  honeycomb  panels  [7.12], 
composite  honeycomb  panels  [’.10,7.11]  and  honeycomb  rudder  wedges  [7.90,  7.91] 
are  summarized  in  Figure  7.50.  The  damping  data  for  the  composite  honeycomb 
panels  and  the  rudder  wedges  also  contain  higher  order  modes,  in  addition  to  the 
fundamental  mode.  Lines  can  be  drawn  through  these  data  in  the  traditional 
manner  to  indicate  the  trends  with  frequency.  There  are  in  fact  several  trend 
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Figure  7.49.  Damping  ratio  versus  frequency  for  typical  structure. 
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lines,  dependent  on  the  type  of  honeycomb  panel  (Figure  7.50).  The  trend  lines 
are  different  even  for  the  three  types  of  composite  honeycomb  panels  tested 
17-47],  as  illustrated  in  Figure  7.51.  If  only  the  fundamental  mode  damping 
is  plotted  against  frequency  for  both  the  composite  and  aluminum  honeycomb 
panels,  a  constant  variation  of  the  damping  with  frequency  is  obtained  [7.47], 
as  illustrated  in  Figure  7.52.  The  damping  is  the  same  for  the  graphite/epoxy 
and  the  aluminum  honeycomb  panels  while  that  for  the  Kevlar  honeycomb  panels 
is  higher,  reflecting  a  significant  contribution  from  the  material  damping 
[7.10].  The  above  result  is  consistent  with  the  fact  that  the  dominant  contri¬ 
bution  to  the  honeycomb  panel  damping  is  due  to  acoustic  radiation  [7.10,  7.11] 
as  previously  discussed  in  Section  7.2.1.  The  difference  in  the  fundamental 
mode  frequencies  between  the  composite  and  aluminum  honeycomb  panels  are  due  to 
the  use  of  thicker  honeycomb  cores  in  the  aluminum  honeycomb  panels.  Although 
the  damping  is  the  sums  for  the  fundamental  mode  cf  the  graphite/epoxy  honey¬ 
comb  panels,  differences  in  the  higher  order  mode  damping  (Figure  7.o2)  start 
to  appear  due  tc  different  stiffness  characteristics  of  these  honeycomb  panels. 

Although  the  damping  of  these  panels  can  now  be  predicted  [7.10]  reason¬ 
ably  accurately  (Figures  7.2  and  7,3),  scatter  is  still  present  in  the  test  data 
that  cannot  be  explained  by  theory  alone.  It  is  reasonable  to  assume  [7.47] 
that  the  mechanisms  responsible  for  producing,  for  example,  an  above  average 
damping  in  a  panel  fundamental  mode,  will  also  contribute  to  the  above  average 
damping  in  the  higher  order  modes.  On  this  basis  there  would  be  a  great 
advantage  in  being  able  to  predict  the  damping  in  the  higher  modes  based  on  the 
damping  and  frequency  in  the  fundamental  mode,  especially  if  the  expression  for 
the  damping  is  relatively  simple.  Such  a  theory  has  been  developed  in 
Reference  [7.47], 
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The  viscous  damping  ratio  for  the  m,ntu  honeycomb  panel  mode  is  given,  in 
the  most  general  form,  by  [7.47] 


where 

=  m,nc  mode  viscous  damping  ratio 
=  fundamental  mode  viscous  damping  ratio 
=  contribution  from  material  damping 
Cp  =  contribution  from  friction  damping  of  the  rivet  line 
f  =  m,nt*1  mode  resonant  frequency 
f^j  =  fundamental  mode  resonent  frequency 

The  friction  and  material  damping  used  in  the  analysis  of  the  honeycomb  panels 
[7.*+7],  are  summarized  -»r  Table  7.13.  The  degree  of  correlation  achieved  in 
predicting  the  higher  moae  damping,  based  on  the  fundamental  mode  frequency 
and  damping,  is  illustrated  in  Figure  7.53.  Means  of  improving  this  correla¬ 
tion  even  further  are  discussed  in  Reference  [7.47]-  This  method  represents 
a  significant  improvement  over  the  current  damping- frequency  plot  approach. 
Advantage  can  also  be  taken  of  the  existing  fundamental  mode  data.  This 
method  has  also  been  extended  to  skin-sfinger  panel  arrays  as  discussed 
in  the  following  section. 


TABLE  7.13.  VALUES  OF  FRICTION  AND  MATERIAL 
DAMPING  ASSUMED  IN  HONEYCOMB 
PANEL  ANALYSIS 


Honeycomb  Panels 

r 

Aluminum 

0 

0 

Graphite/Epoxy 

0 

0 

Kevlar 

0.008 

0 
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7.3.2  Damping  in  Riveted  and  Bonded  Multibay  Metal  Panels  and  Box  Structures 

The  damping  in,  basically,  the  fundamental  mode  of  riveted  [7.12]  and 
bonded  [7.97]  multibay  aluminum  panels,  riveted  multibay  aluminum  panels 
[7.92]  and  box  structures  [7.92,  7.103],  and  riveted  multibay  titaniun  and  alu¬ 
minum  panels  [7.93],  are  illustrated  in  Figures  7.54,  7.55  and  7.56,  respec¬ 
tively,  as  a  function  of  resonant  frequency  [7.47].  The  constant  damping  trend 
line  with  frequency  is  the  same  in  each  figure,  and  based  on  the  riveted  panel 
data  in  Figure  7.54.  This  trend  line  represents  a  good  fit  to  the  test  data  in 
Figure  7.55  and  is  slightly  on  the  low  side  for  the  data  in  Figure  7.56.  Based' 
on  these  results,  it  was  concluded  in  Reference  [7.47]  that  the  damping  in  the 
fundamental  mode  can  be  considered  to  be  essentially  constant  with  frequency, 
confirming  the  result  previously  obtained  with  stiffened  honeycomb  panels.  The 
constant  fundamental  mode  damping  trend  line  for  flat  skin-stringer  panels 
appears  to  be  equally  applicable  to  curved  skin-stringer  panels  as  illustrated 
in  Figure  7.57.  The  fundamental  mode  damping  for  built  up  structures  with 
integrally  machined  skins  (Figures  7.58  and  7.59)  and  with  corrugated  and  hat 
stiffened  skins  (Figure  7.59)  is  also  constant  with  frequency.  The  damping  is 
lower  for  the  integrally  machined  skins  and  higher  for  the  corrugated  and  hat 
stiffened  skins  than  the  average  damping  for  the  skin-stringer  panels.  It  can 
therefore  be  concluded  that  the  concept  of  a  constant  fundamental  mode  damping 
with  frequency,  developed  in  Reference  [7.47],  is  valid  for  a  wide  range  of 
stiffened  panel  type  structures. 

A  method  for  predicting  the  damping  of  the  skin-stringer  panels  was  also 
developed  In  Reference  [7.47].  The  damping  of  these  panels  is  due  primarily  to 
friction  damping  at  the  fastener  line  and  acoustic  radiation  damping.  The 
acoustic  radiation  damping,  as  indicated  in  References  [7.14]  and  [7.15],  can 
be  predicted  by  the  simple  theory,  described  in  Reference  [7.3],  if  double 
sided  acoustic  radiation  is  used.  The  acoustic  radiation  viscous  damping  ratio, 
C  ,  for  a  simple  supported  panel  that  is  mounted  In  a  baffle,  is  given  by 
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Figure  7.55.  Measured  damping  in  aluminisn  multi-bay  panels 
and  box  specimens. 
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Figure  7.56.  Measured  damping  in  aluminum  and 
titanium  multi-bay  panels. 
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where  . 


0 


c 


f 

n 

M 


a,b 


m,n 


density  of  air 

speed  of  sound  in  air 

natural  frequency  of  the  m,nC^  mode 

panel  surface  density 

panel  length  and  width 

mode 'number  in  the  length  and  width  direction, respectively 


The  above  equation  provides  the  basis  for  the  expression  for  the  viscous  damping 
ratio  in  equation  7.11.  It  must  be  pointed  out  that  the  variation  of  the 
higher  pode  damping  with  frequency  is  not  a  simple  one-r  --the-frequency 
relationship.  In  the  case  of  riveted  panels,  the  relatio,._nip  is  further 
modified  by  presence  of  friction. 


Experimental  evidence  indicates  that  friction  damping  is  both  constant 
with  frequency  and  velocity  (7.23]  and  independent  of  the  load  amplitude  at  the 
fastener  line  [7.193*  Consequently,  it  was  concluded,  in  Reference  (7.47), 
that  the  friction  damping  at  the  fastener  line  is  dependent  only  on  the  number 
of  fastener  along  the  panel  periphery.  The  viscous  damping  ratio  of  0.0085, 
measured  in  a  panel  array  under  near  vacuum  conditions,  was  assumed  as  a  refer¬ 
ence  value  for  the  friction  damping.  As  a  consequence  the  following  semi- 
empirical  equation  was  developed  [7.47]  for  the  friction  viscous  damping  ratio 

V 


0.0253 


.  ..  ,  n  m‘ 
s (a+D)  - 

s  s  _ 


ab 


(7.13) 


where  s  is  the  number  of  fasteners  per  inch 
in  in,  lies.  The  above  value  of  0.0085,  used 
in  practice  from  panel  to  panel  depending, 

' abrleot ion.  This  value  could  be  as  low  as 
an  unbaffled  curved  panel  array  I7.il5j. 


,  and  all  the  other  dimensions  are 
in  deriving  equation  7.13,  can  vary 
for  example,  on  the  quality  of  the 
0.003s ,  as  previous lv  measured  on 
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The  viscous  damping  ratio  £ 

CXI 

given  simply  by 


for  the  a,n 


th 


mode  of  a  single  panel  is 


San  ~  ^a 


CF  +  CM 


(7.14) 


where  £  is  the  material  damping.  The  above  equations  can  be  applied  to 
M 

single  panels  vibrating  in  a  panel  array.  Host  of  the  multi-bay  test  panels 
consist  of  9-bays  with  a  large  center  bay.  Thus  the  dominant  response  tends 
to  occur  in  the  center  bay  vibrating  alone.  For  a  panel  array  with  equ*al  panels 
equation  7.12  has  to  be  modified  to  account  for  the  number  of  panels  vibrating 
in-phase  and  out-of-phase  in  the  panel  array  {7.47).  If  all  of  the  panels  are 
vibrating  in  phase,  then  equation  7.12  can  still  be  used,  since  the  damping  in 
each  panel  will  be  the  same. 

The  degree  of  correlation  achieved  [7.47]  in  predicting  the  damping  of 
both  riveted  skin-stringer  and  bonded  panels  using  equation  7.14  is 
illustrated  in  Figure  7.60.  In  this  correlation,  the  material  damping  C 

in 

was  assumed  to  be  zero  for  both  panels  and  the  friction  damping  r was 
assumed  to  be  zero  for  the  bonded  panels.  The  correlation  appears  to  be 
very  promising.  The  variation  in  the  damping  of  higher  modes,  as  predicted 
by  equation  7.14  with  equal  to  zero,  is  illustrated  in  Figure  7.61.  The 
old  trend  line  (Figure  7.48)  is  included  in  Figure  7.61  since  it  may  have  been 
influenced  by  the  presence  of  higher  modes  in  the  data.  The  old  trend  line 
appears  to  fit  the  data  although  there  are  higher  order  modes,  such  as  the 
(1,3)  modes,  that  have  s  viscous  damping  ratio  almost  as  high  as  that  in  the 
fundamental  mode.  This  result  is  due  to  the  influence  of  the  acoustic  radia¬ 
tion  damping  which  tends  to  increase  with  frequency,  ever,  in  the  fundamental 
mode. 
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Figure  7.60,  Comparison  of  measured  and  predicted  damping 
In  t>*e  fundamental  mode  of  riveted  and  bonded 
euitf-bav  skin-stringer  aluminum  panels. 
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Comparison  of  measured  and  predicted  dnranii 
of  riveted  multi-bay  aluminum  panels  *-«»!> 
predictions  for  higher  mode  diupou. 


Since  a  lot  of  experimental  data  are  available  for  the  damping  in  the 
fundamental  mode  of  many  structures,  it  is  more  convenient  to  use  these  data 
to  predict  the  dashing  in  the  higher  modes  rather  than  to  perform  the  acoustic 
radiation  calculation.  This  approach  is  based  on  equation  7.11,  by  assuming 
that  the  form  of  this  equation  is  applicable  to  most  stiffened  panel  structures. 
Ifhe  value  of  4p  must  be  first  calculated  from  equation  7.1J,  with  a  and  n 
equal  to  one  for  fastener  attached  panels,  and  also  for  the  corrugated  panels, 
although  these  latter  panels  may  have  a  greater  frictional  damping.  The 
friction  damping  is  zero  for  integrally  stiffened  and  bonded  panels. 


7.3.3  Damping  in  Bonded  and  Integrally  Stiffened  Multi-bay  Composite  Panels 
and  Fastener  Attached  Sox  Structure 

The  prediction  of  the  damping  in  bonded  and  integrally  stiffened  composite 
panels  is  simplified  by  the  absence  of  friction  damping.  Except  for  some 
material  damping  in  Kevlar  composites,  the  damping  is  due  entirely  to  acoustic 
radiation  damping  [7.13,  7.14].  The  critical  item  in  predicting  the  damping 
is  therefore  the  number  and  the  size  of  the  panels  in  the  panel  array,  since 
they  affect  the  vibration  response  of  the  array.  The  mode  shape  is  very 
critical,  as  can  be  Illustrated  by  comparing  the  damping  (Figure  7.4)  from 
an  integrally  blade  stiffened  panel  [7.13,  7.14J  with  e  large  center  bay  that 
is  vibrating  by  itself  in  the  fundamental  mode  (Figure  7.-52} ,  with  the  damping 
(Figure  7.63)  of  an  integrally  J-stifrer.ed  panel  [7.13,  7 ^  14 j  with  nearly 
identical  bays, all  vibrating  out  of  phase  (Figure  7.64)  in  the  fundamental 
mode.  The  viscous  daaping  ratio  predicted  by  equation  7.12  for  the  fundamental 


mode,  should  be  closer 
mode  shapes,  instead  o 
(Figure  7.63)  actually 
shape.  The  trend  line 
is  due  to  the  presence 


to  O.ui ,  If  all  the  panels  are  assumed  to  have  equal 
the  vis-cus  daaping  ratio  of  approximately  0.005 
measured.  The  difference  is  due  entirely  to  the  mode 
i«r  tne  damping  of  the  composite  panel  in  Figure  7.63 
of  higher  modes. 
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Figure  7.62.  Fundamental  mode  shape  of  integrally  blade 
stiffened  graphite/epoxy  minisandwich  panel. 


The  damping  measured  on  a  composite  aileron  box  structure  [7.102]  is  also 
included  in  Figure  7.63.  Thus  t  .e  acoustic  damping  in  composite  structures 
can  be  very  low,  but  predictable  by  acoustic  radiation  theory,  at  least  for 
simple  skin-stiffener  type  panels.  Other  damping  data  for  bonded  skin- 
stringer  [7.99]  and  integrally  hat  stiffened  [7.100]  composite  panels  are 
contained  in  Tables  7.14  and  7.15,  respectively. 

7.3.4  Damping  in  Stiffened  Panels  under  Inplane  Axial,  Tension,  Compression 


and  Shear  Load 

The  effect  of  axial  inplane  tension  and  corar  don  loading  on  the  damping 
of  a  stiffened  aluminum  panel  has  been  studied  as  part  of  an  investigation  into 
the  crack  growth  of  stiffened  panels  unde;  combined  loading  [7.18],  The  varia¬ 
tion  of  the  unbaffled  panel  damping  with  axial  inplane  load  is  illustrated  in 
Figure  7.5.  The  damping  remains  constant  with  tension  loading  but  increases 
with  compression  loading  on  approaching  buckling.  The  damping  in  the  compres¬ 
sion  region  is  nonlinear,  as  indicated  by  a  different  decay  late  with  amplitude 
measured  with  the  free  decay  method. 

Fuselage  panels  are  often  designed  to  be  near  buckling  at  one  g.  Consider¬ 
able  interest  was  expressed  in  determining  the  effect  of  acoustic  loading,  from 
the  close  proximity  jet  engine  exhausts,  on  these  fuselage  panels.  A  three-bay 
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Figure  7.63.  Measured  damping  in  multibay  integrally  J-stiftened 
graphite/epoxy  panels  and  graphite/epoxy  box 
structure  assembled  with  fasteners. 

integrally  J-stiffened  monolithic  and  minisandwich  graphite/epoxy  panels  were 
tested  under  combined  acoustic  and  shear  ± jading  [7.20]  to  study  this  problem. 
The  variation  of  the  resonant  frequencies  and  the  corresponding  viscous  damping 
ratios  with  shear  load  through  buckling  was  determined.  The  variation  of  the 
resonant  frequency  and  viscous  damping  ratio  with  shear  load  are  illustrated 
in  Figures  7.65  and  7.66  respectively  for  the  rainisandwich  panel.  The  damping 
in  the  critical  2,1  mode  increases  very  rapidly  on  approaching  buckling.  The 
damping  in  the  noncritical  modes  is  also  increased  on  approaching  buckling, 
as  illustrated  ir.  Figure  7.67  for  the  monolithic  panel,  even  when  a  much  higher 
order  panel  mode  is  the  critical  mode. 


7.3.5 


in  Stiffened  Cylinders 


The  damning  in  stiffened  shells  has  been  measured  in  connection  with 
interior  noise  studies  [7.105,  7.106,  7.107)  on  aircraft.  The  damping  data 
measured  on  a  bare  Metroliner  fuselage,  on  a  bare  L-1011  rear  fuselage  and  a 
small  diameter  stiffened  shell,  both  with  ar.d  without  interior  acoustic  trim, 
are  illustrated  in  Figure  7.68  as  a  function  of  frequency.  The  dmuping  data 
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Figure  7.64.  Fundamental  mode  of  integrally  J-stiffened 
graphite /epoxy  panel. 


TABLE  7.14.  MEASURED  DAMPING  IN  BONDED  GRAPHITE/EPOXY  PANELS 


Panel 

Frequency 

Hz 

Viscous  Damping 

Ratio  -  Z, 

A-66-B1 

167 

184 

0.023 

219 

— 

233 

0.014 

277 

0.017 

343 

0.017 

A-66-B3 

170 

G.013 

i  77 

0.0125 

288 

— 

348 

0.015 

317 

0.016 

1 _ 

563 

0.016 

Reference  [7.99]. 
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TABLE  7.1 5.  MEASURED  DAMPING  IN  INTEGRALLY  HAT  STIFFENED 
GRAPHITE/EPOXY  FLAT  AND  CURVED  PANELS 


REGIONS  OF 
UNCERTAINTY 


zh  -  A^anoaua 
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VISCOUS  DAMPING  RATIO 


Figure  7.66.  Variation  of  damping  with  jack  load  for 
J-stiffened  r,.inisanu-  :  ch  panel. 
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.67.  Variation  of  i-stiffened  monolithic  panel 
doping  with  jack  load. 
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Figure  7.68.  Damping  measured  on  bare  stiffened  shells 

and  a  trimmed  stiffened  shell  as  a  function  of 
f  requency. 
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for  all  of  these  bare  shells  appears  to  collapse  onto  a  single  line.  This 
trend  line  decreases  with  frequency  since  many  shell  modes  are  involved. 

Another  interesting  result  is  that  the  acoustic  trim,  evs-n  when  not  in  contact 
with  the  shell,  increases  the  shell  damping  significantly. 

~.3.6  Effect  of  Fluid  Loading  on  Stiffened  Panels 

A  study  was  conducted  [7.109]  to  measure  the  damping  of  a  hull  panel,  in 
a  motor  torpedo  boat,  both  in  air  and  in  contact  with  water.  The  structure 
consists  of  T  stringers  and  frames  welded  to  the  hull  skin.  The  measured 
damping  is  illustrated  in  Figure  7.6S*  The  interesting  result  is  that  there 
is  virtually  no  difference  in  the  damping  of  the  panel  when  in  air  or  in 
contact  with  the  water.  There  is  a  shift  in  frequency  due  to  the  combination 
of  mass  loading  and  hydrodynamic  pressure.  [7.1091.  This  result  is  important 
when  investigating  fuel  slosh  loading  in  outer  wing  tanks  and  in  liquid  fuel 
rockets. 

7.3.7  Measured  Damping  in  Jet  Engine  Components 

Jet  engines  often  use  welded  components,  which  have  very  low  damping,  and 
as  a  consequence  often  experience  failures  due  to  excessive  vibration.  Typical 
dscping  levels  measures  on  a  variety  of  components  are  sunsnarized  in  Table  7.16. 
These  data  have  been  obtained  from  the  exaaples  and  case  histories  in  Section  6 
of  Voli^e  II  of  this  design  guide.  The  low  damping  levels  and  the  high  fre¬ 
quencies  are  self  evident. 

7.3.8  Printed  Circuit  Board  Damping 

Another  area  of  interest  that  can  affect  the  reliability  of  tne  avionics 
is  the  vibration  and,  indeed,  the  damping  in  printed  circuit  boards  (PCB's). 
Reference  [7.112]  is  devoted  to  the  design  of  circuit  boards  to  minimize  the 
possibility  of  failure  in  electromic  components  mounted  on  the  PCB's  from 
vibration.  A  range  of  measured  circuit  board  daaping  levels  are  included  in 
Table  7,17  together  with  an  empirical  equation  for  estimating  the  damping. 


REFERENCE  17.110! 
□  IN  AIR 


Figure  7.69.  Damping  measured  on  a  welded  stiffened  steel  structure 
in  air  and  immersed  in  water 


TABLE  7.16.  MEASURED  DAMPING  VALUES  FOR  ENGINE  COMPONENTS 


Description  of  Structure 

— 

Frequency 

Hz 

— 

Viscous  Damping 
Ratio  -  £ 

TF-41  Jet  Engine  Inlet  Extension 

3140 

0.0011  to  0.0027* 

RF-33-P3  Turbojet 

1000  to  5000 

0.0012  to  0.0023* 

Engine  Welded  Inlet 

Guide  Vanes  (  Lf.V)  and  Shrouds 

Engine  Rear  Mount  Ring 

3  74 

0.0037 

403 

0.0033 

903 

0.0045 

1172 

0.0030 

1396 

0.0037 

3515 

0.0040 

4325 

0.0049 

TF-30  Jet  Engine  Welded 

3000  to  4000 

0.0009  to  0.0018* 

Titanium  Guide  Vanes 

Helicopter  Turbine  Engine 

50  to  500 

0.0005  to  0.005 

Exhaust  Stacks 

Jet  Engine  Turbine 

746  Bending  | 

0.001  to  0.002 

Blade 

824  Torsion  j 

Exducer  -  Turbing 

5300 

0.0022  to  0.0039* 

Blade  Assembly 

8500 

_ 

0.0009  to  0.0014 

*Daraping  varies  with  temperature 


1ABLE  7,17.  TYPICAL  RANGE  OF  MEASURED  PRINTED  CIRCUIT  BOARD 
DAMPING  VALUES 


Frequerry 

f  Hz 
n 

Q 

K 

Reference 

65 

0.0142 

35 

4.3 

7.116 

165 

0.023 

22 

1.71 

7.116 

215  (2g*s  input) 

0.033 

15 

1.023 

7.112 

182  (5g's  input) 

0.045 

11.2 

- 

161  (lOg's  input) 

0.061 

3.2 

- 

Empirical  relationship  [7.112] 


Q  5=  K  (f  )1/2 
n 


K  0,5  *♦>  2  Typical 
Input  2g's  and  less 
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SECTION  8 


EFFECT  OF  DAMP INC  ON  INTERIOR  NOISE  IN  AIRCRAFT 

8. 1  INTRODUCTION 

The  primary  purpose  in  this  section  is  to  discuss  the  possibility  of 
reducing  interior  noise  in  aircraft  by  increasing  the  damping  of  the  fuselage 
structure  through  the  application  of  viscoelastic  damping.  Increasing  the 
fuselage  damping  by  this  means  has  been  tried  before  many  times.  In  most 
instances  the  expected  interior  noise  reductions  did  not  materialize.  Some 
recent  developments  [8.1,  8.2]  have  thrown  some  light  on  the  possible  reason 
for  this  discrepancy. 

A  brief  review  of  both  the  interior  noise  sources  in  aircraft  and  the 
important  parameter  in  the  basic  noise  transmission  loss  theory  are  included 
In  Section  8.2  as  an  introduction  to  the  subject  of  interior  noise  in  aircraft. 
The  effect  of  the  acoustic  trim  on  the  damping  of  aircraft  structures  is  dis¬ 
cussed  in  Section  8.3  together  with  a  discussion  of  test  proc?jdures  usej  to 
verify  the  performance  of  the  viscoelastic  damping  treatment  in  reducing 
interior  noise.  The  topic  is  concluded  by  a  brief  summary  of  recent  develop¬ 
ments  in  aircraft  interior  noise  prediction  methodology  in  Section  8.4. 

8.2  INTERIOR  NOISE  IN  AIRCRAFT 

8.2.1  Sources  of  Interior  Noise 

The  main  in-flight  source  of  interior  noise,  in  turbojet  and  turbofan 
powered  transport  aircraft  is  due  to  turbulent  bound ar-  iaver  excitation  of 
the  fuselage  shell  [8.1,  8.3,  8.4)  although  some  cont ribut  ions  anv  be  eotain«*e 
in  the  rear  fuselage  from  jet  exhaust  noise  {8.5j.  Jet  noise  is  a  dominant 
noise  source  during  -ike-off.  especial  Iv  in  high-powered  nilitarv  aircraft 
18.6J,  and  in  other  parts  of  the  aircraft  during  landing,  when  reverse  thrust 
is  used.  Both  of  these  noise  sources  are  broad  band  in  nature  and,  therefore, 
capable  of  exciting  structural  resonances. 
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In  propeller  driven  aircraft.  Cite  noise  generated  by  the  propellers  is 
usually  the  dominant  noise  source*  although  engine  exhaust  noise  may  provide 
a  significant  contribution  to  the  interior  noise  in  the  aft  cabin  of  some 
light  general  aviation  aircraft  [8.7,  8.8].  The  propeller  noise  tends  to  be 
tonal  in  nature,  concentrated  primarily  at  the  blade  passage  frequency  and,  to 
a  progressively  lesser  extent,  at  the  higher  harmonics.  Large  turboprop  air¬ 
craft  also  tend  to  employ  constant  speed  (revolutions  per  second)  propellers 
[8.9]  with  fixed  excitation  frequencies. 

Recent  studies  [8.9],  have  indicated  that  structure  borne  noise,  in  the 
form  of  engine  vibration,  can  be  transmitted  to  the  fuselage  through  the  wing 
struct,  re.  Synchrophasing  the  engines,  in  multi-engined  turboprop  aircraft, 
can  reduce  this  noise.  The  propeller  wash  striking  the  horizontal  stabilizer 
can  be  a  further  source  of  Interior  noise  [8.9].  Jet  engine  vibration,  trans¬ 
mitted  to  the  fuselage  via  the  engine  support  structure,  has  produced  signifi¬ 
cant  interior  noise  problems  1 8 . 10]  in  the  past. 

Localized  interior  noise  can  be  sroduced  by  equipment  mounted  in  aircraft, 
localized  areas  of  supersonic  flow,  and  critical  acoustic  spinning  modes  in 
large  fanjet  intake  ducts  that  are  attached  to  the  fuselage. 

8.2.2  Basic  Noise  Transmission  Loss  Theory 

The  basic  noise  transmission  loss  theory  was  developed  with  plane  wave 
acoustic  excitation,  impinging  on  an  infinit  y  pAHc I  C  Figure  8.1)  at  angles  of 
incidence  between  near-grazing  and  normal.  The  transmission  loss,  due  to  a 
leverberent  acoustic  field,  can  be  obtained  by  simply  ■•veragi’t;?  the  plane  wave 
.::«ct  over  all  angles  of  incidence,  above  the  near-grazing  incidence.  The 
reverberent  acoustic  field  is  readily  reproduced  in  current  test  facilities. 

The  current  test  facilities,  typically,  consist  of  a  reverberent  source 
room  and  i  reverberent  receiving  room  that  are  separated  by  a  high  transmis¬ 
sion  loss  cotmton  wall  containing  an  aperture  for  the  test  panel.  The  trans¬ 
mission  loss,  TL,  of  the  finite  test  oanel.  mounted  in  the  aperture,  is  ^iven 
by  [8.11] 
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Figure  8.1.  Plane  acoustic  wave  incident  on  a  panel 

TL  «  SR  +  10  log1()  (  |  )  (8. 

where  KR  is  the  noise  reduction  of  the  panel.  S  is  the  area  of  the  panel,  are 
A  is  the  absorption  of  the  receiving  room,  usually  determined  froa  the  rever 
beration  time.  The  noise  reduction  is  defined  f R. 11]  as  the  difference 
between  the  space  and  time  averaged  random  broadband  noise  measured  In  the 
source  rocs  and  the  space  and  time  averaged  transmitted  sound  measured  in  thi 
receiving  room.  It  Is  customary  to  present  the  transmission  loss  tn  one-thi 
octave  bands.  The  effects  of  the  acoustic  trim  and  viscoelastic  damping  can 
be  determined  by  the  difference  in  the  measured  noise  reduction,  befueen  the 
treated  and  untreated  panel. 


The  above  noise  transmission  loss  measurements  involve  the  use  of  finite 
panels.  The  transmission  loss  curve  for  a  finite  panel  (Figure  8.2) ,. excited 
by  an  acoustic  plane  wave  that  is  incident  at  an  angle  8  to  the  panel  (Fig¬ 
ure  8.1),  is  characterized  by  a  low  frequency  stiffness  controlled  region,  a 
resonant  response  region,  a  mass  controlled  region  and  a  coincidence  region, 
in  ascending  order  of  frequency.  The  transmission  loss  in  the  resonant 
response  2nd  the  coincidence  regions  can  be  reduced  by  increasing  the  damping 
of  the  panel. 

Resonances  are  introduced  into  a  finite  panel,  by  the  initial  flexural 
waves  combining,  at  the  same  phase,  with  the  flexural  waves  reflected  by  the 
panel  boundaries,  to  set  up  standing  flexural  waves  within  the  panel  at  each 
of  the  resonant  frequencies.  Coincidence  is  obtained  when  the  trace  wave  A 
of  the  acoustic  wave  (Figure  8. 1)  matches  the  flexural  wave  length  in  the 
panel  at  the  same  frequency.  The  frequency  at  which  coincidence  is  obtained, 
is  known  as  the  critical  frequency  (f£) . 

8.2.2. 1  Infinite  Panel  Transmission  Loss  Theory 

There  are  no  resonances  in  an  infinite  panel,  although  coincidence  can 
still  be  obtained.  The  panel,  in  fact,  behaves  like  a  limp  wall,  obeying  the 
mass  law  up  to  the  coincidence  region.  This  behavior  simplifies  the  noise 
transmission  loss  analysis.  The  resulting  infinite  panel  transmission  loss 
equations  have  proven  to  be  quite  accurate  in  predicting  the  finite  panel 
transmission  loss,  above  the  resonance  region. 

The  transmission  loss  is  determined  from  the  transmission  coefficient 
t(9)  [8.12,  8.13],  which  is  defined  as  the  ratio  of  transmitted  acoustic  power 
';c  incident  acoustic  power  on  the  structure.  The  transmission  coefficient  for 
an  infinite  panel,  that  is  excited  by  an  acoustic  plane  wave  at  incidence  8  to 
the  panel,  is  given  by  the  relationship 
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where  and  pt  are  the  amplitudes  of  the  incident  and  transmitted  pressure, 
waves,  respectively;  w  in  the  circular  frequency;  p,D  and  y  are  the  loss 
factor,  the  fluexural  stiffness  and  the  surface  density  of  the  panel, 
respectively;  p  is  the  density  of  the  air;  and  c  is  the  speed  of  sound  in 
air.  The  transmission  loss,  in  dB,  is  expressed  simply  by 


TL  =  10  log  (8.3) 

The  noise  transmission  loss  in  the  mass  controlled  and  coincidence 
regions  are  obtained  by  substituting  equation  8.2  into  equation  8.3.  At 
coincidence,  the  noise  transmission  loss  equation  is  reduced  to 


TL  =  20  log 


[1+r!(S; 


CosQ) 


(8.4) 


The  transmission  loss  at  coincidence  is  controlled  entirely  by  the  loss 
factor  n.  The  critical  frequency,  used  in  deriving  equation  8.4  from  equa¬ 
tions  8.2  and  8.3,  is  given  by  [8.12,  8.13] 


f 

c 


c2  IJJ  I 
2irSin20  ! 


(8.5) 


Below  the  critical  frequency,  the  transmission  loss  is  approximated  by  the 
mass  law;  that  is,  by 


tl  2  10  log  j\  +(|^  Cosej2 


The  transmission  loss  in  this  mass  controlled  region  is  not  affected  by  the 
panel  damping. 

The  normal  incidence  transmission  loss  is  given  by  equation  8.6,  when 
Cos 0  -  1.  For  the  reverberent  acoustic  field,  often  used  in  noise  transmis¬ 
sion  loss  studies,  the  transmission  coefficient  t(0)  in  equation  8.2  is 
replaced  by  an  average  transmission  coefficient  T,  defined  by 

r  78° 

/  t(0)  Co 80  Sin0  d0 

T  “  [W -  <8* 

/  Cos8  Sin0  d0 

Jo 

where  the  78°  limit  provides  the  best  fit  to  the  test  data.  The  noise  trans 
mission  loss  equation  breaks  down  when  0  approaches  90°.  The  transmission 
loss  calculated  with  the  average  transmission  coefficient  is  known  as  the 
field  incidence  transmission  loss. 


The  above  infinite  panel  noise  transmission  loss  theory  predicts  the 
noise  transmission  loss  of  alwainum  panels  (Figure  8.3)  and,  in  a  slightly 
modified  form  [8.14],  of  composite  panels  (Figure  8.4)  with  good  accuracy. 
The  addition  of  acoustic  trim  increases  the  noise  transmission  loss  even 
more  (Figure  8.3).  For  an  ideal  double  wall  partition,  i.e. ,  with  equal 
weight  unconnected  walls,  the  transmission  loss  increases  at  the  rate  of 
12  d8/octave  in  the  mass  controlled  region,  above  the  double  wall  resonance 


ONE-THIRD  OCTAVE  BAND  TRANSMISSION  LOSS  -  dB 
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Figure  8.3.  Panel  transmission  loss  both  with  and 
without  acoustic  treatment 
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Figure  8.4.  Transmission  loss  characteristics  of  graphite /epoxy 
mini- sandwich  panel  with  a  1mm  thick  syntactic  core 

8. 2. 2. 2  Radiation  Efficiency  of  a  Panel 

The  critical  frequency  is  important  also  for  another  reason.  At  and 
above  the  critical  frequency,  the  panel  becomes  a  very  efficient  radiator  of 
sound  [8.13],  with  a  radiation  ratio,  ^ra(j»  above  unity  at  the  critical  fre¬ 
quency,  and  tending  to  unity,  above  the  critical  frequency.  The  radiation 
ratio  is  defined  as  the  power  radiated  by  a  plate  into  a  half  space  divided 
by  the  power  radiated  by  an  infinite  rigid  piston  into  the  same  half  space, 
both  vibrating  with  t.he  same  root  mean  square  (rms)  velocity.  For  a  finite 
panel,  the  acoustic  power  radiated  by  a  set  of  resonant  panel  modes  within 
a  frequency  band,  can  be  expressed  by 


W 


A 


=  o 


rad 


pc  S  <v  («)  > 


(8.8) 
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8. 2. 2. 3  Transmission  Loss  Characteristics  of  a  Stiffened  Panel 


The  typical  field  incidence  transmission  loss  of  a  large  metal  panel, 
that  is  stiffened  by  frames  and  stringers  [8.16,  8.17}  and  subjected  to  a  rever- 
berent  acoustic  excitation,  is  illustrated  i?:  figure  8.6.  The  noise  trans¬ 
mission  loss ,  at  Lhe  lower  frequencies ,  can  be  calculated  by  the  single  panel 
field  incidence  transmission  loss  equation  applied  to  the  whole  panel  in  which 
the  weight  of  stringers  and  frames  are  averaged  over  the  area  of  the  panel  and 
added  to  the  skin  weighc  per  unit  area  [8.13,  8.17].  The  lowest  vibration 
frequencies  are  usually  controlled  by  the  stiffness  and  mass  of  the  frames 
which  are  assumed  to  be  simply  supported  at  the  panel  boundary.  Above  the 
fundamental  panel  resonant  frequency,  the  field  incidence  transmission  loss 
drops  to  that  of  the  unstiffened  panel. 


Figure  8.6.  Field  incidence  transmission  loss 
of  a  stiffened  flat  panel  [8.17] 
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8.2.3  Behavior  of  Stiffened  Aircraft  Panels 

The  noise  transmission  Phenomenon  becomes  more  difficult  to  visualize 
when  dealing  with  more  complex  structures.  Analytical  methods  for  predicting 
the  noise  transmission  into  trimmed  aircraft  fuselage  structure  are  still  in 
the  process  of  evolution.  Before  discussing  the  noise  transmission  character¬ 
istics  of  more  complex  stiffened  shell  structures,  it  is  necessary  to  under¬ 
stand  how  the  acoustic  plane  wave  excitation  relates  to  the  actual  environment 
on  aircraft,  and  how  the  stiffened  panels  on  aircraft  behave  in  response  to 
these  enviroiments. 

The  acoustic  plane  wave  can  be  used,  with  the  appropriate  noise  spectrum, 
to  model  both  the  random  jet  noise  and  the  harmonic  propeller  noise  directly 
by  the  use  of  the  appropriate  angle  of  incidence  for  the  plane  wave  relative 
to  the  surface  of  the  fuselage.  Grazing  incidence  acoustic  plane  wave  excita¬ 
tion  also  reproduces  some  of  the  characteristics  of  the  turbulent  boundary 
layer  excitation,  although  there  are  differences  as  to  their  effect  on  the 
structural  vibration.  Tl,e  acoustic  plane  wave  tends  to  be  more  efficient  in 
exciting  the  lower  frequency  panel  modes  than  turbulent  boundary  layer.  The 
reverse  i3  true  for  the  higher  frequency  modes  where  the  structural  wave 
lengths  provide  a  better  match  with  the  turbulent  boundary  layer  wave  lengths. 
The  boundary  layer  characteristics  are,  themselves,  dependent  on  the  frequency, 
boundary  layer  thickness  and  aircraft  speed.  In  3pite  of  these  differences, 
some  conclusions,  based  on  near-grazing  incidence  acoustic  excitation,  are 
also  applicable  to  turbulent  boundary  layer  excllction. 

The  fuselage  structure,  in  general  aviation  and  transport  aircraft, 
usually  consists  of  panels  supported  by  open  section  frames  and  stringers. 

The  lighter  stringers  usually  run  parallel  to  the  fuselage  axis.  Experimental 
evidence  involving  both  turbulent  boundary  layer  [8.4]  and  jet  noise  excita¬ 
tion  [8.18]  of  aircraft  fuselage  structure,  indicates  that  very  little  corre¬ 
lation  is  obtained  between  the  vibration  of  panels  on  either  side  of  frames, 
that  are  fastened  to  the  skin.  The  correlation,  that  was  obtained  with  jet 
noise  excitation,  was  restricted  to  a  number  of  adjacent  circumferential  bays 
with  equal  stringer  spacing  [8.18]. 
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In  the  panel  array ♦  between  two  adjacent  frames,  the  stringer  torsion  and 
bending  modes  couple  up  with  the  panel  bending  modes  to  form  group  modes 
(Figure  S.7)  that  are  bounded  by  the  frequency  of  the  coupled  stringer  torsion 
and  bending  modes.  The  number  of  modes  within  each  group  is  equal  to  the 
number  of  equal  adjacent  bays.  A  similar  group  of  modes  is  repeated  at  a 
higher  frequency,  bounded  by  the  corresponding  higher  order  stringer  torsion 
and  bending  inodes.  This  type  of  panel  array  vibration  has  been  reproduced  in 
the  laboratory  with  grazing  incidence  jet  noise  {8.19].  Theory  {8.20,  8.21, 
8.22,  8.23]  has  also  been  developed  for  predicting  the  vibration  response  of 
these  panels.  Simplified  method  for  predicting  the  frequencies  of  the  group 
modes  is  given  in  Reference  [8t24]. 


Acceleration  measurements  [8.4]  taken  in  flight,  on  an  unt rimmed  fuselage 
subjected  to  turbulent  boundary  layer  excitation,  indicated  that  very  little 
coherence  was  obtained  between  the  vibration  of  adjacent  panels  in  the 
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Figure  8.7.  Mode  shapes  of  a  stiffened  panel  array 
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circvaaferential  direction.  Coherence  is  a  measure  of  the  amount  of 
correlation  obtained.  Where  the  upstresa  and  downstream  panel  boundaries 
(f raaes)  provided  weak  "discontinuities"  good  coherence  was  obtained  between 
two  adjacent  axial  panels  at  coincidence.  Turbulent  boundary  layer  [8.25, 

8.26]  has  a  relatively  long  correlation  length  in  the  axial  direction  and  a 
short  correlation  length  in  the  later  (circumferential)  direction,  which  pro¬ 
vides  an  explanation  of  the  above  observations. 

The  above  result,  of  low  circumferential  coherence  between  adjacent 
panels  across  a  stringer,  has  also  been  reproduced  by  analysis  [8.27,  8.28], 
using  realistic  analytical  models  of  turbulent  boundary  layer.  The  analysis 
in  reference  [8.29]  indicated  that  an  upper  bound  to  the  noise  radiated  by" 
the  group  modes,  that  are  excited  by  turbulent  boundary  layer,  can  be 
obtained  by  summing  the  radiation  from  the  individual  panels. 

The  vibration  response  of  single  panels,  excited  by  turbulent  boundary 
layer,  has  also  been  studied  by  many  authors  [8.29,  8.30,  8.31).  In  general, 
good  correlation  has  been  obtained  between  the  predicted  and  measured 
response.  The  greatest  problem  involved  the  reproduction  of  the  correct  edge 
conditions  encountered  in  practical  aircraft  panels.  For  open  section 
stringers,  the  actual  panel  edge  conditions  are  closer  to  those  of  the  stringer 
torsional  mode  at  the  lowest  resonant  frequency  and  approach  the  simply 
supported  edge  condition  at  the  higher  panel  resonant  frequencies.  The 
simply  supported  edge  condition  is,  generally,  considered  to  represent  the 
lower  bound  for  the  panel  resonant  frequencies.  However,  the  resonant  fre¬ 
quencies  of  the  higher  order  panel  modes  can,  in  some  panels,  fall  below  the 
corresponding  simply  supported  panel  frequencies,  because  of  the  increasing 
contribution  from  the  stiffener  rotational  inertia. 

Theory  [8.27]  indicates  that  the  acoustic  power  radiated  from  a  panel  is 
proportional  to  (a/h)  / (rjlO  )  where,  a,  b  and  h  are  the  panel  length, 
width,  and  thickness,  respectively,  and  ti  is  the  panel  loss  factor.  Thus, 
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a  considerable  reduction  in  the  radiated  power  can  be  obtained  by  the  use  of 
large  aspect  ratio  panels.  The  power  radiated  is  less  for  panels  supported 
by  stiffeners  of  finite  width  [8.27]  than  by  line  attached  stiffeners. 

The  above  behavior  of  single  panels  and  panel  arrays  was  partly  respons¬ 
ible  for  the  division  of  the  vibration  response  of  stiffened  shell  structures 
into  three  vibration  regions,  in  the  earlier  development  of  interior  noise 
prediction  methodology  [8.32]  for  large  transport  aircraft.  The  three 
regions  are,  in  descending  order  of  frequency,  the  vibration  response  of  the 
individual  panels,  the  group  modes  and  the  overall  shell  sides. 

8.2.4  Behavior  of  Shells 

Expressions  for  the  noise  transmission  loss  of  infinite  shallow  shells 
[8.33],  infinitely  long  unstiffened  isotropic  and  orthotropic  cylindrical 
shells  [8.34]  and  infinitely  long  stringer  stiffened  cylindrical  shells  have 
been  developed  by  Koval.  The  above  cylindrical  shells  are  aa stated  to  be 
excited  by  an  acoustic  plane  wave,  incident  on  the  surface  of  the  cylindrical 
shell  at  an  angle  9,  as  illustrated  in  Figure  8.8.  Full  absorption  of  the 
noise  radiated  into  the  interior  of  these  shells  is  also  assumed. 

The  predicted  transmission  loss  is  illustrated  in  Figure  8.9  [8.35]  for 
an  unstiffened  and  stringer  stiffened  shell  with  the  plane  wave  impinging  at 
near  grazing  incidence  (9  =  30°).  The  transmission  loss  is  characterized  by 
a  low  frequency  stiffness  controlled  region,  the  resonance  region  just  below 
the  ring  frequency,  f  ,  the  mass  controlled  region  are!  the  critical  frequency, 

K 

f£,  in  ascending  order  of  frequency.  The  raise  transmission  loss  is  seen  to 
be  a  minimum  at  the  ring  frequency.  The  ring  frequency  is  the  fundamental 
breathing  mode  of  the  shell  where  all  parts  of  the  shell  are  moving  simul¬ 
taneously  in  or  out  during  the  vibration.  The  ring  frequency  is  given  by 


Figure- 8.8.  Acoustic  plane  wave  e 


jn  of  infinite  cylinder 
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for  an  isotropic  shell.  Apart-  from  the  radius,  R,  it  is  a  function  of  the 
hell  material  properties  such  as  the  Young’s  modulus  E  and  the  density  P_. 
Above  the  ring  frequency,  the  curved  panels  also  start  to  behave  more  like 
flat  panels.  The  addition  of  stringers  (Figure  8.9)  tends  to  increase  the 
transmission  loss  in  the  mass  controlled  region  [8.35].  Dips  in  the  trans¬ 
mission  loss  curves  in  this  region  are  due  to  stringer  torsional  modes. 

The  transmission  loss  at  the  ring  frequency  and  the  critical  fre¬ 
quency,  is  controlled  by  the  damping  in  the  shell.  This  result,  at  the  ring 
frequency,  is  due  to  shell  resonances  which  are  responsible  for  the  rela¬ 
tively  wide  band  of  low  transmission  loss  in  this  region.  These  resonances 
below  the  ring  frequency  are  actually  circumferential  modes  which  are  excited 
when  the  trace  wave  length  and  frequency  of  the  plane  wave  matches  up  with 
a  circumferential  mode  that  has  the  same  axial  characteristics  and  a  non  zero 
generalized  force  in  the  circumferential  direction.  The  vibration  response 
of  the  shell,  both  above  and  below  the  ring  frequency,  is  modified  by  coupling 
of  the  shell  vibration  modes  with  the  frame  vibration  mode  [8.36].  The 
possible  effect  of  this  coupling  is  illustrated  in  Figure  8.10,  where  the 
unstiffened  cylinder  response  is  obtained  only  at  the  lowest  frequencies. 

At  slightly  higher  frequencies  the  unstiffened  shell  response  is  replaced  by 
the  frame  dominated  vibration  response  of  the  shell  followed  by  the  vibration 
of  the  shell  between  two  adjacent  frames. 

For  a  finite  length  cylinder,  the  modal  density  is  greatest  around  the 
ring  frequency,  increasing  the  resonant  region  beyond  that  indicated  in  Fig¬ 
ure  8.9.  Evidence  is  provided  by  vibration  response  -tests  [8.37]  conducted 
on  a  stiffened  cylindrical  shell,  cut  from  an  old  fighter  aircraft  fuselage. 
The  free-free  shell  was  excited  over  part  of  its  circumference  (Figure  8.11) 
by  a  broad  band  (80-3000  Hz)  random  noise,  at  grazing  incidence.  The  typical 
strain  response  of  a  panel,  located  at  the  mid-section  of  the  shell  on  the 
loudspeaker  side,  is  illustrated  in. Figure  8.12.  The  greatest  vibration 
response  was  obtained  just  above  the  ring  frequency.  Low  frequency  overall 
modes  (Figure  8.13)  of  the  stiffened  shell  were  also  excited.  Flight  test 
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Figure  8.10.  Natural  frequencies  of  a  finite,  frame-stiffened  cylinder 


Figure  8.11.  Stiffened  cylinder  mounted  in  acoustic  test  facility 
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Figure  8.12.  Typical  strain  response  of  a  panel  in  a  stiffened  shell 
due  to  broad  band  random  acoustic  loading  at 
grazing  incidence 
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results  [8.31]  on  a  bare  fuselage,  indicate  (Figure  8.14)  a  similar  type  of 
panel  response  to  turbulent  bound  airy  layer  excitation  above  the  ring  frequency 
and  a  similarly  shaped  noise  radiation  spectrum.  The  panel  response  in  Fig¬ 
ure  8.12  is  proportions '  fco  displacement  whereas  the  acceleration  response  is 
illustrated  in  Figure  8.. 

Pressure  differential  (Figure  8. 14)  and  curvature  increase  the  resonant 
frequencies  of  the  panel  and  shell  modes.  This  increase  in  frequency  can  be 
best  demonstrated  by  considering  two  simply  supported  panels,  each  20  inches 
(508  mm)  long,  8  inches  (203.2  na)  vide  and  0.064  inch  (1.63  mm)  thick,  one 
flat  and  the  other  curved  with  a  radius  of  72  inches  (1829  mm).  The 


Figure  8.14.  Typical  in-flight  fuselage  acceleration 
response  and  radiated  noise 


fundamental  frequency  of  the  panels,  with  both  a  zero  and  an  8.5  psi  (58.5 
2 

N/n  )  pressure  differential,  are  listed  in  Table  9.1. 

TABLE  8.1  EFFECT  OF  CURVATURE  AND  PRESSURE 


Prcaur* 

P« 

Radius 

In. 

Frtqutncy 

Hz 

0 

m 

108 

0.5 

m 

409 

0 

72 

124 

8.5 

72 

414 

By  far  the  greatest  effect  is  due  to  the  pressure  differential.  A  pressure 
differential  of  8.5  psi  (58.5  N/a^)  is  typical  for  a  large  transport  aircraft 
fuselage. 

The  shell,  at  and  above  coincidence,  is  also  a  very  efficient  radiator 
of  sound  [8.16},  similar  to  the  panels.  The  radiation  efficiency  (Figure  8.15) 
is  slightly  less  between  the  ring  frequency  and  the  critical  frequency,  but 
drops  off  rapidly  below  the  ring  frequency.  The  critical  frequency  is  reduced 
by  an  increase  in  both  the  curvature  and  the  pressure  differential.  The  graz¬ 
ing  incidence  acoustic  excitation  and  the  turbulent  boundary  layer  excitation 
have  a  significantly  different  effect  on  the  critical  frequency  of  both  shells 
and  panels.  The  convection  velocity  of  the  turbulent  boundary  layer  fluctua¬ 
ting  pressures  is  between  0.6  and  0.9  times  the  free  stream  velocity,  depending 
on  the  frequency.  At  a  flight  speed  of  Mach  0.8  the  critical  frequency  produced 
by  turbulent  boundary  layer  excitation  could  be  more  than  fifty  percent  lower 
than  that  obtained  with  near  grazing  incidence  acoustic  excitation.  Hie  infi¬ 
nite  panel  critical  frequency,  with  turbulent  boundary  layer  excitation,  is 
given  by 
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Figure  8.15.  Radiation  ratio  of  a  cylindrical  shell 


.  .  Uc  lo  \h  f. 

£°  ^  \\\  r 


(8.10 


where  U  is  the  convection  velocity,  D  is  the  panel  flexural  difference  in 
the  axial  direction  and  Ap  is  the  pressure  differential. 


Flight  test  results  [8.4]  have  also  indicated  that  the  critical  fre¬ 
quency  is  affected  by  the  presence  of  the  stringers.  It  was  assumed  that  the 
critical  frequency  can  be  related  to  the  longitudinal  component  of  the  flex¬ 
ural  wave  length,  ,  by  the  expression 


where  £  is  an  empirically  derived  frequency  index.  The  measured  variation  of 
this  index  with  frequency  is  illustrated  in  Figure  8.16.  For  an  infinite 
isotropic  panel  6  =  0.5. 

The  evidence  in  this  section  suggests  that  there  could  be  a  wide  frequency 
range,  in  the  vibration  response  of  a  stiffened  shell  due  to  turbulent 
boundary  layer  excitation,  'where  the  noise  transmission  loss  could  be  affected 
by  the  shell  damping.  This  region  could  extend  from  just  below  the  ring  fre¬ 
quency  to  above  the  critical  frequency.  On  account  of  the  pressure  differ¬ 
ential  effect  and  the  relatively  low  convection  velocity  of  the  turbulent 
boundary  layer  relative  to  the  speed  of  sound,  the  coincidence  frequency  is 
considerably  lower  than  suggested  by  acoustic  excitation  in  Figures  8.3  and 
8.9.  As  a  consequence,  much  more  of  the  audio  frequency  range  is  included  in 
the  high  radiation  efficiency  region.  Turbulent  boundary  is  also  much  more 
efficient  than  grazing  incidence  acoustic  waves  in  exciting  the  panels  in  this 
higher  frequency  region. 
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Figure  8.16.  Variation  of  frequency  index  8  with  frequency 


8.3  EFFECT  OF  ACOUSTIC  TRIM  AND  DAMPING  TREATMENT  ON  FUSELAGE  DAMPING 


8.3.1  Effect  of  Damping  Treatment  on  Interior  Noise 

Many  tests  have  been  conducted  that  demonstrate  the  possibility  of 
reducing  interior  noise  by  the  application  of  viscoelastic  damping  treatments 
to  the  skin.  The  effectiveness  of  these  treatments,  when  applied  to  the  bare 
fuselage  skin  can  be  illustrated  in  a  single  figure  (Figure  8.17),  which  repre 
sents  measured  in-flight  data  [8.3].  Similar  results  with  minor  differences 
were  previously  obtained  in  laboratory  tests  [8.31].  The  rubber  wedges,  used 
at  the  upstream  panel  boundary,  are  thought  to  provide  an  increase  in  the 
panel  damping  as  well  as  minimizing  the  reflection  of  the  travelling  waves  at 
the  upstream  boundary.  The  rubber  wedges  were  much  heavier  than  the  damping 
tape  which  could  account  for  the  greater  effectiveness. 
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igure  8.17.  Power  spectral  density  of  interior  noise  (Mach 


Based  on  these  results,  it  must  be  concluded  that  viscoelastic  damping 
treatment  is  very  effective  in  reducing  interior  noise.  However,  these  and 
other  similar  results  were  obtained  with  a  bare  fuselage  shell,  devoid  of  any 
insulating  blankets  and  interior  trim.  When  the  full  acoustic  trim  was 
installed  over  the  \ iscoelastically  damped  shell,  the  noise  reduction,  expected 
on  the  basis  of  bare  shell  measurements,  usually  failed  to  materialize. 

8.3.2  Effect  of  Acoustic  Trim  on  the  Fuselage  Damping 

The  standard  aircraft  interior  trim,  generally,  consists  of  a  fiberglass 
thermal  insulating  blanket,  enclosed  in  thin  plastic  that  represents  a  septum 
on  either  side  of  the  blanket,  all  covered  by  an  interior  trim  panel.  Often, 
there  is  an  air  gap  between  the  insulating  blanket  and  the  aircraft  skin. 

This  treatment  increases  the  noise  transmission  loss  significantly  (Figure  8.3) 
above  the  double  wall  resonance  frequency.  It  becomes  highly  effective,  in 
this  respect,  above  a  frequency  of  approximately  1000  Hz. 

Two  recently  completed,  but  totally  independent  studies  [8.1,  8.2],  have 
revealed  the  effect  of  the  acoustic  trim  on  the  damping  of  the  structure.  One 
of  these  studies  [8.2]  involved  noise  transmission  tests  on  a  small  diameter 
stiffened  cylinder  (Figure  8.18)  both  with  and  without  the  presence  of  the 
interior  trim.  This  study  was  part  of  the  latest  interior  noise  prediction 
methodology  development,  that  requires  the  use  of  a  measured  loss  factor  for 
each  of  the  one-third-octave  bands,  as  part  of  the  input. 

The  measured  loss  factors,  both  with  and  without  the  presence  of  the 
interior  trim,  are  summarized  in  Figure  8.19.  These  data  include  loss  factors 
measured  both  for  the  individual  modes  and  in  the  third-octave  bands.  The 
measured  loss  factors  from  an  un trimmed  wetroliner  fuselage  [8.38]  (Figure  8.20) 
and  from  an  untrimmed  wide  body  transport  aircraft  [8.39]  are  included  for 
comparison.  The  loss  factors  for  all  three  untriraed  cylindrical  shells  tend 
to  lie  along  the  same  mean  curve,  indicating  that  the  damping  in  shells  may  be 
dependent  primarily  on  frequency  and  not  on  the  structural  parameters. 
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figure  8.20.  Bare  Metroliner  Fuselage  Shell 
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The  loss  factors,  for  the  trimmed  small  diameter  cylinder,  appear  to  have 
the  same  trend  with  frequency  as  for  the  untrimmed  shell,  except  that  the  level 
is  approximately  four  times  higher  (Figure  8.19)  above  a  frequency  of  100  Hz. 

The  other  program  involved  the  development  [8.1]  of  a  unique  I-beam  visco¬ 
elastic  damper  for  the  upper  level  cabin  on  the  747  aircraft.  Flight  measure¬ 
ments  made  both  with  and  without  the  trim  (Figure  8.21)  indicated  that  the 
presence  of  the  trim  increased  the  damping  in  the  dominant  panel  modes,  with 
the  greatest  effect  occurring  in  the  lowest  frequency  mode.  This  effect  is 
similar  to  that  observed  [8.40]  in  acoustic  progressive  wave  tunnels  (Fig¬ 
ure  8.22)  when  the  test  panel  area  approaches  or  exceeds  the  cross  sectional 
area  of  the  tunnel.  Damping  tape  applied  to  the  panels  lowered  the  bare  shell 

vibration  levels  in  the  lower  frequencies  that  dominate  the  interior  noise  to 

} 

the  levels  achieved  with  the  trim  (Figure  8.23).  The  damping  tape  did  prove 
to  be  more  effective  at  higher  frequencies.  Overall,  the  noise  reduction  pro¬ 
duced  by  the  damping  tape  proved  to  be  quite  small  (Figure  8.24)  in  comparison 
to  that  achieved  (Figure  8.25)  by  the  use  of  the  I-beam  dampers  which  produced 
significantly  higher  damping  than  the  damping  tape. 

The  conclusion  is  that  viscoelastic  damping  will  reduce  interior  noise 
provided  that  it  is  correctly  designed.  The  damping  treatment  must  be  designed 
to  provide  the  maximum  possible  damping,  certainly  more  than  that  provided  by 
the  acoustic  trim,  if  the  treatment  is  to  succeed. 

3.3.3  r light  Test  Procedures  for  Developing  Viscoelastic  Damping  Treatments 

The  reason  why  the  effect  of  the  acoustic  trim  on  the  shell  damping  was 
not  discovered  earlier  rests  with  the  test  procedures  used  to  design  the  damp¬ 
ing  treatments.  The  conventional  approach  [8.3]  is  based  on  a  flight  test 
program  which  includes  the  following  steps: 

1.  Measure  interior  noise  in  a  fully  trimmed  aircraft  to  identify  the 
problem  frequencies.  (The  use  of  sound  intensity  measurement 
[8.41,  8.42,  8.43]  is  proving  to  be  very  useful  in  identifying  the 
problem  noise  sources.) 
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Figure  8.2L.  Vibration  data  measured  during  flight  on  the  747  upper  deck 
panels  both  with  and  without  acoustic  trim 
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Figure  8.22.  Honeycomb  panel  damping  increased  by  acoustic  impedance  effect 
in  acoustic  progressive  wave  tunnel 


•  100  AVERAGES 


Figure  8.23.  Effect  of  damping  tape  on  bare  panel  vibration 
in  comparison  to  that  from  acoustic  trim 


2.  Remove  all  trim  over  a  selected  area  of  the  fuselage  to  provide 
access  to  the  structure  for  taking  structural  response  measurements. 

3.  Use  an  acoustic  enclosure  to  cover  the  exposed  aircraft  structure  to 
restrict  the  noise  within  the  enclosure  to  that  radiated  by  the 
exposed  structure. 

4.  Identify  from  the  measured  structural  vibration  response  and 
radiated  noise  data  the  structural  modes  producing  the  radiated 
noise,  their  resonant  frequencies,  mode  shapes  and  damping  levels. 

5.  Design  the  damping  treatment  based  on  the  above  modal  data,  including 
the  bare  shell  damping,  and  the  skin  temperature.  (Most  of  the  damp¬ 
ing  treatments  fail  at  this  stage  because  their  design  is  based  on 
the  measured  bare-shell  damping.) 

6.  Install  the  damping  treatment  and  repeat  the  flight  test  with  the 
untrimmed  aircraft.  (This  step  provides  a  false  sense  of  security 
because  of  the  very  encouraging  measured  noise  and  vibration  level 
reductions.) 

7.  Measure  the  interior  noise  with  the  acoustic  trim  installed  over  the 
damping  tape.  (The  usually  poor  level  of  noise  reduction  achieved 
is  only. discovered  at  this  stage.) 
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Figure 
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Figure  8.25.  Noise  reduction  achieved  with  I-beam  damping 

The  above  approach  can  still  be  used  to  develop  the  damping  treatment 
except  that  the  acoustic  trim  is  removed  in  step  2  only  for  installation 
of  the  instrumentation.  Thereafter  steps  3  to  7  are  implemented  with  the 
acoustic  trim  installed. 

Another  method  that  has  been  used  to  design  damping  treatment,  after 
first  identifying  the  noise  problem  during  flight,  involves  measuring  the 
resonant  frequencies,  mode  shapes  and  damping  levels  by  means  of  impedance 
head  hammer  tap  tests  or  by  the  use  of  electrodynamic  shaker  excitation. 

These  tests  are  performed  on  the  ground  both  with  and  without  a  pressure 
differential  across  the  shnll ,  since  pressurization  increases  the  shel3  fre¬ 
quencies.  The  easiest  way  to  apply  this  method  is  from  inside  the  aircraft, 
requiring  the  removal  of  the  acoustic  trim  to  provide  access  to  the  structure. 
Thus,  the  same  mistake  is  repeated  with  this  test  method  as  with  the  pre¬ 
viously  described  method.  The  damping  treatment  is  first  designed  for  the 
ground  temperature  and  installed  on  the  aircraft.  The  above  tap  or  shaker 
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test  is  repeated  to  demonstrate  that  the  desired  vibration  reduction  has  been 
achieved  with  the  damping  treatment-  Thereafter,  a  similar  damping  treatment 
is  designed  for  the  flight  temperature. 

For  the  second  design  procedure  to  succeed,  the  acoustic  trim  must  be 
left  in  place  during  the  testing  and  the  tap  tests  must  fee  conducted  on  the 
outer  surface  of  the  aircraft.  The  instrumentation  can  be  installed  on  the 
inside  underneath  the  trim  or  attached  to  the  outer  surface  of  the  skin.  The 
shaker  can  still  be  installed  inside  the  aircraft  and  attached  to  the  structure 
through  a  small  aperture  in  the  trim.  The  shaker  is  generally  used  to  excite 
the  overall  modes  of  the  shell  rather  than  the  panel  modes.  The  tap  tests 
are  more  useful  in  measuring  the  panel  modes. 

6.4  SUMMARY  OF  CURRENT  INTERIOR  NOISE  PREDICTION  METHODOLOGY 

The  development  of  interior  noise  prediction  methodology  has  focused, 
over  the  past  few  years,  on  propeller -generated  noise  both  in  general  aviation 
and  advanced  transport  aircraft.  A  summary  of  the  most  recent  propeller  noise 
related  research  are  contained  in  References  [8.44}  and  [8.45].  The  prediction 
of  the  interior  noise  [8.46,  8.47,  8.48]  within  the  cargo  bay  of  the  space- 
shuttle  orbiter  vehicle  due  to  the  rocket  noise  at  liftoff  and  fluctuating 
pressures  during  the  ascent  at  maximum  dynamic  pressure  represented  a  departure 
from  the  above  trend  in  interior  noise  prediction. 

The  earlier  development  on  interior  noise  prediction  methodology  [8.32] 
for  large  transport  type  aircraft  concentrated  on  predicting  the  interior 
noise  due  to  jet  noise,  turbulent  boundary  layer  and  reverberant  noise 
excitations.  The  jet  noise  and  turbulent  boundary  layer  excitations  are  cur¬ 
rently  [8.49]  being  incorporated  into  the  latest  noise  prediction  methodology 
[8.2,  8.50]  for  use  in  the  design  of  advanced  composite  fuselage  structure  for 
minimum  interior  noise. 

This  latest  method  involves  a  generalized  power  flow  approach  in  which 
the  conventional  modal  approach  and  the  statistical  energy  analysis  (SEA)  are 
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integrated  for  improved  computational  efficiency.  The  power  balance  is 
applied  at  all  frequencies,  as  oppo-ed  to  the  SEA  approach,  which  is  usually 
restricted  to  multimodal  resonant  response  within  the  frequency  bands.  The 
net  time- averaged  acoustic  power,  flowing  into  the  enclosed  volume,  is  equated 
to  the  net  time  averaged  power  dissipated  on  the  interior  walls.  Power  flow 
into  each  individual  acoustic  mode  is  computed  at  the  low  frequencies,  regard¬ 
less  of  whether  the  mode  is  resonant  or  not.  The  sound  radiated  by  resonant 
structural  modes  and  nonresonant  shell  vibration  is  included.  The  power  flow 
out  of  each  acoustic  mode  to  the  wall  of  the  cavity,  is  also  computed  mode  by 
mode.  By  equating  the  power  flows  in  and  out  of  each  mode,  both  the  individual 
mode  and  overall  levels  can  be  obtained.  This  procedure  includes  expressions 
for  the  exterior  excitation,  the  properties  of  the  intervening  structure  and 
the  acoustic  trim,  and  the  acoustic  and  structural  "loss  factors".  At  higher 
frequencies  when  the  above  mode  by  mode  procedure  becomes  computationally 
inefficient,  the  same  methodology  is  now  applied  to  multimodal  response 
within  each  of  successive  frequency  bands. 
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